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direct connection to the vapor 
outlet nozzle of a vessel. 


Economy is obvious in the elim- 
ination of elaborate supporting 
structures, large diameter vapor 
lines and other auxiliaries essen- 
tial to conventional designs. 


None of the exclusive features of 
the Spiral condenser have been 
sacrificed for this. direct mounting 
arrangement. The vapor path can 
be full counter current spiral flow, 
combined cross flow-spiral flow or 
full cross flow. Any combination for 
maximum or minimum cooling of 
condensate and noncondensables 
can be obtained in the in-built after- 
cooling zone. 


The Spiral condenser is unequaled 
for stripping out soluble gases. The 
rapid and complete separation of 
condensate from fixed gases pre- 
vents partial re-absorption, and sep- 
arate outlets are provided for the con- 
densate and the noncondensables. 


The Spiral is furnished for either 
total, partial, reflux, vent or knock- 
down condensing services in sizes 
from 15 sq. ft. to 1600 sq. ft. and for 
design pressures up to 150 p.s.i.g. 
Large volume condensate retention 
capacity can be incorporated when 
desired. 


Spirals are fabricated in any mate- 
rial that can be cold formed and welded 
to ASME Code requirements. 


Write for full particulars. 
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The Sea and the A. E. C. 


It is gradually becoming apparent that the oceans 
represent the last great frontier on earth. They are 
the frontier of exploration for man’s curiosity and of 
development for man’s needs. 

Sea water can be demineralized by vapor compres- 
sion or multiple-effect evaporation, freezing, electro- 
dialysis, and extraction. This can be done, thanks to 
good engineering, with certain of these processes at 
costs which are now competitive with those of munici- 
pal water in many places. As our more usual supplies of 
fresh water are progressively damaged and made 
more costly through continuing abuse, fresh water 
from the sea probably will soon be a recognized 
source of industrial water. The opportunities for high- 
quality engineering work and skillful engineers are 
almost unlimited in this field. 

The sea may also be used for growing food. As our 
world populations skyrocket, as our misuses of land 
multiply, and as our land becomes more and more 
enriched in strontium-90, we must sconer or later 
seek the sea as a place to grow food. While the food 
grown there may not appeal to man (until some 
future date when appeal won’t make much difference), 
food for animals could be grown in the sea now. 

The sea bottoms are also a great source of raw 
materials, as the results of the International Geo- 
physical Year have shown. Manganese, cobalt, iron, 
and copper abound on certain parts of the bottoms 
of the oceans. It is thought that development of these 
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deposits may be economically attractive under con- 
ditions existing at the present time. 

These wonderful prospects, under more normal 
circumstances, should give us great comfort. The 
sea offers the solution to three of man’s greatest prob- 
lems—a shortage of water, prospects of famine, and 
the depletion of our high-grade mineral resources. 

However there is a threat to this prospect. For some 
time the Atomic Energy Commission and its British 
and French equivalents have been dumping radio- 
active wastes into the oceans. It is to be assumed that 
this was done only with low-level wastes and in as 
safe a manner as possible; however was it safe enough? 
Our ignorance of the sea is profound. Sea currents, 
tidal waves, submarine earthquakes, and submarine 
topography have been explored only to very limited 
extents. How can anyone say with any confidence 
what is safe? A broken container would lead to wide 
dispersion at first, but maybe later some marine 
organism would concentrate these materials. Further- 
more the attitude of the A. E. C. in the matter of 
fall-out and the level of radioactivity in Minnesota 
wheat (a six-month delay in reporting the distressing 
results) does not inspire confidence. 

Let us hope that our oceans, the last great frontier 
on earth and the greatest hope for the alleviation of 
some of man’s problems, will not be contaminated 
for all time through inadequate knowledge. 

H.B. 


Page 137 


~ 
|| 


TABLE of CONTENTS 


II. Methods of Calculating Physt- 


III. Research Results .......... 
IV. Efficiency Prediction Method. 


V. Methods to Increase Efficiency . 
VI. Multicomponent Systems. .. . 
WH diay Deésion| 


IX. Sample Calculations ....... 


Conversion Factors ,.......... 


Tables 1 through 6............ 


Sponsoring Companies ........ 


Calculation Form Sheets........ 


Published and sold by 
AMERICAN 
INSTITUTE 

OF 
CHEMICAL 
ENGINEERS 


Page 138 


Limited Edition 


Results... from a five-year study of bubble-tray efficiencies 


An A.I.Ch.E. Technical Manual 


Bubble-Tray 
Design Manual 


prediction of fractionation efficiency 


by the 
Distillation Subcommittee 
of the Research Committee 


1. Enables the engineer to predict efficiencies for 
commercial bubble trays used in multicomponent 
fractionation. 


2. Contains sample calculations made on plant-scale 
columns. 


3. Includes calculation form sheets for the use of 
the reader. (Additional sheets may be pur- 


chased.) 
iy Available NOW to 
Members of A.I.Ch.E. ............ $5.00 
Calculation form sheets........... 


(One bound in book but also available for 
separate purchase) 

prices are postpaid 
Hard covers, gold stamped, 64%” x 9%4”, 94 
pages, attractively designed and printed. 


AMERICAN INSTITUTE OF CHEMICAL ENGINEERS 
25 West 45 Street 
New York 36, New York 


Enclosed is my check for __(Add 3% sales tax for delivery in 
New York City.) Send me copies of the Bubble-Tray Design Manual. 
Send me loose calculation form sheets. 


Name 


Address 


Member (__) Non-member 


A.1.Ch.E. Journal June, 1959 


Pp 
W 
Cc 
W 
a 
fi 
t] 
it 
n 
I 
| 
83 
87 
89 
Mie 


. 


pee 


959 


Mass ‘Transfer at Low Flow Rates 
in a Packed Column 


Mass transfer in packed columns has been investigated for a variety of column and 
packing sizes but at flow rates restricted to fully developed turbulent conditions. The present 
work was undertaken to investigate mass transfer at flow-rate conditions in the transition 


and laminar regions. 


A dual treatment of experimental data required a knowledge of the variation of con- 
centration and velocity with radial position. A tracer-injection technique was employed 
which consisted in the introduction of a tracer gas into the center of a bulk gas stream 
and the measurement of the tracer-gas concentration at various radial positions down- 
stream. The velocity distribution for the packed column was determined by means of a 
five-loop, circular, hot-wire anemometer. The test column was a vertical 4-in. pipe, packed 
with }-in. spherical, ceramic catalyst-support pellets. 

Mass transfer diffusivity and Peclet number were determined from two solutions of 
the differential-diffusion equation applied in previous investigations. An analytical solution 
in terms of Bessel functions was used to calculate values of average diffusivity and Peclet 
number and a seminumerical solution in terms of homogeneous linear-difference equations 
to calculate values of point diffusivity and Peclet number. 

Variation of diffusivity and Peclet number with radial position is shown, average dif- 
fusivity and Peclet number being correlated with Reynolds number. The interaction of 
molecular and eddy mass transfer mechanisms with decreasing mass velocity is illustrated 
by defining a molecular and an eddy Peclet number and correlating with Reynolds number. 
Eddy diffusivity is correlated as a function of local flow conditions. 


This paper presents a continuation of a 
previous study of mass transfer in a 
packed system (/). In the first paper 
mass transfer was investigated in the 
turbulent region for a range of column 
and packing sizes; the present study 
considered the flow range over which a 
separation of molecular and eddy mecha- 
nisms could be obtained. Consequently 
the lower velocity streams in the laminar 
and transition regions were investigated 
as well as the initial points of the fully 
developed turbulent region. 

The general expression for the rate of 
mass transfer is 


Y 
oy 
Two previous studies of mass transfer in 
packed systems differed in the approach 
used in the definition of diffusivity. 
Bernard (2) considered diffusivity to be 
independent of position in the system. 
An average diffusivity was thereby 
obtained which is an average for all flow 
conditions throughout the system. The 
approach used in the previous work (/) 
was to permit diffusivity and velocity to 
vary with radial position. A “point” 
diffusivity was obtained which is a 
function of position in the system, that 
is of point flow conditions. 

These two mathematical techniques, 
used to solve the basic differential equa- 
tion for mass transfer under the different 
assumptions, were employed in this 
work, to obtain a wider expression for the 
mass transfer parameters. The average 
diffusivity was analyzed for molecular 
and eddy contributions, and the variable 
term was analyzed for an expression 


(1) 
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relating diffusivity with point flow 
conditions and radial position. While the 
packed column is not a general system for 
the study of mass transfer, the techniques 
of definition and calculation derived 
herein are not restricted to this system. 


EQUIPMENT AND PROCEDURE 


The general experimental equipment used 
in this study was described in detail in the 
previous paper (1). The only new piece of 
apparatus introduced was five-loop, 
circular hot-wire anemometer used to deter- 
mine the velocity distribution across the 
packed bed. Figure 1 is a schematic repre- 
sentation of the anemometer. Platinum wire 
of 0.006-in. diameter was used for the loops. 
Construction details and calibration pro- 
cedures are discussed by Schwartz (3). 

The experimental procedure to obtain 
concentration data was essentially that 
described previously. The technique for 
velocity determination in the packed 
system (3) indicated that an optimum 
position above the bed exists for the 
measurement of velocities representing the 
true distribution in the packing. If the 
loops are located lower than this optimum 
position, the extreme turbulence of the 
gas emerging from the packing (radial 
velocities of the air emerging from restricted 
flow and returning to empty tube condi- 
tions) would cause the anemometer to 
indicate too high a velocity owing to the 
cooling by these radially directed velocity 
components. If the anemometer were 
higher, a return of the velocities to an 
empty-tube distribution would be obtained. 
The anemometer was operated at 1 in. 
above the bed in this investigation, after 
this was determined experimentally as an 
optimum height. 


CALCULATION OF RESULTS 


The basic differential equation for mass 
transfer, which considers diffusion in the 
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radial direction only and bulk flow in the 

axial direction, is 

0 (,,. ac C 

2 _ ur = (2) 
or / dz 

Angular symmetry is assumed. The 


following boundary conditions are im- 
posed: 


1. At z = 0, the plane of the injection 
tube tip 


Cr, 0) = €,, for 0<r<i 
and 
C(r,0) = 0, for 
At the tube wall 
, 2) 
or 
3. At the tube center 
aC (0, z) 
or 


Analytical Solution 


On the assumption that # and wu are 
independent of position, the solution of 
Equation (2) presented by Bernard (2) 
and modified by Kurihara (4) is in the 
form of an infinite Fourier-Bessel series 


A Cy B,, (3) 
J exp (—B, 2/a) 


The series converges rapidly for small 
values of Chaz/C nin; that is 2 is sufficiently 
great. The reduced form of Equation (3) 


iS 


Jo (Biro) 


exp (—B,'2/a) 


Concentration at the column center, 
where r = 0, is given by 


2 
(3, 


exp (—8,"z/a) 


By plotting C/C, vs. Jo(@ir) one can 
obtain the value of Co/C,4 analytically. 
The intercept of such a linear plot is 
Cy/C4. Since all of the other terms of 
Equation (5) are then known, @ can be 
calculated. The average Peclet number 
can also be calculated, since 
= Dia (6) 
Equation (4) was applied in this 
investigation by the fitting of the experi- 


CG, _ 
Ca Ox (4) 


(5) 


Pe = D 
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Fig. 1. Hot-wire anemometer. 


mental concentration data to a linear 
relationship with the first-order Bessel 
function by the least squares procedure. 
The analytical determination of Cy/C4 
differs from that employed by Bernard, 
which was a graphical integration of 
point concentration data on an area- 
weighted basis. The analytical procedure 
was preferred, since more dependence on 
the linear relationship is necessarily 
involved. 


Illustration of Analytical Solution 


Application of least squares to the 
experimental concentration data, for a 
run at a mass velocity of 214 lb./sq. ft./ 
hr., established the following best line: 


= 0.6404 +1.086 (7) 
A 


The value of Cy/C, = 1.086, and 


Co/C4 = 1.726. The value of Co/Cy, then 
is 1.516. From Equation (4) 


2 
(0.435/2)(1.904) 


J,(1.904 X 0.435/2) 
X 2.013) 


exp (—1.904" X 30.4/a) 
1 + 6.003 exp (—145.459/a) 
= 1+ 6.003 exp (—28.839/Pe) 


The @ ratio and Peclet number are 


1.516 = 


a = 44.897 in.", and Pe = 11.74 


Diffusivity, in terms of the corresponding 
flow rates, is given as the reciprocal of 
the a ratio 


E/V = 0.0223 in. 


Since V is based upon superficial column 
area, any EF calculated from this ratio 
will also be on a superficial basis; the a 
ratio is however a ratio of the true 
restricted terms 
V/6 

E/ 6 E 
Seminumerical Solution 


Under the rigid assumptions that the 
mass transfer process is a function of local 
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Fig. 2. Variation of concentration with 
angular position. 


flow conditions and that the velocity 
and diffusivity vary with position in the 
system, Equation (2) involves functional 
relations between diffusivity and velocity 
with radial position. Since the nature of 
these relations is unknown, an analytical 
solution is not possible. A seminumerical 
method was employed in the previous 
work (1) to solve the equation. Equation 
(2) was replaced by a system of difference 
equations written about points over the 
radius. This system is linear in the eigen 
functions at each interval about the 
point and in the eigen value. Solution of 
Equation (2) is of the form 


N 
C= AR, exp(—ez/ro) —(8) 
n=0 


A simplification in the solution is 
possible. Since Equation (8) involves 
negative exponential terms in z and X, 
and since A increases with n, the series 
converges rapidly for a sufficiently large 


C= Ay R Zo A,R,Z, (9) 
when one applies boundary conditions 
1 to 3 and imposes the orthogonality of 


the eigen functions, a direct solution for 
diffusivity is available in the form 


\,h? PAC; Cy) 
k=0 


E fas (10) 
The value of A; is given by 

1 = In Z, (11) 


where 


dP, 


k=0 


N 
> PAC, — Cu)? X 
_ _k=0 


Z,= : 
1 t ; N (12) 
— Cu) X 
k=0 k=0 
The mean integral concentration is 


obtained by a volumetric flow rate- 
weighted average of point concentrations: 
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Fig. 3a. Variation of concentration with 
Bessel function of zero order, Equation (11). 
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Fig. 3b. Variation of concentration with 
radial position. 


1 N 


Cx = 1 N (13) 
uo dé 2, 
0 k=0 

Illustration of Semi ical Soluti 


The seminumerical solution illus- 
trated in Table 1, which has been sub- 
divided to illustrate better the details 
involved. 


RESULTS 


Concentration data in the form of 
C/C4 ratios were used directly in the 
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Fig. 4a. Variation of velocity with radial 
position. 
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Fig. 4b. Variation of velocity profile with 
mass velocity. 


mathematical analysis, since the analyt- 
ical solution is of this form, and the 
numerical solution involves a homo- 
geneous ratio of concentrations. Similarly 
velocity data in the form of u,/V ratios 
were used directly in the seminumerical 
solution to yield values of Ly41/2/V cor- 
responding to the @ ratio. 

Figure 2 illustrates the deviation of the 
test bed from perfect angular symmetry 
of packing, which was assumed in both 
solutions. The concentration data used 
represent the average of six points of 
radial symmetry, thereby weighting the 
concentrations throughout the bed. 
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TABLE 1. SEMINUMERICAL SOLUTION 


Positions Calculation of Cy 


Calculation of Eigen Value 


Calculation of Diffusivity and Peclet Number 


v vc, cy 


© 0.000 1.726 - 0.0074" 0.0128 0.752 0.00557 
0.063 0.47% 

1 0.125 1.684 0.480 0.0600 0.1010 0.710 0.04260 
0.1 

2 0.250 1.570 0.506 0.1265 0.1986 0.596 0.07539 
0.313 

3 9-38 1.429 0.550 0.2063 0.2947 0.455 0.09384 

& 0.500 1.276 0.624 0.3120 0.3981 0.302 0.09422 
0.563 

5 0.625 1.114 0.749 0.4681 0.5215 0.140 0.06544 
0.688 
o. 


0.00819 0.00557 0.042 

0.0115 0.47% 10.81 1/2 
©.03025 0.08817 0.114 

0.0122 0.891 10.55 11/2 
0.08894 0.12357 0.141 

0.0152 0.527 9.09 21/2 
0.08270 0.21742 «0.153 

0.0176 0.582 8.68 31/2 
0.02846 0.31163 0.162 

0.0185 0.679 9.61 41/2 
0.00918 0.37717 0.147 

0.0202 0.850 11.03 51/2 


6 750 0.967 1.018 0.7635 0.7383 -0.007 -G.00535 0.00004 0.37183 0.135 
813 0.0183 1.462 20.88 61/2 
7 875 0.832 1.80: 1.5794 1.3140 -0.142 -0.22427 0.03185 0.14756 0.060 
938 1.54 0.0142 1.548 28.58 7 1/2 
8 000 «(0.772 - 0.7254” 0.5602 -0.202 -0.14658 0.02961 0.00098 
2488 4.1393 0.22119 
al 1.6 ° = 8.1393 £0-:00557_+ 0.1250 = 13.361 
2 2.0132 = 0.3858 
¥ de in 13 361 3458 in 
An 0.3458) 0.2178) = 0.0176 in. (Pe); = 6.68. 


®P, 1s obtained by consideration of an increment of one-half normal width, and gust then be equivalent to 1/2P(n/%), 


where P(h/%) 18 the mean value of P in the region 0<0/2¢n/2. Since velocity changes negligibl. in this region, P(n/s) = 1/2P(n/2), 


and Py 1/8P(n/2). 
similar reasoning, Pat 1/2)n_7. 


SSince t is non-integral in k, the summation is performed to the next integral value sbove t, and the resulting’ value 


linearly proportioned. In this application t = 0.1152, wnich is less than one increment; hence, the t/h fraction is used to * 


proportion the P,(C,-Cy)/C, tera. 


Figures 3a, 6 illustrate the fit of con- 
centration data to the theoretical rela- 
tions developed in the mathematical 
solutions. Figure 3a represents a plot of 
Equation (4). The data are seen to 
scatter seriously at high values of Co/C'4 
corresponding to peak values of Peclet 
number. The linear relationships shown 
were established by least squares. Figure 
3b represents a plot of Equation (8). 
These data are smoothed values fitted to 
the boundary conditions and used in the 
seminumerical solution. Scatter of data 
about the smoothed curves was generally 
much less than that experienced in the 
linear fitting. 

Velocity distribution across the test 
bed is shown in Figure 4a. This distribu- 
tion was found to be essentially inde- 
pendent of total flow rate above an 
average superficial velocity of 0.4 ft./sec., 
in agreement with the results of Schwartz 
(3). The plot of point velocity vs. average 
velocity at constant radial position 
(Figure 4b) indicates this independence, 
as well as the deviation from a uniform 
distribution at low flow rates. Generally 
the hot-wire anemometer was found to 
give a_ sufficiently accurate material 
balance only at average velocities above 
0.2 ft./sec., which prevents the numerical 
treatment of data below this velocity. 

Average diffusivity and Peclet number, 
determined over a range of mass velocities 
from 985 to 3.54 Ib./(sq. ft.)(hr.), are 
shown in Figures 5a, b, plotted against 
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Reynolds number. The values of average 
diffusivity and Peclet number are tabu- 
lated in Table 2.* 

Point diffusivity and Peclet number 
are shown as functions of radial position 
in Figures 6a and b. Point diffusivity was 
found to be constant at the bed center, 
to reach a maximum near the column 
wall, and to decrease at the wall. Point 
Peclet number was found to be constant 
at the bed center and to increase as the 
column wall was approached. An expected 
decrease of Peclet number at the wall was 
not detected, since the numerical method 
yielded an average value at one-half 
increment away from the wall. Point 
diffusivity and Peclet number are listed 
in Tables 3* and 4* for eight mass 
velocities ranging from 985 to 50.2 
Ib./(sq. ft.) (hr.) 


DISCUSSION OF RESULTS 


The scope of this investigation was 
chosen to cover an extended range of a 
Peclet number-Reynolds curve, which 
includes the initial points of a fully 
developed turbulent region, the full 
transition region, and the onset of the 
laminar region. Of special interest was a 
study of the interaction of eddy and 


*Tables 2, 3 and 4 are on file with the American 
Documentation Institute, Auxiliary Publications 
Photoduplication Service Library of Congress, 
Washington 25, D. C., and may be ordered as 
document No. 5871 on remission of $1.25 for 
microfilm or $1.25 for photoprints. 
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Fig. 5a. Average diffusivity calculated by the analytical 


method. 


molecular mechanisms as the importance 
of molecular transfer developed. 

An inspection of Figure 5b will reveal 
qualitatively the interaction of eddy and 
molecular mechanisms. At a Reynolds 
number above 200 the Peclet number is 
found to be essentially constant with 
velocity, as has been demonstrated by 
Towle and Sherwood (6) and Bernard 
(2) for empty tubes and in the previous 
work (i) for packed beds. At a Reynolds 
number of 200 a break in the curve is 
observed, corresponding to the departure 
of eddy diffusivity from a linear relation- 
ship with velocity. As Reynolds number 
(velocity) decreases, the eddy diffusivity 
decreases more rapidly, with a corre- 
sponding increase in Peclet number. With 
further decrease in Reynolds number the 
turbulent effects in the bed diminish. 
Molecular diffusivity, which is inde- 
pendent of velocity, becomes increasingly 
important, that is of the same order of 
magnitude as the eddy diffusivity. With 
further decrease in Reynolds number 
Peclet number reaches a maximum and 
then decreases as the eddy diffusivity 
damps out, ultimately reaching a linear 
relationship with velocity during com- 
pletely laminar flow. In Figure 5a diffu- 
sivity is seen to assume a limiting value 
at low Reynolds number. This is pre- 
sumably the molecular diffusivity. Since 
this value is determined on a superficial 
basis, a = (V/6)/D,, the limiting value 
obtained is D,6. When one uses a value 
of 6 = 0.32 (6), the value of D, obtained 
is 0.45 sq. ft./hr., which agrees with the 
published value of molecular diffusivity 
for carbon dioxide in air (7). 

An over-all correlation of data from 
this investigation with those reported 
from other works is presented in Figure 7. 
An empirical relation developed pre- 
viously (7) was‘used to correlate various 
column and packing sizes. 


THEORETICAL CONSIDERATIONS 


A quantitative explanation of mass 
transfer in a given system is inherently 
based upon a knowledge of flow condi- 
tions existing within the system. Limita- 
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tions in the precise definition of the 
nature of these flow conditions impose 
severe limitations upon an analogous 
definition of the mechanism of mass 
transfer. Virtually all previous studies of 
the diffusional mechanism have concerned 
themselves with the consideration of fully 
developed turbulent systems. In general, 
application of existing theories of turbu- 
lence has aided substantially in the 
understanding of diffusion in these 
turbulent systems. Application of the 
theories of turbulence to a system so 
complex as a packed bed however must be 
greatly restricted, since many of the basic 
physical conditions of empty-tube turbu- 
lence do not pertain. While in empty 
tubes eddy displacements are random 
in length and subjected generally only to 
tube-wall restrictions, in packed beds 
these are controlled by randomly arranged 
interstitial channels. While the scale of 
turbulence decreases, the intensity of 
turbulence is seen to increase. Still further 
complexities are introduced by the 
coexistence of laminar and turbulent 
conditions within individual voids. 
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Fig. 6a. Variation of diffusivity with radial 
position. 
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Fig. 5b. Average Peclet number calculated by the 


analytical method. 


The mass transfer mechanism in a 
packed bed has been described on a 
theoretical basis with a completely 
developed state of turbulence (complete 
mixing within a void and sufficiently high 
velocities with a correspondingly large 
number of fluid elements into and out of 
a void) for a regular packing arrangement 
assumed. In accordance with the random 
walk theory (8) Peclet number is given by 


1 — R, 
Nee = TR. (14) 
with R, = —1 indicating laminar con- 


ditions and R, = 0 indicating complete 
mixing. The increase in Peclet number 
with radial position can be explained on 
a semitheoretical basis as a result of 
a change in the correlation coefficient 
from a value near zero throughout the 
center portion of the bed to negative 
values nearer the wall, with R, = —1 
giving an infinite Peclet number. This is 
a semitheoretical approach, since the 
derivation of the random walk theory 
depends upon the existence of complete 
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Fig. 6b. Variation of Peclet number with 
radial position. 
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Fig. 7. Correlation of average Peclet number with Reynolds 


number and D,/D, . 


turbulence, that is, the correlation 
coefficient being constant at zero. 

Bernard (2) used pressure-drop data 
to determine the nature of turbulence 
in a packed bed. Since experimental 
friction-factor-Reynolds-number curves 
indicated no sharp breaks over the tran- 
sition region (defined by the break in 
Peclet-number—Reynolds-number curve) 
as contrasted with the discontinuity in 
the empty tube curve, the turbulence 
existing within the bed is seen to develop 
gradually over the range of flows. The 
correlation of pressure-drop and mass 
transfer data with the packing diameter 
used as the length parameter seems to 
indicate that interstitial turbulence is a 
function of packing sizes. 

The continuous nature of the friction- 
factor-Reynolds-number curves does not 
indicate the physical significance of the 
transition point in Peclet-number-Reyn- 
olds-number curves. This was postulated 
by Bernard from the following experi- 
mental observations. In liquid systems 
large eddies with scales up to several 
particle diameters were observed for 
flow rates considerably below turbulent 
values. The pressure drop, which is 
essentially dependent on flow conditions 
in the interstices between packing par- 
ticles, would therefore not reflect the 
existence of these large eddies, and in 
turn these large eddies cannot be assumed 
to cause the interstitial turbulence. 
When one considers that the Reynolds 
number point of departure of the tran- 
sition region from the turbulent region 
was found to increase in magnitude 
directly with D,/D, or to remain fixed 
with a Reynolds number based upon D,, 
the transition region is thought to be 
created by these large eddies, which 
apparently are generated under conditions 
similar to empty-tube conditions. Fur- 
ther at fully developed turbulent condi- 
tions the large eddies were no longer 
present. 

These two systems, while in agreement 
from pressure-drop considerations, are 
irresolvable in an attempt to define a 
mass transfer mechanism on the basis of 
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Fig. 8. Correlation of molecular, eddy, and total Peclet 


numbers with modified Reynolds number. 


either. Point diffusivity was found to be 
proportional to both factors, that is 
proportional to column diameter near 
the wall and to pellet diameter near the 
bed center. Any development of a diffu- 
sional mechanism must then consider 
both processes. Yet any attempt to 
visualize a mechanism for mass transfer 
is generally reduced to a consideration of 
a single void. Perhaps then the most 
significant approach is to analyze an 
over-all mechanism, as is suggested by 
the average data obtained from the 
analytical solution, and also to analyze a 
variable mechanism, as is suggested by 
point data obtained from the numerical 
solution. 


Average Diffusivity Data 


Since the molecular and the eddy 
mechanisms are seen to be involved in 
the over-all process, a parallel transfer is 
perceivable: 


E=D,+E (15) 
T T 
50, 
5F 
as 
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Fig. 9a. Velocity function, Equation (31). 
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or when one rearranges 


+7, (6 


and when one divides through by D,V, 


1 1 


(17) 


(N 


A means of determining the molecular 
term is now found in the Peclet number 
defining identity 


(N p.) se) (18) 
where 
Nx. = D, AV 
and (19-20) 
(N s.) x= De 
Molecular Peclet number is then given by 
(Np.) D,V, D,é (21) 


When a void fraction of 0.32 (6), with a 
value of unity for the molecular Schmidt 
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Fig. 9b. Position function, Equation (32). 
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number, is assumed, the molecular 


Peclet number is 


(Np.) = 3.13N (22) 
The eddy Peclet number can then be 
calculated from Equation (17). 

The average Peclet numbers were 
treated in this manner. The resulting 
values of eddy and molecular Peclet 
numbers as well as the total Peclet 
number are plotted against Reynolds 
number in Figure 8. Eddy Peclet number 
is seen to be indistinguishable from total 
Peclet number for Reynolds numbers 
above 300, to increase quite gradually 
from this identity with total Peclet 
number for Reynolds number between 
300 and 30, and to increase sharply at a 
Reynolds number of about 8. This last 
point is interpreted as the point of severe 
damping of turbulence within the bed. 

An inspection of Figure 8 reveals that, 
consistent with the observations of 
Bernard, an eddy effect is permissible in 
this gaseous system down to very low 
values of Reynolds number. Further as 
Reynolds number tends toward zero, the 
eddy mechanism is seen to damp out 
rapidly, thereby allowing an establish- 
ment of completely laminar conditions. 
The lowest measured effective Peclet 
number was found to be equal to the 
theoretical molecular Peclet number, 
which leads to the conclusion that com- 
pletely laminar conditions were found to 
exist. 


Point Diffusivity Data 


A second approach to the examination 
of the mass transfer process involves 
diffusivity as a function of local flow 
conditions. The nature of this function 
can then be determined by the fitting 
of experimental point data to the proposed 
expression. From Equation (15) the total 
diffusivity can be expressed as a molecular 
term and an eddy term, the former being 
invariant in the system. Hence 

E = D, + Kflu, 4) (23) 
The value assumed for the molecular 
diffusivity in this system was the limiting 
value of diffusivity shown in Figure 5a. 
By plotting or — D,),, vs. uz at 
constant radial positions, one obtains 
the relationship 


(E— D) = Kw,” (24) 


By plotting A, vs. @ one gets 

K, = 7.8011 + — 26°") (25) 
Equation (23) then becomes 

BE, = D, + 7.80u,'°(1 + 6" 
— 26°°*) 


(26) 


Figures 9a, b show the fit of experimental 
data to the velocity and position func- 
tions. 
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Equation (26) represents the data for 
the system investigated in this work. The 
equation is restricted to the system 
studied, since no general variation of 
column or packing size was considered, 
that is the D,/D, parameter. However 
the general technique of determining 
velocity and position functions on an 
empirical basis seems to be a sound 
approach. Equation (26) can be used to 
predict diffusivity for the system from a 
knowledge of the velocity distribution. 

The variation of eddy diffusivity with 
radial position can be interpreted theo- 
retically on the basis of the Prandtl 
mixing-length definition of diffusivity as 
the product of deviating velocity and 
eddy mixing length. Since point velocity 
and void space, characterizing the deviat- 
ing velocity and mixing length, both 
increase near the wall, the diffusivity 
increases. Near the wall velocity decreases 
rapidly to zero, while void space increases 
to unity. The preponderant effect of 
diminishing velocity decreases diffusivity. 
Figure 9b however illustrates the residual 
dependence of diffusivity on void space, 
since the velocity effect has been isolated 
from the defining function. 


CONCLUSIONS 


Mass transfer in packed beds can be 
described as consisting of parallel- and 
eddy-transfer mechanisms. The molecular 
contribution is invariant with the physical 
system and is the sole mechanism operat- 
ing at very low Reynolds number. The 
eddy contribution, considered on a point 
basis, is found to vary with local flow 
conditions and can be defined on the basis 
of these flow conditions. From empirical 
relations eddy diffusivity can be predicted 
in terms of point velocity, an easily 
measured operating variable. 

The variation of eddy diffusivity can be 
explained on the basis of velocity and 
void space variation within the system. 


ACKNOWLEDGMENT 


This paper is based on a master of science 
thesis by V. P. Dorweiler, presented to 
Iowa State College in December, 1956. 
Work was performed in the Ames Labora- 
tory of the U. 8. Atomic Energy Com- 
mission. 

The authors wish to express their appre- 
ciation to the Ames Laboratory of the 
Atomic Energy Commission for the support 
of this project. 


NOTATION 


constant in series solution, area 
concentration, volume % carbon 
dioxide in air 

C, = measured average concentration 


C; = concentration of pure carbon 
dioxide in injection tube 

Cy = integral average concentration 

Cy = concentration at column center 

D, = pellet diameter, in. 


A.1.Ch.E. Journal 


D, = tube diameter, in. 

D, = molecular diffusivity, sq. ft./hr. 

E = eddy diffusivity, sq. ft./hr. 

E- = total effective diffusivity, sq. ft./ 
hr. 

G = mass velocity, lb./sq. ft./hr. 

h = interval size in numerical solution 

J) = zero-order Bessel function of 
first kind 

J, = first-order Bessel function of 
first kirid 

k = number of position of radial 
point 

K = position function of eddy diffu- 
sivity 

K, = constant for given radial position 

nm = index of summation 

N = total number of intervals in 


numerical solution 

Np. = Peclet number, D,V/E 
Nee = modified Reynolds number, D,G/ 
(Ns-)a = Schmidt number, u/pD,/Da, 
P, = weight function in numerical 

solution = u,0, 
= radial distance from center of 
bed, with ro the tube radius, in. 
R eigen function representing the 
radial variation of concentration 
R, correlation coefficient 
radius of injector tube, in. 
superficial point velocity, ft./sec. 
superficial average velocity, ft./ 
sec. 
height of packed bed above injec- 
tor tube, in. 
function representing the axial 
variation of concentration 


| 


x 
Il ou ll 


N 


Greek Letters 


a = ratio of V/E, ft. 

= roots of J1(G,70) = 0 

6 = void fraction 

\ =eigen constant in numerical 
solution 

p = density, lb./cu. ft. 

6 = dimensionless radial position 
term, 

be = absolute viscosity, lb. mass/ft./ 
sec. 
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Axial Mixing and Extraction Efficiency 


The effect of back mixing of either phase in an extraction column, which decreases 
the extraction efficiency, is analyzed theoretically by means of an idealized diffusion 
model that can be characterized by four dimensionless parameters: a Peclet number 
of each phase, a mass transfer number, and the usual extraction factor. Calculations for 
a wide range of these parameters were performed on a digital computer. 

The principal results, presented in a table, will be useful in the design and scale up of 
extraction columns and in the interpretation of experimental results from extractors and 
from some reactors in which a first-order reaction occurs. 


Circulation and back mixing, or axial 
mixing, in extraction columns reduce the 
number of theoretical stages (efficiency). 
If the back mixing is very severe, the 
column may extract less than would one 
theoretical stage. Ideally each phase 
should flow with no axial mixing; that is 
it should be in plug flow. In practice, 
however, there is always some axial 
mixing. For most  extraction-column 
designs, operating conditions that give 
high rates of interphase mass transfer 
give appreciable axial mixing. Failure to 
account for axial mixing may lead to 
column-height or packing-efficiency cor- 
relations that scatter badly or that may 
give large errors when extrapolated to 
large packing or column diameter. In 
this paper the effect of axial mixing on 
the efficiency of countercurrent extraction 
columns is analyzed theoretically by 
means of an idealized diffusion model. 

Despite the realization that back 
mixing decreases extraction efficiency, 
there was little mention of it in the litera- 
ture until 1950. In that year Morello and 
Poffenberger (7) and Geankoplis and 
Hixson (2) noted the existence of back 
mixing, especially in spray towers. The 
significance of the mixing to extraction 
efficiency, however, was not clearly stated 
until 1952 (8). Later work (1, 3, 4) 
included experimental measurements of 
local mass transfer coefficients and con- 
centration gradients in extraction columns 
in which there was appreciable back 
mixing of the continuous phase. All this 
work was carried out in spray or packed 
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columns. In 1954 Vermijs and Kramers 
(12) noted some effects of back mixing 
in a rotating-disk column. In no ease, 
however, was there any attempt to 
characterize quantitatively the axial 
mixing of either phase. Furthermore at 
the time this work was begun there had 
not appeared an experimental or theo- 
retical analysis relating efficiency to back 
mixing. 

A recent Atomic Energy Commission 
report (6) gives some theoretical results 
for special cases, and a supplement to the 
report (5), which appeared as this paper 
was being prepared, contains many 
numerical results. The equations given in 
these reports are essentially the same as 
those given here. Furthermore axial 
concentration profiles are tabulated in the 
supplement (6); whereas in this paper 
only the exit concentrations are tabulated. 
It was nevertheless thought worthwhile 
to publish the results given here because a 
somewhat broader range of parameters 
was investigated, the interpretation of 
the assumptions and applicability of the 
results is different, and the method of 
solving the equations is quite different. 
In the A.E.C. report the emphasis is on 
the use of the analysis for interpretation 
of experimental results, whereas in this 
paper emphasis is on the scale-up problem. 


ANALYSIS 


The effect of back mixing on efficiency 
is presented here for continuous, counter- 
current extraction with feed and solvent 


A.1.Ch.E. Journal 


C. A. SLEICHER, JR. 


Shell Development Company, Emeryville, California 


introduced at opposite ends of the column. 
The calculation is based on a three- 
component system and an_ idealized 
diffusion model, the eight principal 
assumptions in the analysis being 


1. The back mixing of each phase may 
be characterized by a constant axial 
diffusion coefficient. 

2. The end conditions usually assumed 
(18) for models of this type are applicable 
[Equations (4) through (7)]. 

3. The mean velocity and concentra- 
tion of each phase are constant across 
that part of the column diameter which 
is occupied by the phase. 

4. The solvent and solute-free raffinate 
are immiscible (or their solubility does 
not vary with solute concentration and 
hence height). 

5. The volume rates of the solvent and 
feed phases do not change with height. 

6. The distribution coefficient (equi- 
librium ratio) is constant; that is, it is 
not a function of concentration. 

7. The product of the mass transfer 
coefficient and the interfacial area per 
unit tower volume is constant throughout 
the column. 

8. The gradients of solute concentra- 
tion in each phase are continuous; that is, 
there are no discontinuities as would occur 
in a series of discrete well-mixed stages. 


Figure 1 shows the notation and the 
model based on these assumptions. More 
detailed notation and the notation of 
Miyauchi (6) are given at the end of the 
paper. Material balances around each 
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phase in a differential slice of the column 
are 


dx 

d’y 

Ka(x — my) (2) 


The appropriate boundary conditions 
(assumption 2), which are determined 
by material balances around each phase 
at each end of the column and have been 
discussed at some length in the literature 
(13), are 


de V | (3) 
‘atz = 0 
dy _ 
dz J (4) 
Vay = (5) 
atz = L 
dx | 
(6) 


These equations are more convenient 
if put in dimensionless form by use of the 
groups F, P, R, and T. (See Notation: 
the departure from A.I.Ch.E. Standard 
Nomenclature for the Peclet numbers, 
P and R, and the number of transfer 
units, 7, is desirable because of the 
length of the equations that follow.) The 
solution is designated by ¥(w), a dimen- 
sionless concentration. 

At the feed inlet where x = 2;,¥(w) = 
y(0) = 0. Furthermore ¥(1) = 1 corre- 
sponds to x = my;, denoting a raffinate 
phase that is in equilibrium with solvent 
of the given concentration. Thus in any 
column y may vary from 0 to a possible 
maximum of 1, and it denotes the 
amount or extent of extraction. y(1) is 
the usual recovery fraction as used in 
absorption-factor calculation methods. 

The concentration of the solvent phase 


RAFFINATE 
SOLVENT (y) PHASE 

Us Us 

Es Ey 

fs «f 

y x 


RATE OF TRANSFER - 
T(x - my)K da 


{ 


z=w:0 
FEED (x) PHASE 


EXTRACT x, = CONCENTRATION 


Uy. U, = ACTUAL MEAN VELOCITY OF FEED 
AND SOLVENT PHASE 
Ey. E, = EDDY DIFFUSIVITY OF FEED 
AND SOLVENT PHASE 
4. ¢g = VOLUME FRACTION OF FEED 
AND SOLVENT PHASE 
x,y = CONCENTRATION OF FEED 
AND SOLVENT PHASE 


Fig. 1. Nomenclature for 


model. 


back-mixing 
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is made dimensionless by a similar trans- 

formation and is designated by I(w). 
Substitution of the definitions into 

Equations (1) through (6) yields 


— Py’ —1+ FT) (%) 
= TRY —1+ FT) (8) 
I’ = 0) (10) 
y’ =0 (12) 
The solution of these equations is 
y(w) = A + Be (13) 
+ Ce" + De” 
where A,, are the roots of 
3 2 
+ (R — P)X — (TP + PR (14) 


+ TRF) + TPR(F — 1) = 


and A, B, C, and D are determined by the 
following set of four linear algebraic 
equations: 


AP + BP + CP 
+ D(P ds) = 0 

+00,’ ~ Pra? ~ (16) 


+ D(r;° — Pd;’ — TPr;) = 0 
+ Cre + = 0 (17) 


ATPR + Ben [TPR 


+ (TP — PR), + (P — — 
+ (P — R)d,” — + Ded?[TPR 

+ (TP — PR) 


For the particular case F = 1 Equations 
(6) through (11) are indeterminate, and 
the solution is given by a slightly dif- 
ferent set of equations, which however 
will not be given here. 

For design purposes it is usually 
sufficient to know the concentration of 
the raffinate and of the fat solvent rather 
than complete concentration profiles; 
therefore only ¥(1) is given in this paper. 
TO) can be found by a material balance 
around the column, which is simply 


TO) = (19) 


For the slug-flow case (e, = e, = 0, 
P = R = o) the extraction is given by 


je 


— Fe T(F-1) 
For a vine well-mixed stage (e, = 


é, = ©, P = R = 0) the extraction is 
given by 


¥a(1) = (20) 


T 


7474 FT 


(21) 


MACHINE CALCULATION 


The differential equations (7) and (8) 
with their boundary conditions (9) 
through (12) can be solved on a digital 
computer in two basic ways. First, the 
differential equations can be approxi- 
mated by difference equations; second, 
the coefficients and exponents of the 
solution equation (13) can be evaluated. 
The second method was used because 
it is more accurate for this problem and 
easier to code. 

Figure 2 is a block diagram of the 
program used to calculate the y/(l). 
Floating-point operation was used and 
eight significant figures were carried. 

The previous section mentions that 
Equations (7) through (12) are indeter- 
minate for F = 1. To avoid writing a 
separate program for this case, 1.001 was 
used instead of 1 for F. 


TABULATION OF RESULTS 


Table 1 contains the principal results 
of the present analysis in the form of 
y¥(1) as a function of F, P, R, and T' for 
P and R of 5, 10, and 55, which is the 
range of greatest interest in extraction. 


READIN CALC A ROOT 
rom WITH NEWTON’: METHOD, 
FIRST TRIAL ROOT 


SOLVE EQ 15-18 
FOR A. 8.C,D PROM EQ [ unr Loops 


| FOR ALL 
2s. 1.001, 24,10 
T 1, 3, 10, 30, 60 


——{ FOLLOWING CASE OF F = 10, T= 60 | 


Fig. 2. Block diagram of calculation program. 
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Fig. 3. Extraction with plug flow of each phase (no back 


mixing, R= ~). 


A more complete table has been deposited 
with the A.D.I.* In the A.D.I. table the 
two rather special cases for F = 0 and 
for P = 55 with R = .001 are at the head 
of the table, whereas the remaining cases 
are tabulated in an orderly pattern. The 
solutions for P = R= ~ andP= R=0 
have not been tabulated, but they are 
easily found from Equations (20) and 
(21). For reference the former is graphed 
in Figure 3, and the latter is within 1% 
of the case of P = R = .O5. 

The range of P and R covered is .05 to 
55. The exact solutions for one well- 
mixed stage (P = R = 0) differ from the 
solutions for P = R = .05 by less than 
1%. At high P however the y¥(1) for 
R= .05 and R = 0 differ by more than 
1%, and so in this range ¥(1) was caleu- 
lated for R = .001 and .0001. These 
solutions differ by less than 0.1°% and 
therefore probably differ from the solu- 
tions for R = 0 by much less than 1°¢. 
Solutions for R = .001 are given in the 
A.D.I. table. At high P however it is 
unlikely that R could be as low as .05. 
Thus for practical purposes Peclet 
numbers of .05 and 0 are equivalent. 
Values of P and R that are higher than 55 
are not reported, because they could not 
be caleulated without writing another 
program. Now (1) varies most strongly 
with high R when F = 1 and P is large. 
In this region Y(1) for P = R = 55 
differs from (1) by at most 5%. For 
F less than .8 or greater than 1.2 the 
difference is less than 2.4%. Thus solu- 
tions for P and R of 55 are quite close 
to the limiting case of P and R equal 
to infinity. 

The calculations cover a range of T 
between 0.1 and 60. It is rare if ever that 
T is less than 0.1. It may occasionally be 
greater than 60, but the difference in 
¥(1) between T = 60 and JT = @& is 
very small, At low P and R the difference 
is a maximum at F = 0, where it is 
1.6%; at high P and R the difference is 


*Tabular material has been deposited as docu- 
ment 5875 with the American Documentation 
Institute, Photoduplication Service, Library of 
Congress, Washington 25, D. C., and may be obtained 
= $1.25 for photoprints or $1.25 for 35-mm. micro- 
um. 
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a maximum at F = 1, where it is also 
1.6%. 

The range of F covered is 0 to 10. 
Although the case of F = 0 is of little 
interest in extraction, it is included 
because it corresponds to a reactor in 
which rate-controlled, first-order reac- 
tions of constituents of one phase are 
catalyzed by a second immiscible phase. 
The solutions for F = 0.8 and F = 1.2 
were found because of the rather rapid 
change of ¥(1)Ay..(1) with F near F = 1, 
which is illustrated in Figure 4 for 
P = R = 2 and three values of T. 
Because of this behavior it was thought 
that plots of Y(1) vs. F might show 
peculiarities in the vicinity of F = 1, 
but such is not the case. 

The density of parameters within the 
range discussed above is sufficient to 
allow interpolation with a precision of 
1 or 2%. For interpolation in F near 


PR 


Fig. 4. Change of y(1)/y¥.(1) 


with F, P = R = 2. 


Accurate interpolation among the four 
parameters is often required because 
extractor height is sensitive to the 
extraction required. Such interpolation is 
of course laborious and time consuming. 
A correlation of the results has therefore 
been developed in which interpolation in 
F only is required. The correlation uses 
the ratio T,/T, where T, is that value 
of T which will accomplish the given 
extraction in a column with no axial 
mixing. Now the ratio T,/T is equal to 
L,/L, the ratio of height of a plug-flow 
column to the actual height, and it will 
therefore be called column efficiency E.. 
A column efficiency of 0.7 can be inter- 
preted to mean that 1 — 0.7 = 0.3 is 
the fraction of required height that is 
necessary to overcome the effect of axial 
mixing. If £, is known, T, can be calcu- 
lated and used in Equation (20) to find 
the extent of extraction y. 

The correlating equation for F, is 


(22) 


PR + + +cVPR —dVP+R + g(P — 


where the constants are the following func 


tions of F only: 


I a b C d g h 
0.1 0.45 0.15 0.31 0.41 —0.305 0.073 
0.2 0.47 0.21 0 485 0.59 —0.29 0.085 
0.3 0.495 0.27 0.625 0.73 —0 .255 0.094 
0.4 0.515 0.32 0.75 0.85 —0.22 0.100 
0.6 0.55 0.425 0.975 1.07 —0.15 0.115 
0.8 0.58 0.52 1.16 1.25 —0.075 0.125 
0 0.61 0.61 RZ 1.42 0 0.135 
£5 0.675 0.81 1.61 1.78 0.18 0.155 
2.0 0.73 1.00 1.85 2.10 0.35 0.172 
3.0 0.80 1.38 2.12 2.45 0.64 0.201 
4.0 0.845 2.00 2.25 2.65 0.865 0.225 


F = 1 it is suggested that plots of ¥(1) 
vs. F be used; for interpolation in F 
with F not near unity and for interpola- 
tion in J, P, and R usually greater 
precision is obtained from plots of 
¥(1)/p.(1) vs. the parameter. Such plots 
have the added conceptual advantage 
that y(1)/Ay.(1) is a direct measure of 
the extent to which back mixing decreases 
extraction; the ratio may be considered 
a back mixing efficiency. 


A.1.Ch.E. Journal 


This empirical equation gives a maximum 
error of 10% in Z, and 1.5% in y in the 
range 0.1 << F< 4,2< Pand R < 55, 
1 < T < 60. These errors are well within 
the accuracy justified by the assumptions 
in the analysis. The equation should not 
be used outside the tested range of 
parameters, and in particular it should 
not be used for Péclet numbers less than 
about 1 or 2. 

Figures 5 and 6 illustrate the behavior 
of extraction efficiency for certain sets 
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of parameters. For F different from unity 
the effect of back mixing on efficiency 
goes through a minimum as T is increased 
(Figure 5). In no region of parameter 
space, however, does back mixing reduce 
the extent of extraction by more than 
50%. Even for the rather low Peclet 
numbers of P = R = 5, the extraction 
is reduced by less than 25%. On the other 
hand back mixing may have a large effect 
on the height necessary to accomplish a 
given extraction, especially when the 
extent of extraction is large. Suppose for 
example one desirés to extract to the 
extent of ¥(1) = 0.98 with F = 0.25. 
With no back mixing in either phase, 
this can be done with T = 4.8. Suppose 
however that for the same height of 
tower that gives T = 4.8, one finds that 
P = R = 10, a combination which 
gives ¥(1)/¥.(1) = 0.952 or Y(1) = 
(0.952) (0.98) = 0.933, a 5% reduction 
due to back mixing. To increase this to 
0.98 it is necessary to increase L by 
about 60%, so that P = R = 16 and 
T = KaL/V, = 4.8 (16/10) = 7.7. 


USE OF ANALYSIS 


The analysis will be useful both in the 
interpretation of extraction data and in 
the scale up of extractors. The use of this 
model in the interpretation of experi- 
mental data has already been noted by 
Miyauchi (6), who has emphasized that 
three different definitions of TJ are 
possible. Their magnitudes differ widely; 
yet all have been indiscriminately referred 
to, even in recent literature, as the 
“number of transfer units, NTU.” In 
most cases the authors have not men- 
tioned the possibility of two or three 
conflicting definitions. The definition 
used in this report is called the true value 
by Miyauchi. It is defined by 


The two apparent values of VTU are 
called the measured value 
(L 
wee dx 
= 
Jz2(0) — my 


Page 148 


Fig. 6. Effect of back mixing on efficiency, F = 1. 


and the piston-flow, or plug-flow, value, 
which is defined by Equation (20). The 
apparent values of 7 defined above 
include effects of axial mixing, and in 
general 


Tx > Tp 


To illustrate the difference between the 
values of these ntimbers, Miyauchi 
calculated them for the particular case 
F= 1, P= R= 4, and T = 5. The 
results are 7, = 3.86 and Tp = 1.76. 
It is apparent that failure to include 
axial mixing as a variable in correlations 
for T and L/T (height of a transfer unit 
= HTU) is a major cause of difficulty, 
scatter, and discrepancies among various 
investigations. 

This report emphasizes less the inter- 
pretation of experimental data than the 
application of the analysis to problems of 
scale up. For this purpose knowledge of 
the concentration distribution in an 
extractor is not usually necessary, for it 
is only the composition of the exit 
streams that is of interest. The present 
analysis is a step in a logical sequence in 
the scale up of extractor height. It pre- 
supposes a knowledge of the effect of a 
change in column diameter and internals 
on Ka, E;, and £,. With this knowledge 
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Fig. 7. Effect of column height on extent 
of extraction. 


the results provide a means by which 
these variables may be combined to 
compute the height necessary to accom- 
plish a given extraction with given 


TaBLE 1. ¥(1) As A Function or F, P, R, anv T. 


Pe5 10 R-5 P= 55 R=5 
Tt T T 
id 1 3 10 30 & F 1 3 10 x0 60 F 1 3 10 30 & 
1 -9953 1 686 9970 9979 1 606 -9969 .9982 9986 
25] 815-950-979 557 843 906 966 9900 25] 920.9936 
5 499 To 9% 5 516 .T70 06 5 534 80h 
216 2396 2671 220 2487 2495 4 223 +2464 £2500) .2500 
10 1 0998 10 0987 0999 1000 1000 10 0991 .1000 .1000 .1000_ .1000 
Pe5 Re 10 Pe 10 Re Pe 55 R= 10 
T T 
Fr 1 3 10 be) & F 1 3 10 30 60 F 1 5 10 30 & 
568 866 987 -9991 .999T 1 587 9997 609 -9987 1.0000 
967.928.9963 25| -565 .858 966 25 893.9940 .9997 
3 | 509 910.956. 967 5 | .795 5 83% 970 9922. 9952 
2 -631 79% 1 458 -660 Tee 639 1 -826 874 
2 433, 468 +479 2 3 449 492 494 2 363 4992 
+2630 2470 .2478 2480 227 267 2695 498 2498 2380 +2500 .2500 
10 -0999 10 0994 _.1000 000.1000 _.1000 +1000 _.1000 _.1000 __.1000 
T T T 
F 1 3 10 bo) 60 F 1 3 10 » 6 F 1 3 10 bs) 60 
1 -871 9906 9998 1.0000 -99 1.0000 000 1 | °.612 930 -9996 1.0000 1.0000 
25] .551 B41 9997 +25] .569 -871 2098 1.0000 25] .591 -9985 1.0000 1.0000 
5 519 784 939 -981 9897 5 -967 9985 5 557 1.0000 
1 458 -69 -778 -832 1 47 -693 -826 687 1 491 729 
2 2 370 2 1 -5000 }000 
2661 4 235 +2491 .2499 2500 4 28 2499 .2500 2500 2500 
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solvent, feed compositions, and flow rates. 

Figure 7 is an example of a kind of 
plot, derived from the data of Table 1, 
useful to the design engineer. It shows 
the height of a column in feet vs. the 
extent of extraction for three values of F. 
In this case K/Vpr, Ur/Ep, and U,/E, 
have been assumed constant at 0.5, 1, 
and 1 ft.-! respectively. Such a chart 
shows clearly the amount that column 
height must be increased or feed/solvent 
ratio decreased to effect a given change 
in extraction. 


APPLICABILITY OF THE ANALYSIS 


The applicability of the analysis is 
limited by the assumptions listed earlier. 
Of these, assumptions 3 through 8 need 
little comment, except a note that their 
admissibility must be determined in each 
case. Assumptions 1 and 2 however merit 
further discussion. 

Assumption 1 is that the extraction 
process may be represented by a diffusion 
model. Actually axial mixing in the 
continuous phase of an extraction col- 
umn is the result of two effects. The 
first is true turbulent and molecular 
diffusion in the axial direction. This type 
of diffusion can be determined by measur- 
ing the concentration upstream from a 
plane of steady injection of a tracer. 
Second, axial mixing is caused by non- 
uniform velocity and subsequent radial 
mixing, which is sometimes called Taylor 
diffusion after G. I. Taylor’s analysis of 
axial mixing in pipes (9, 10, 11). This 
type of mixing could not be detected by 
the preceding experiment, but it can be 
determined, for example, from the 
spreading of pulse injection of tracers, 
that is, by measuring the residence-time 
distribution. Of course this type of 
experiment will detect the combined 
effects of the two causes of axial mixing. 
Both types of diffusion are deleterious in 
extraction, because both cause a decrease 
in the net driving force for mass transfer. 
In the dispersed phase an analogous 
situation exists. True dispersed-phase 
diffusion is caused by actual backflow of 
some drops in a random manner. How- 
ever the drops also have a spread in 
residence-time distribution owing to the 
fact that some drops move faster than 
others because of the nonuniformity of 
drop size and of continuous-phase veloc- 
ity. In addition the  residence-time 
distribution is affected by drop inter- 
actions (coalescence, redispersion), which 
occur even in a nonstaged column. 

There are many extraction situations 
in which Taylor diffusion predominates 
over eddy diffusion. This would usually 
occur for example in both phases of 
packed and spray columns and in both 
phases of a rotating-disk column operated 
at high throughput and low rotor speed. 
In this analysis true eddy diffusion has 
been assumed, and the question arises 
as to the conditions under which an eddy- 
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diffusion coefficient can be used to 
represent the effect of Taylor diffusion 
in extraction. At present this question 
cannot be answered; it can only be 
pointed out that the conditions will 
depend on other factors, such as the 
rate of coalescence and redispersion of 
the dispersed phase and the rate of 
radial mixing of the continuous phase. 
Because of the variation of mass transfer 
rate and concentration with drop size, 
they will also depend on drop-size distri- 
bution. The most reasonable approach 
at present is to use an eddy-diffusion 
coefficient that is related to the down- 
stream spread of a tracer, for that is at 
least a measure of axial mixing if not of 
its effect on extraction. 

The choice of boundary conditions, 
assumption 2 and Equations (3) through 
(6), is really a consequence of the use of 
a diffusion model. This point and the 
diffusion and boundary equations have 
been. discussed in detail by Wehner and 
Wilhelm (13). An analysis which included 
Taylor diffusion effects would necessarily 
employ quite different boundary condi- 
tions. As P and R increase, however, the 
solutions become less sensitive to the 
choice of boundary conditions. For P 
and R above about 10 any reasonable 
boundary conditions will give solutions 
nearly equal to those for the boundary 
conditions (3) through (6). 
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NOTATION 


The letters in parentheses refer to the 
notation for the equivalent group or 
parameter of references 5 and 6. 


I 


(1 — A;), coefficient in Equation 

(18) 

(a), interfacial area between 

phases per unit-tower volume 

= (—A,), coefficient in Equation 

(13) 

(—A:), coefficient in Equation 

(13) 

= (—A,), coefficient in Equation 

(18) 

(E;), eddy diffusivity of phase j, 

j=fors 

superficial eddy diffusivity of 

phase j, 

= (A), extraction factor = V,;m/V, 

(K,), over-all mass transfer co- 

efficient based on area a 

L = eolumn length 

m = (m), x/y at equilibrium, distri- 
bution coefficient 

number of feed phase based on 

column length 


& 
i 


I 


& 
I 


i 
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II 


(P,B), V,L/e, = U,L/E,, Peclet 
number of solvent phase based 
on column length 
= (No;), KaL/V;, a mass transfer 
number sometimes called the 
number of transfer units 
= piston-flow, or plug-flow, value 
= (u;), velocity of phase j, 7 = f 
or 8 
= (F;,), superficial velocity of phase 
(Z), z/L, dimensionless distance 
from feed end of column 
x = (¢,), concentration of solute in 
feed phase 
y = (c,), concentration of solute in 
solvent phase 
z = (2), distance from feed end 


II 


Greek Letters 


= (1 — Y), dimensionless concen- 
tration of solvent phase, (y — 
yi)V./(4; — my) V; 


€; = (e,;), volume fraction or holdup 
of phase 7, ] = fors 

An = (An+1), exponent in Equation 
(13) 

= (1 — dimensionless concen- 
tration of feed phase, (x; — x)/ 
(x; my;) 

= wW for the case of plug flow 

Subscripts 

f = (x), feed phase 

t = (superscript 0 or L), inlet of 


either phase 
s = (y), solvent phase 
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Effect of a Volume Heat Source on 
Free-Convection Heat Transfer 


1. E. RANDALL and ALEXANDER SESONSKE 


Heat transfer to a horizontal cylinder from an ordinary fluid containing a volume heat 
source was studied analytically. The first approach to this problem was to assume that the 
heat source existed only in the boundary layer surrounding the cylinder. By solving the 
equations for a vertical flat plate cooling the ambient fluid and applying the results to a 
horizontal cylinder, one could determine the effect of a volume heat source on the heat 
transfer coefficient for the cylinder case. The variables studied were volume heat sources 
from 0 to 300 B.t.u./(sec.)(cu. ft.) and temperature difference across the boundary 


iayer in the range 20° to 100°F. 


In the laminar-flow region a volume heat source was found to increase the heat transfer 
coefficient for any given temperature difference across the boundary layer. This increase, 
due to the decrease in boundary-layer thickness caused by the volume heat source, was 
moderate, being about 20% for a 1j-in. O.D. cylinder with a heat source strength of 100 
B.t.u./(sec.)(cu. ft.) and a temperature difference across the boundary layer of 20°F. 


PROBLEM ANALYSIS 


The model considered was a horizontal 
cylinder immersed in an infinite fluid 
containing a volume heat source. The 
eylinder surface temperature was main- 
tained lower than the temperature of 
the surrounding fluid by having a coolant 
passed through it, and the volume- 
generated heat thus removed. Since there 
was no impressed flow on the bulk fluid 
body, this cooling took place by free 
convection. 

Free-convection heat transfer prob- 
lems are generally solved with the simul- 
taneous use of the continuity equation, 
an energy balance, and the appropriate 
momentum balances in conjunction with 
boundary-layer theory. The inclusion of 
a volume heat source in such a problem, 
however, complicates the physical pic- 
ture, since at steady state conditions this 
heat generated at all points in the fluid 
will have to be removed, necessitating a 
temperature gradient. Since the fluid 
density is a function of temperature, a 
velocity gradient will also be generated 
throughout the fluid. Boundary-layer 
theory though assumes that all the tem- 
perature and velocity gradients occur in 
a layer near the body surface, with the 
rest of the body isothermal and at 
constant velocity. Since this is not the 
case with a volume heat source present, 
the boundary-layer assumptions are not 
strictly applicable, and their use consti- 
tutes an approximation to the true 
picture. 

Many attempts were made therefore 
to find a suitable model, one in which 
the boundary-layer theory need not be 
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used. The initial step was to investigate 
boundary conditions for the solution. 
Utilizing the no slip at the tube wall 
assumption, the authors established the 
velocity at the wall as zero. Two thermal- 
boundary conditions were possible how- 
ever. Either the heat flux at the wall or 
the temperature variation of the wall 
could be specified but not both. For the 
problem under consideration a constant 
wall temperature was specified with the 
remainder of the boundary condition 
necessary for solution dependent on the 
model used. 

At first the cylinder was assumed to 
be immersed in an infinite domain, a 
fluid which extends to infinity in every 
direction. With a volume heat source 
present, however, the velocity and tem- 
perature profiles theoretically do not 
become constant and hence would have 
to be known to infinity. This model was 
therefore rejected because of boundary- 
condition difficulties. 

A model which appeared promising 
was one having a concentric, perfectly 
insulated outer cylinder surrounding the 
tube. Although with this model zero 
velocity and zero temperature gradient 
(0T/dr) could be specified at the outer 
wall, a solution to the equations could 
not be obtained because of mathematical 
difficulties encountered; so this model 
was dropped. 

Concurrent with this analytical study 
experimental work was being carried out 
as part of the over-all project. While 
attempts were being made to circumvent 
the boundary-layer assumptions, tests 
showed that the temperature and velocity 
gradients which were expected through 
the fluid were negligible relative to the 
larger gradients in the immediate vicinity 
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of the tube (/). It therefore appeared 
that the boundary-layer assumptions 
were valid, and the boundary-layer ap- 
proximations could be used. 

On this evidence a boundary-layer 
solution, with the assumption that the 
heat source was present only in the 
boundary layer, was attempted. Since 
Hermann (4) presented an exact analyti- 
cal solution for free convection heat 
transfer to air having no volume heat 
source, a check was available for the 
iteration technique attempted for solu- 
tion with an Electrodata digital com- 
puter. Hermann’s equations were con- 
verted to difference form and his results 
used as initial conditions for the itera- 
tions. Thus if the iteration technique 
were to work, the iterations should have 
converged immediately to the initial 
conditions. Once this proof of the tech- 
nique was completed, Hermann’s equa- 
tions could be altered to include the effect 
of the volume heat source, and the prob- 
lem could be solved. The iterations how- 
ever diverged, indicating the need for a 
lengthy step-size study. The follow- 
ing approximate solution was therefore 
attempted. 


THEORETICAL SOLUTION DEVELOPMENT 


A common technique in the solution 
of fluid flow-heat transfer problems in- 
volving cylinders is to solve a similar 
problem for a flat plate and by conformal 
mapping or some other procedure trans- 
form the results to the cylinder. This 
technique is valid owing to the boundary- 
layer character of the differential equa- 
tions underlying the theoretical solutions 
for both cases (4). The technique is used 
because boundary-layer problems for the 
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flat-plate geometry are more readily 
solvable than the ones for the outside of 
a cylinder. Thus to find heat transfer 
coefficients to the cylinder, both with 
and without heat source, flat-plate solu- 
tions could be obtained and then trans- 
formed to the cylinder. If however the 
ratio of the heat transfer coefficients for 
the flat plate were determined instead, 
this ratio could be applied directly to 
the cylinder, if the assumption is made 
that the transformation will introduce 
errors of equal relative magnitude to 
both coefficients. This was the procedure 
followed for this solution, which is de- 
scribed in detail by Randall (10). 

The model used was a vertical plate 
cooling a surrounding infinite still fluid 
at a constant temperature everywhere 
except in the boundary layer. The as- 
sumptions made were 


1. There are no effects longitudinally 
along the plate; that is the problem is 
two-dimensional. 

2. There is no velocity component 
perpendicular to the surface of the plate. 

3. The buoyant force is the only driv- 
ing force for fluid flow. 

4. The fluid will not slip 3t the wall. 

5. The fluid velocity is zero at the 
outer edge of the boundary layer. 

6. The surface temperature of the plate 
is constant all over the plate. 

7. The thermal and momentum bound- 
ary layers are of equal thickness. This 
assumption is valid for fluids having a 
Prandtl number close to 1.0, a condition 
approached by water in the 300° to 
600°F. range. 


In addition Eckert’s (2) temperature 
and velocity protiles were assumed in 
the boundary layer. These profiles are 
shown in Figure 1. The defining equations 
for them are 


The boundary conditions for this prob- 
lem were 


at y = 0, u = 0, ¢ 6 


at y = 6, u = 0, ¢=0 


The assumed profiles were shown to be 
in good agreement with the experimental 
profiles of Schmidt and Beckmann (7). 

Two balances were used to obtain the 
solution, a momentum balance and an 
energy balance. The momentum balance 
was obtained by the use of the von 
Karman approximate method shown in 
reference 2. 


i 
u dy 


du 
= gB o dy — 
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(1) 


Fig. 1, Assumed velocity and temperature 
profiles. 


In a similar fashion the energy balance 
was obtained: 


pC, Tu dy 
0 
pC, da [ Tu dy 


dT is 
+] iy + =0 


Dividing through by pC, one obtains 


d 6 
ou dy 
0 


dy pC, 


sinced = Te — Tanda= k/pC, 


(2) 


The volume heat-source term q’” can 
be taken out from under the integral 
sign, since it is considered uniform 
throughout the boundary layer and is 
therefore a constant. 


| 


4 


DISTANCE DOWN THE PLATE, INCHES 


Fig. 2. Variation of Grashof modulus with 
x at parametric temperature differences. 
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The expressions for @ and u were then 
substituted into Equations (1) and (2) 
and integrated and differentiated. The 
resulting equations were 


@ 
1 d 2a6 
=~ 6— (wd) — 
30 dx 6 (4) 


Next the equations were rendered di- 
mensionless by defining the quantities 


1/3 
(029) 
Vv 


= (9860) 


| 
(g8) pl Pp 


When one substitutes expressions (5) into 
Equations (3) and (4), the equations 
become 


1 


l ? 
This pair of simultaneous equations was 
then solved by a variation of the method 
of Frobenius (8). 

Q and A were expanded in the Mac- 
laurin series. 


Q(X, Np, , K) 


= > K"Q,(X, Np,) 
A(X, Np, , K) 
= Np) 
Substituting these series into Equations 


(6) and (7) and collecting terms of like 
coefficient, one gets 


2 
| 


105 dX 3 Ao 
3 1 ¢ | 
4 K2| many termed 
expression 
expression |+ (9) 
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expression 


expression 


If an entirely general solution were to 
be obtained for Equations (9) and (10), 
the quantities in the brackets had to be 
equal to zero. Therefore if the terms 
having like coefficients in Equations (9) 
and (10) were taken together, they 
formed a set of two simultaneous equa- 
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Fig. 3. Variation of h/hy with x for para- 
metric volume heat sources. 


tions from which the values of &, and 
A, were calculated. For example the 
terms whose coefficient is K° are 


A.) =0 


105 dX Ao (11) 
(30 « Ao) — Np, Ao 
A solution of the form 
Y rn 
(12) 


was assumed. 

When one substituted expressions (12) 
into (11), the following equations re- 
sulted: 


2m + 2 


(13) 
Cz 2X" 
= 3 C, xX = 0 
Page 152 


m n 
(14) 


For a perfectly general solution of these 
equations the exponents of X for each 
equation must be equal. 

Therefore 


and m and n are 
m = 1/2; n = 1/4 


Substituting these values into Equations 
13) and (14), one obtains 


|0.75 


The latter equations were solved simul- 
taneously for Ci and C, with the results 


= 20.143 + 0.150N 
C. = 3.94Np, '7[0.953 + 


Therefore 
= 2[0.143 + 0.150N p,]-'7X'” 
Ao = 3.94N p, _'’?[0.953 
+ 


A similar procedure was used to caiculate 
Ai, and From Equations (9) 
and (10) it should be noted that to calcu- 
late values for Q, and A,, the values of 
through Q,-1 and A» through A,-1 
must be known. 

The results of these calculations were 


=> [on(N 2 


and 
Q= (15) 
Ayo = (16) 


n=0 


were calculated 
2, where the series were 


Values of g, and f, 
through n = 
truncated. 

It should be noted here that the solu- 
tions for Qo and A» are quite similar to 
Eckert’s (2) solutions for a vertical flat 
plate without volume heat source. The 
remainder of the terms in the respective 
series must express the effect of this 
source. 

The following derivation was used to 
obtain the heat transfer coefficients. 

Fourier’s law states that 


y=0 
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(17) 


Since ¢ is defined as 


6 = o(1 


y=0 6 us) 


q= 5 (19) 


then 


Therefore 


The heat transfer coefficient is defined 
by the equation 


q = he 


Substituting this in Equation (19) one 
got 


(20) 


Fig. 4. Effect on the boundary-layer 
thickness of a volume heat source. 


The ratio of the heat transfer coefficient 
with volume heat source to the coefficient 
without the heat source is therefore 


2k 
h_ 6 _ 
ho 6 
5o 


Since A is defined as = [(g80)/v?]*/36, sub- 
stituting in the corresponding A’s one got 


h 
n=0 


and 
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n=0 


(21) 


When one substitutes for C, the equiva- 
lent function of Np, and notes that XY = 
(N ¢,)!/8, Equation (22) is obtained. 


h _ + N>,]'“ 
aT” 
n=0 


(22) 


RESULTS 


The effectiveness of the volume heat 
source could best be evaluated from the 
derived equations when one carries out a 
parametric study. Variables studied were 


h 


f, are substituted into Equation (21), 
the equation becomes 


h 3.88 


he 
(23) 


When one uses the physical properties, 
K and X become 


1/3 
re | x = 10236'x 


On substitution of expressions (2+) into 
Equation (23), one obtained 


K = 


(24) 
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Fig. 5. Variation of h/hy with x for para- 
metric temperature differences. 


temperature difference, magnitude of the 
heat source, and tube size. The parameter 
study was conducted about a single fluid 
condition, 1 atm. and 200°F., where a 
number of properties are fairly constant 
as a function of temperature. Although 
a solution of some uranium compound 
would be necessary to provide the volume 
heat source, the properties of pure water 
at these conditions were assumed. The 
Prandtl number, which was not treated 
as a variable in this study, was equal to 
1.70. With these data expressions (5) 
yielded 


Q = 3.17X'? — 7.25KX 


— 6.17K°?X*” 
3.88x'/* — 12.91Kx*“ 
+ 46.5K°x™* 


ll 


When the numerical values of C2, and 
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(25) 


When one used Equation (25), two sets 
of calculations were performed, one for 
6 constant and q’”’ as a parameter and the 
second for q’” constant and @ a parameter. 
As a guide in the determination of 
applicable combinations of @ and x, where 
the flow in the boundary layer would be 
laminar as assumed in the derivation, 
Grashof numbers were calculated. Figure 
2 shows the variation of N¢, with x for 
parametric @’s. Eckert and Soehngen 
(3) found that for a vertical flat plate the 
incidence of turbulence for free-convec- 
tion flow is characterized by a critical 
Grashof number of 4 X 108 (Figure 2). 
For the first set of calculations, where 
6 is a constant and q’” a parameter, the 
values of the temperatures were taken 
as T,, = 190°F. and T, = 210°F. Substi- 
tuting 6 = 20°F into Equation (25) and 
using parametric values of q’’’, one ob- 
tained the curves of h/ho vs. x shown in 
Figure 3. Turbulence will occur at z,, = 
3.2, beyond which the calculations are 
not valid. Since maximum was obtained 
to the left of z,, for q’’’ = 200 and q’” = 
300, extrapolated expected results are 
shown as dotted lines for these two cases. 
The physical explanation for the in- 
crease in heat transfer coefficient by the 
inclusion of a volume heat source with a 
constant 6 or JT, — T, is shown in 
Figure 4, where curve 1 shows the 
temperature profile without a heat source. 
The inclusion of the heat source raises the 
temperature of the fluid at every point in 
the boundary layer, resulting in the 
higher temperature profile, curve 2. 
Since the heat transfer coefficients are 
being compared at constant T, — T,,, 
6, will be less than 6), and therefore 
h/ho > 
Figure 5 shows that for constant q’” 
an increase in @ lowers the curve of h/ho 
vs. x. This is explained in Figure 6, where 
curves 1 and 2 and the values 65, 6, 
Tw, and T, are the same as in Figure 4. 
If the wall temperature is now lowered 
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to T,,’, curve 3 is the nonheat-source 
temperature profile. Including the heat 
source in the boundary layer will raise 
the temperature profile to curve 4. Since 
the value of the heat source remains con- 
stant at constant y, the differences be- 
tween curves 1 and 2 and curves 3 and 4 
are the same. The temperature increase 
between the latter curves is however of 
smaller relative magnitude to @ than in 
the case of the former curves. Thus curve 
4 has the value 7, at a larger value of 
than does curve 2; 60/6: > 60/62, and 
h/ho is less for the greater 0. 


APPLICATION TO CYLINDER 


The foregoing analysis for a vertical 
plate may be applied to a cylinder by 
the use of the procedure followed by 
Hermann (4), who established a hydro- 
dynamic and thermal comparison be- 
tween the two cases for free convection. 


Fig. 6. Effect on the boundary-layer thick- 
ness of increasing the temperature differ- 
ence at a constant heat-source value. 


Although differences exist in the behavior 
of the boundary layer for each case, the 
differential equations are of similar form, 
and relations can therefore be set up 
between the two cases. By the intro- 
duction of calculated azimuth functions, 
Hermann represented cylinder variables 
in a dimensionless basis similar to those 
used for plates. 

For equivalent hydrodynamic con- 
ditions, which he showed to exist when the 
Grashof number of the plate was equal 
to that of the cylinder, Hermann de- 
veloped the following Nusselt number 
ratio: 


Ny. (cylinder) _ 0.777 
Ny. (plate) 


This is in fair agreement with an experi- 
mental ratio for air of 0.87 as given by 
Jakob (5). Since Ny, is proportional to 
Ng,1/!, these ratios can be rearranged to 
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yield the plate-height to cylinder-di- 
ameter ratio when the heat transfer 
coefficients are equal. Hermann’s ratio 
yields a height to diameter ratio of 2.76, 
and Jakob’s ratio yields 1.75. For this 
study a ratio of 2.5 was used as suggested 
by Eckert (2), which represents a compro- 
mise between experimental and analytical 
results. 

In the application of the results it has 
been assumed that the ratio h/ho will re- 
main unchanged for an equivalent cylin- 
der system. For cylinders of practical 
dimensions the magnitude of the un- 
certainty in the plate-height to cylinder- 
diameter ratio has a minor effect on the 
results. 

The average ratio of heat transfer 
coefficients from 0 to z on the plate, which 
is equivalent to the average from 0 to 
2.5 D, is 


Thus for a \-in. O.D. horizontal 
cylinder with 6 = 20°F. and q’” = 60 
B.t.u./(see.)(cu. ft.), by graphical inte- 
gration of Figure 3 


0.0521 


.0521 
[ dx 


The limitation due to the incidence of 
turbulence will then determine the size 
of the cylinder that the results can be 
applied to for any 0. 

For example for @ = 20°F. the largest 
cylinder to which the results will apply is 
1.28 in. in diameter; for @ = 100°F. the 
largest cylinder is 0.720 in. in diameter. 


LIMITATIONS ON RESULTS 


The denominator of Equation (25) is 
an infinite series defined by Equation (8) 
which was truncated to permit evalu- 
ation. A general expression for A,(X, Pr) 
must be determined from the solution of 
simultaneous equations of like coefficient 
arising from Equations (9) and (10). 
Direct analytical solutions for these equa- 
tions however could not be obtained. 
Thus a general analytic term for A, 
(X, Pr) and therefore for the series could 
not be obtained. This eliminated the 
application of the usual tests for con- 
vergence of infinite series. 

However it was agreed (6) that the 
series was similar to one analyzed by 
Lefshetz and that it would indeed con- 
verge. Until the general term is found, 
though, perhaps numerically, the radius 
of convergence is indeterminate. 

It should be recognized that the trunca- 
tion used is quite common for an integral 
solution following the Karmann-Pohl- 
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hausen approach. Sparrow and Gregg 
(9) for example discuss convergence of a 
similar series and conclude that the 
truncation error is negligible. 


CONCLUSIONS 


1. With a volume heat source present 
in a fluid being cooled by free convection 
the heat transfer coefficient will be 
slightly higher than its value with no 
heat source present. This is due to the 
decrease in boundary-layer thickness 
caused by the inclusion of the volume 
heat source. 

2. For parametric values of the tem- 
perature difference across the boundary 
layer an increase in the value of the 
volume heat source increases the ratio 
of the heat transfer coefficients (h/ho) for 
a given cylinder diameter. 

3. For parametric volume heat-source 
magnitudes an increase in the temper- 
ature difference across the boundary layer 
decreases the ratio of the heat transfer 
coefficients for a given cylinder diameter. 

4. As the cylinder diameter increases. 
the incidence of turbulence occurs at 
smaller values of the temperature differ- 
ence across the boundary layer. 
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NOTATION 

C = constant; Ci, C2, ete., constant 
in the solution of differential 
equations. 

C, = heat capacity at constant pres- 


sure, B.t.u/(lb.) (°F.) 


D = diameter, ft. 

f, = algebraic expression 

g = acceleration due gravity, 
ft./sec.? 

gn = algebraic expression 

Ng, = Grashof modulus (= 

h = heat transfer coefficient with vol- 


ume heat source; ho, without vol- 
ume heat source, B.t.u./(sec.) 
(sq. ft./°F.) 


k = thermal conductivity, B.t.u./(sec.) 
(sq. ft./°F./ft.) 

K_ = heat-source function = 

dimensionless 

Np, = Prandtl modulus (= v/a), di- 
mensionless 

q = heat flux at a wall, B.t.u., 


(sq. ft.) (sec.) 
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q’’ = volume heat source, B.t.u./(cu. 
ft.) (sec.) 
= distance in the radial direction, ft. 
Yo = outer radius of the cylinder, ft. 
T = temperature at any point; 7, 


wall temperature; 71, reference 
temperature; 7’,, temperature of 
the environment, °F. 
uw = velocity in the z direction, ft./see. 
distance; x,,, critical distance for 
turbulent flow, ft. 
X = distance function [= 


(g80/v2)!/3x], dimensionless 


Il 


y = distance, ft. 


Greek Letters 


a = Thermal diffusivity (= k/pC,), 


sq. ft./sec. 
8B = density coefficient of expansion 
p(t) = p(to)(1 — B(t — to)), 1/°F. 
6 = boundary-layer thickness; 


without volume heat source; 4, 

52, with volume heat source, ft. 
A = boundary-layer thickness func- 

tion [= dimensionless 


Ao, Ai, «++ A, = coefficients of an infinite 
series 

6 = Temperature function (7, — T,,); 
in body force term — °F. 

vy = kinematic viscosity, sq.ft./sec. 

p = density, lb./cu. ft. 

o@ = temperature function (7, — T), 


°F.; angular coordinate in polar 
coordinate, radians. 
® = proportionality constant, ft./sec. 
Q = proportionality constant function 
= [(g86v)'/3], dimensionless 
-++ Q, = coefficients of an infinite 
series 
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Reduced Density Correlation for Hydrogen: 
Liquid and Gaseous States 


CHARLES A. SCHAEFER and GEORGE THODOS 


The Technological Institute, Northwestern University, Evanston, Illinois 


The available experimental density data for hydrogen have been compiled to produce 
a reduced density correlation for the liquid and gaseous states. This investigation has 
utilized fifty-seven sources of data, extending from the early studies of Amagat (1880) 
to the recent contributions of Johnston, Keller, and Friedman (1954). 

Based on the concept of a reduced density, a correlation for hydrogen has been developed 
ranging in temperature from the melting point (14°K.) to 3,300°K. and in pressure as 
high as 2,550 atm. This correlation provides continuity between the liquid and gaseous 
phases; whereas existing equations of state fail to describe the experimental behavior 
in the transitional region, particularly near the critical point. 

Four hundred and eighty-five experimental points covering the entire region were 
checked to establish the reliability of this correlation, which reproduced the experimental 


data to within 0.49°;. 


Present technological practices use 
generalized reduced-state correlations for 


the estimation of thermodynamic and 
transport properties of substances. The 
validity of this approach has proved 
satisfactory in the correlation of densities 
(49), viscosities (77), thermal conduc- 
tivities (64, 66), and diffusion coefficients 
(27); more intensive investigations indi- 
cate that helium and hydrogen do not 
conform to this generalized pattern. 
Nelson and Obert (59) also recognize this 
inconsistency and suggest the use of a 
quantum parameter for these light gases. 

To correlate the properties of hydrogen 
and helium one proposal considers adjust- 
ment of their critical constants. Newton 
(60) presents a generalized activity- 
coefficient chart based on an empirical 
correction quantity of 8 added to both 
the critical temperature and critical pres- 
sure of hydrogen, helium, and neon. 
Dodge (26) utilizes this concept to corre- 
late compressibility factors; Morgen and 
Childs (57) show that this concept is 
valid in limited ranges of temperature 
and pressure. Basing their studies on 
hydrogen PVT data, Maslan and Littman 
(52) construct a compressibility chart. 
Data for the inert gases are fitted to this 
chart by the application of additive 
corrections to the critical temperature 
and pressure of argon, neon, and helium. 

In viscosity studies Brebach and Tho- 
dos (15) present a reduced-state correla- 
tion for diatomic gases. To describe 
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properly the behavior of hydrogen with 
this correlation it was necessary to adjust 
progressively the critical temperature and 
pressure. 

Alternatively equations of state have 
been used to predict generalized behavior. 
While such equations are of a generalized 
form, the constants involved and their 
use have a specific value for each sub- 
stance. Beattie and Bridgeman (73) point 
out that simple equations of state derived 
from theoretical considerations are in- 
accurate for a wide range of temperature 
and pressure. Furthermore empirical ex- 
pansion type of equations require a 
large number of terms for use over a large 
range; hence they are inconvenient for 
use in thermodynamic calculations. 

Owing to the anomalous behavior of 
hydrogen and helium, specific reduced- 
state correlations are recommended for 
the estimation of their physical proper- 
ties. The present investigation concerns a 
comprehensive literature survey of hydro- 
gen density data and the construction of 
a reduced-state correlation. 


EXPERIMENTAL BACKGROUND 


To obtain sufficient experimental data 
for the development of the density corre- 
lation, a comprehensive literature search 
has been conducted. Extending from 
the early work of Amagat (1 to 5) to the 
recent contributions of Johnston, Keller, 
and Friedman (33), fifty-seven*sources of 
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experimental density data have been 
utilized in this study. The data cover the 
range between 14° and 773°K. and pres- 
sures as high as 12,580 atm. This range 
not only includes the gas phase but also 
extends into the liquid region. Consider- 
able duplication was found to exist at 
temperature levels from 200° to 450°K. 
In contrast to this situation experimental 
data above 773°K. were nonexistent. 

Despite the fact that Amagat (2) 
initiated measurements as early as 1880, 
his work is consistent with data reported 
later by other investigators. Between the 
period of 1901 to 1928 considerable 
experimental work was reported by 
investigators at the Physical Laboratory 
of the University of Leiden. This group, 
headed primarily by Kamerlingh Onnes, 
produced reliable density data extending 
from the saturated envelope to the 
gaseous state. During this period Holborn 
and Otto reported density data for the 
gaseous state only, primarily between 
65° and 473°K. The experimental data of 
Bridgman (1/7, 18) extend up to 12,580 
atm. but are limited to temperatures 
of 303° and 338°K. 

The experimental findings of Bartlett 
et al. (8, 9, 10), as well as those of Deming 
and Shupe (24), permit the extension of 
these studies to 773°K. The recent 
contributions of Johnston et al. (33, 34) 
represent a comprehensive coverage of 
temperature and pressure. These investi- 
gators have produced consistent data 
ranging from the boiling point through 
the critical point and well into the 
gaseous region. Much of the foregoing 
data have been compiled by Woolley, 
Scott, and Brickwedde (83) in 1948. 
Their smoothed data are reported in 
tabular form. 
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DEVELOPMENT OF REDUCED-STATE 
CORRELATION 


A reduced-state correlation of density 
with temperature and pressure requires 
accurate values for the temperature, 
pressure, and density at the critical point. 
For hydrogen the critical values reported 
by Kobe and Lynn (48) have been 
accepted; these are T, = 33.3°K., P, = 
12.8 atm., and p, = 0.0310 g./ce. 

The majority of experimental data 
upon which this correlation has been 
based are not reported in terms of 
absolute densities. Rather, experimental 
densities are presented in terms of Amagat 
units and Amagat densities, which are 
values relative to those at standard con- 
ditions. The conversion of these values 
for hydrogen to absolute units, grams per 
cubic centimeter, has been accomplished 
by the use of M = 2.016 g./g.-mole 
and Vo = 22,428 cc./g.-mole at the 
standard conditions of 0°C. and 1 atm. 
With these constants the absolute density 
for hydrogen becomes 


p = 8.9888 X da 


— C 
8.9888 10 AW. (1) 


Figure 1 presents a density correlation 
for hydrogen in which reduced density 
is a function of reduced temperature 
and reduced pressure. This correlation 
presents values resulting from the work 
of the fifty-seven investigators indi- 
cated in this figure. The data are cus- 
tomarily reported isothermally under 
varying pressures. Hence it was necessary 
to prepare a cross plot for several of these 
references. This procedure involved plot- 
ting the experimental isotherms on log- 
log paper with ‘reduced density and 
reduced pressure as the coordinates. From 
these cross plots the experimental density 
correlation was developed by plotting 
the isothermal data at the pressures 
indicated in Figure 1. 

The saturated envelope was_ estab- 
lished from the data of Kamerlingh 
Onnes, Crommelin, and Cath (40) and 
Mathias, Crommelin, and Kamerlingh 
Onnes (53). Additional data substantiat- 
ing and extending this curve to the 
melting point were obtained from other 
references (16, 25, 69, 72, 75, 76, 77, 82). 
The intersections of the isobars and 
saturated vapor curve were located from 
the vapor-pressure data of Kamerlingh 
Onnes and Keesom (45), Cath and 
Kamerlingh Onnes (19), Keesom, Bijl, 
and van der Horst (47), and White, 
Friedman, and Johnston (78). 

At pressures above Peg = 15 and 
temperatures below Tp = 6.0 the only 
data reported are those of David and 
Hamann (22). These data enable the 
interpolation over the region of Tp = 2.4 
to Tr = 6.0 and Pr = 15 to Pr = 100. 

As already pointed out, the experi- 
mental data are limited to temperatures 
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- Density Data for the Liquid and Gaseous States 


op 
oF 

HYDROGEN 

T.=333°K R=l28atm p=003I0 g/cm® 

5 

4 


Reduced Density, p, 
c 


Amagat (1880) 
Amagat (188!) 
Amagat (i888) 
Amagat (1893) 4 
Augustin 

Bartlett 

Bartlett, Cupples and Tremearne 

Bartlett, Hetherington, Kvaines and Tremearne 
Bartholome 4 
Bauer, Magot and Surdin 

Benson 

Breit and Kamerlingh Onnes 

Bridgman = 
Crommelin and Swallow 

David and Hamann 

Deming and Shupe 

Dewar 

Holborn 

Holborn 

Holborn and Otto (1924) 

Holborn and Otto (1925) 

Holborn and Otto (i926) 

Johnston, Keller and Friedman 
Johnston and White 

Kamerlingh Onnes and Braak (1906) 
Kamerlingh Onnes and Braak (1907) 
Kamerlingh Onnes and Braak (1908) 
Kamerlingh Onnes and Braak (1908) 


Reduced Temperature, 1, = 


Kamerlingh Onnes and Crommelin 7 
Kamerlingh Onnes, Crommelin and Coth 
Kamerlingh Onnes, Crommelin and Smid 4 
Kamerlingh Onnes and de Haas 


Kamerlingh Onnes , Dorsman and Holst 
Kamerlingh Onnes and Penning 
Maran and Turnbull 7 
Mathias, Crommelin and Kamerlingh Onnes 
Michels and Gerver 
Michels and Goudeket 
Michels, Nijhoff and Gerver 
Nijhoff and Keesom (1927) 
ond Keesom (I92€) 


Penning 
Schalkwijk 
Scott 4 
Scott and Brickwedde 
Townend and Bhatt 

von Agt and Kamerlingh Onnes 4 
von Itferbeek and van Paemel 

Verschoyle 4 
Werner and Keesom 

Wheeler (1934) 

Wheeler (1935) 4 
Wiebe ond Gaddy 

Witkowsky 

Wolfke ond Kamerlingh Onnes 

Wroblewski 


PP 


Fig. 1. Correlation of experimental density data for hydrogen. 


of less than 773°K. The extension of this 
correlation to higher temperatures was 
accomplished through the application of 
a compressibility-factor chart. Values in 
the high-temperature region of the 
Nelson-Obert chart (58) were plotted 
against the reduced temperature for 
different reduced-pressure parameters. 


A.1.Ch.E. Journal 


Since in the limit at high reduced temper- 
atures these isobars converge to z = 1.00, 
the relationships of this cross plot were 
readily extrapolated, and the extrapo- 
lated values produced linear relation- 
ships at high temperatures on the 
Nelson-Obert chart. By means of these 
linear compressibility-factor relationships 
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Fig. 2. Reduced-density correlation for hydrogen (logarithmic 
coordinates). 


and the experimental densities at the 
highest reported temperatures, the iso- 
bars of Figure 1 were extended through 
use of the follewing equation: 


= (2) 
Pr, 


For isobaric conditions, Py = Equa- 
tion (2) becomes 


(3) 


Following this approach, the authors 
calculated reduced densities up to temper- 
atures of 7’p = 100 and pressures of Pp = 
200 as extensions of the experimentally 
established isobars. 

Bridgman’s data (17, 18) appear to 
be consistent with those of experimenters 
at lower pressures. Owing to the limited 
temperature range of his investigations, 
however, isobars through his data could 
not be reliably extended. 

Figure 2* presents the final reduced 
density correlation based on 2,500 experi- 
mental density values. The solid lines 
represent regions covered by experi- 
mental points; whereas the dashed lines 
represent the regions involving the ex- 
tensions already discussed. 

The correlation presented in Figure 2 
permits the rapid determination of hydro- 


*An 814 by 1l-in. reproduction of Figure 2, with 
fine graph lines shown, is available upon request 
from the authors. 


Vol. 5, No. 2 


gen densities over extended conditions 
of temperature and pressure. However 
the low-temperature liquid region is not 
readily interpreted, because of the in- 
herent compact nature of reduced-density 
correlations plotted on logarithmic co- 
ordinates. A more expedient representa- 
tion of the low-temperature liquid region 
is realized on rectilinear coordinates as 
presented in Figure 3. As before, the 
solid lines represent regions covered by 
experimental points; whereas the dashed 


lines represent extensions of data. As 
already pointed out, the use of rectilinear 
coordinates limits the extent of the 
temperature range. The correlation pre- 
sented in Figure 3 vermits the rapid 
determination of hydrogen densities for 
the liquid- and dense-phase regions on 
an expanded scale; Figure 2 shows this 
region in a compact manner. 


DISCUSSION OF RESULTS 


Since the reduced-state correlation of 
density with temperature and pressure 
(Figure 2) is based on experimental data, 
its reliability as a means of determining 
accurate density values depends upon 
two factors. 

First is the accuracy of the experi- 
mental results as reported by the various 
investigators. The data (11, 44, 51, 85) 
which were obviously out of line from 
the general trend of the experimental 
points were eliminated. Otherwise no 
discrimination was made in preparing 
this correlation. 

The second factor is the reliability of 
the correlation to reproduce values con- 
sistent with the ones determined experi- 
mentally. To determine its reliability a 
representative sampling of data was 
taken from each reference source pre- 
sented in Figure 1. Four hundred and 
eighty-five values were read from the 
chart at varying temperatures and pres- 
sures so as to cover the entire range indi- 
cated by solid lines. The correlation of 
Figure 2 produced agreement to within 
0.49% of the experimental data; it was 
found to be in best agreement, 0.21%, 
with the work of Michels et al. (54, 55, 
56). The deviation from the data of 
Kamerlingh Onnes et al. (35 to 38, 41, 
42, 43, 46, 72), Witkowsky (91), and 
Deming and Shupe (24) was 0.38%. The 
correlation reproduced the results of 
Amagat (2, 3, 4,5), Holborn (28), Holborn 
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Fig. 3. Reduced-density correlation for hydrogen in the saturated- 


and dense-phase 


regions (rectilinear coordinates). 
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and Otto (29, 31, 32), and Johnston and 
White (34) to within 0.56%. The great- 


est deviations, 0.70 and 0.99%, 


were 


from the data of Bartlett e¢ al. (8, 9, 10) 
and Crommelin and Swallow (20, 21), 
respectively. The deviation from the 
work of Crommelin and Swallow can 


be 


explained in part by the low-temper- 


ature region investigated. Near the criti- 


] 


Cai 


an¢ 


point the isobars have a steep slope, 
1 hence the chart is difficult to read. 


It is concluded that owing to the 
comprehensive literature survey Figure 2 


is a representative correlation of the avail- 
able absolute-density values. Further- 


mo 


re the average deviation of 0.49% 


indicates that the chart is reliable in 
producing values consistent with the 


€X] 


verimental data. 


NOTATION 

A. U. = Amagat unit 

ds = Amagat density 

= pressure, atm. 

P, = reduced pressure 

p = absolute density 

Pr = reduced density 

T, = reduced temperature 

2 = compressibility factor 

21 = compressibility factor at the 
reference point 

Pr,, Pz,, Tr,, = reduced states for den- 


sity, pressure, and tem- 
perature at the reference 
point (highest reported 
temperature) 
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An Improved Equation of State for Gases 


JOSEPH J. MARTIN, RAJENDRA M. KAPOOR, and NOEL DE NEVERS, University of Michigan, Ann Arbor, Michigan 


Based on properties which are characteristic of all gases, modifications are developed 
for an equation of state previously proposed in this journal (1). A specific application of 
the modified equation is made for the PVT data on carbon dioxide, and considerable 
improvement over the original equation is shown for densities in the neighborhood of 
1.4 times the critical density. The new equation differs from the old equation only by the 
presence of the A; and C; terms, these having originally been taken to be zero. 


In an earlier paper the general PVT 
characteristics of pure gases and liquids 
were presented by Martin and Hou (/). 
The hypothesis was advanced that com- 
plete representation of the PVT behavior 
of any pure gas requires a knowledge of 
the critical temperature, pressure, and 
volume and of the slope of the vapor- 
pressure curve at the critical point. Based 
on this hypothesis an equation of state 
of the following form was developed: 


(1) 


t=1 

In this expression the f;’s are temperature 
functions of the kind 
fi = A; +B,T 

+ C,; exp (—kT/Te) (2) 
Although it was desirable to evaluate all 
the constants, it did not prove possible 
at the time; therefore Ai, Ci, Bu, Cs, As, 
and Cs were set equal to zero, and B; 
was set equal to 2 so that proper behavior 
would be obtained at infinite attenuation 
(that is, ideal-gas state). The expanded 
form of the original equation is 

RT 
P=— 
V—b 
(V—b)* 

A,+B,T+C,exp(—kT Tc) (3) 

(V—b)* 


(V — 
and the constants are evaluated from 
formulas derived from the general PVT 
characteristics and the basic hypothesis. 
The derivations of these formulas are 
presented in the original paper (1). 


THE MODIFICATION 

Since its original development six 
years ago, the equation of state has been 
applied to a number of compounds. In 
some cases only the minimum four facts 
(P., T., V., and m, the slope of the 
vapor-pressure curve at the critical) 
were employed to get the equation con- 
stants. In other cases the equation was 
fitted to the actual data by adjusting 
constants. To understand the new modi- 
fication, it is desirable to know how the 
equation is fitted to the data for a given 
gas. When one refers to an isometric plot 
such as shown in the accompanying 
figure, the first step consists in obtaining 
the temperature functions along the 
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critical isotherm. In this procedure the 
data are fitted with extremely high pre- 
cision at the critical temperature to a 
density of about 1.5 times the critical 
density. The critical isometric is then 
fitted exactly from the critical point to 
the highest temperature to which it 
extends as a straight line. For all ordinary 
substances this is the highest temperature 
encountered in practical use.* Next, by 
means of the Boyle point temperature, 
the data are fitted at high temperature 
and low density. By means of the T”’ 
temperature the data are fitted at low 
temperature and low density. 

For densities a little over the critical 
and temperatures above the critical 
there was no actual fitting operation even 
when data were available. Comparison 
of the equation with the experimental 
data in this region, which is circled in the 
figure, showed, however, that the iso- 
metrics predicted by the equation curved 
upward a little too much. This was true 
for a wide variety of gases. To correct 
this curvature of the higher density 
isometrics, recourse was made to two 
additional properties that are common 
to all gases. As pointed out in the original 
paper, the isometries at about 1.5 to 2.0 
times the critical density tend to be 
straight, just as at the critical density. 
Mathematically this means that 
(?P/daT’)y =0 at V=V./n (4) 
where n lies between 1.5 and 2.0. The 
slope of this isometric is from three to 
eight times the slope of the critical 
isometric, a condition which may be 
stated as 
(dP/dT) (at V = V./n) 
= y(dP/daT) (at V = V) = ym (5) 

From Equations (4) and (5) it is 
possible to evaluate two more constants 
in the general equation of state. Because 
the equation as originally developed 
satisfactorily represents the data at low 
densities, it was desirable to make 
modifications which would have little 
effect on the equation at low densities. 
New constants therefore were placed in 
the f;/(V — 6)5 term, which rapidly 
approaches zero as V becomes large. In 
the original equation A; and C; were 


*For low—boiling-point gases, such as hydrogen 
and helium, the critical isometries curve downward 
at the highest temperatures. This downward curva- 
ture occurs only at high reduced temperatures which 
are not encountered with ordinary compounds. To 
tit the data for low—boiling-point gases, it is necessary 
to add another temperature term to Equation (2). 
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arbitrarily set equal to zero; in the modi- 
fied form they have been given finite 
values determined from relations (4) 
and (5). 

The proposed modification does not 
affect the formulas for the evaluation of 
the {;(T.) or the formulas for Az, B2, C2, 
and A,; it does necessitate the formulation 
of new equations for the constants A;, B;, 
C;, As, Bs, and C;. The formulas for 
these, derived from the conditions pre- 
viously used to solve for As, Bs, Cs, 
and B; plus the two new conditions, are 
outlined as follows: 

From 


(d?P/dT?), = 0 at the critical density (6) 
(d?P/dT?), = 0 

at n times the critical density. (4) 
one may obtain by differentiating the 
proposed equation 
C./(V — b)? + €3/(V — 

+C;/(V — =0 7) 

at V = V, and at V = V,/n. Eliminating 
Cs and solving for C; in terms of C; 
(which is already known), one gets 


_ 


Cs 
and 
C; = —CAV. — b)’ 


The remaining constants to be evalu- 
ated are A;, B;, As, and B;. The two B’s 
are solved for by means of the conditions 


(dP/dT)y =m at (10) 
and 
(dP /dT), = ymat V = V./n (5) 
Thus 
R 
m = (dP/dT)y = 
B, 
B; C, 
| =| lar 
+ (V.—b* - 
exp (—kT/T.) 
and 
‘yy R 
B, 
(Vein — (V./n — 
B; Ci 
+ (Vien =| — b)° 
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TABLE 1. CONSTANTS FOR THE EQUATIONS 
OF STATE FOR CARBON DIOXIDE 


Original Modified 
equation equation 
§47.5°R. Same 
1069.4 lb./sq. in. 
abs. Same 
V. 0.03454 cu. f{t./lb. Same 
Z. 0.27671 Same 
m 14.0 Same 
8 3.25 Same 
Same 
T’/T,. 0.80 Same 
n 1.70 
3.50 
0.007495 Same 
—8.9273631 Same 


0.18907819 0.17948621 

— 2.112459 x 10-* Same 

7.017835 107° 
Same 

Same 

—5.770542 1075 
1.023511 1078 
Same 

4.705805 

— 4.55437 X 1074 


*Misprinted in (1) as 0.0831424, 


4 

As 

BR) 0.24381 

B, 5.262476 X 10-8 
B —7.04617 X 1075 
B 1.9565593 X 1078 
Ce —150.97587 

C3 4.0831424* 


REDUCED PRESSURE 


4 
32 3! 
Fitted at T' 4 
REDUCED TEMPERATURE 
Fig. 1. Typical isometric plot. 
‘ C; 
V./n — b) (V./n — b) 
k exp (—kT/T.) 
(12) 


The elimination of B; from Equations 
(11) and (12) yields 
— 
(V.—b)°—(V./n—b)? 


(V.—b)?—(V./n—b)? 
— — + (V./n — 


Correspondingly the elimination of B; 
results in 


B, = m(V, — b)* — R(V, — b)* 


The two remaining A’s may be solved 
for by substitution into Equation (2). 
Thus 


(13) 
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A; f(T.) B,T, 


— C; exp (—h) (15) 
and 
A; = f(T.) — B;T. 

— Cs; exp (—k) (16) 


The complete expanded form of the 
modified equation containing the new 
constants A; and C; is 


RT 
V—b 
A,+B,T+C,.exp(—kT/T.) 
(V—b) 
A;+B,T+C,exp(—kT 
(V—b) 
A 
+ 
A;+B;T+C;exp(—kT/T.) 


For testing the improvement of the 
modified equation over the original 
equation, the highly precise data for 
carbon dioxide were chosen. In the 
accompanying table are listed the equa- 
tion constants calculated for carbon 
dioxide, both for the original equation 
and for the modified equation. Using 
these constants in Equation (3) and (17) 
the authors computed the pressures for 
several hundred points at varying tem- 
peratures and densities. The computed 
pressures were compared with the experi- 
mental pressures reported by Michels 
and deGroot (2). The important points 
which may be drawn from this comparison 
are 


1. The modification changed the pre- 
dicted pressures insignificantly for den- 
sities less than the critical density. In 
this range the pressures predicted by the 
two equations are never more than 0.25% 
apart. Also neither equation disagrees 
with the experimental data by more than 
0.50%, and the average error is less than 
0.20%. 

2. At densities greater than 1.3 times 
the critical density and temperatures 
above the critical, the original equation 
predicts pressures which dip below the 
measured pressures and then rise above 
them at the highest temperatures. For 
example, at 1.50 times the critical density 
the original equation predicts pressures 
which, over a 180°R. temperature range, 
go from 1.30% greater than the measured 
pressure, to 6.82% less, and then to 5.50% 
greater. The modified equation substan- 
tially corrects this error. For the same 
example at 1.50 times the critical density, 
pressures are predicted which go uni- 
formly from 0.17% greater than the 
experimental to 5.25% greater. At this 
density the proposed equation is more 
accurate than the original equation 
(2.02% average error vs. 2.92%). 

3. In the density range from 1.2 to 
1.4 times the critical density the modified 
equation is much more accurate than the 
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original equation. The modified equation 
has a maximum error of 1.68% in this 
range compared with 5.98% for the 
original equation and an average error of 
0.93% vs. 2.68% for the original equation. 
In this region the modified equation also 
has more accurate derivatives of pressure 
with respect to temperature than the 
original equation. 


CONCLUSIONS 


The data show that the modified 
equation represents the experimental data 
with greater precision than the original 
equation in the neighborhood of 1.4 
times the critical density. The modifica- 
tion makes the equation a more useful 
tool for thermodynamic calculations 
which require precise relations between 
pressure, volume, and temperature. 


NOTATION 


Ay, Bi, Ci, Ax, «++ = characteristic con- 
stants in Equation (2) 

M = slope of reduced vapor pressure 
curve at critical point dP,/dT, = 
—mP,/T, 

P = pressure 

R = universal gas constant 

T = absolute temperature 

T, = Boyle point temperature 

T’ = absolute temperature for which the 
slope at P = 0 of the isotherm on 
the compressibility chart equals the 
slope of the line joining the critical 
point and (Z = 1, P = 0) 

V = specific volume or molal volume 

Z = compressibility factor = PV/RT 

b = characteristic constant for each 
substance 

fi, fo = temperature functions de- 
fined by Equation (2) 

f(T.), fe(T-) = preceding functions 

evaluated at 7 = T, 

= constant 

m = slope of the critical isometric on a 
pressure-temperature diagram 

n = reduced density > 1.0 at which 
(d2P/dT?)y = 0 


> 


y = ratio of slope of isometric of reduced 
density n to slope of critical iso- 
metric 

8 = characteristic constant in V, — b= 
BV./15Z, 

p = density 

Subscripts 

c = value at critical point, for example, 
P, 

~ = summation index 


r = reduced property, T, = T/T, 
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Solubility of Liquids in Compressed Hydrogen, 
Nitrogen, and Carbon Dioxide 


J. M. PRAUSNITZ and P. R. BENSON 


The vapor-phase solubilities of carbon tetrachloride, iso-octane, toluene, and n-decane 
were measured in compressed hydrogen, nitrogen, and carbon dioxide at 50° and 75°C. 
and at various pressures between 20 and 90 atm. The virial equation of state was used to 
describe the volumetric properties of the vapor mixtures, and the second virial cross 
coefficients were evaluated from the solubility data. The results indicate that the vapor 
phase departs from ideality very quickly for these systems as the pressure increases, 


particularly at pressures greater than 10 atm. 


The solubility of a liquid in a gas at 
low pressure is given by the vapor pres- 
sure of the liquid. The mole fraction of 
the heavier component in the gaseous 
phase is computed by Raoult’s Law: 


y, = (1) 


At low pressures 22 is negligible com- 
pared with unity, and the solubility is 
then just the ratio of the vapor pressure 
to the total pressure. As the total pres- 
sure rises, Equation (1) fails, not because 
of nonidealities in the liquid but because 
of nonideal mixing in the gaseous phase, 
which causes the fugacity of the heavier 
component to be significantly different 
from its partial pressure. At very high 
pressures, approaching the critical pres- 
sure of the gas-liquid mixture, the non- 
ideality of the liquid phase also becomes 
important in determining the vapor- 
phase solubility of the heavier compo- 
nent. In the intermediate pressure range, 
however, it is the vapor-phase non- 
ideality which determines that solubility. 
This work reports new data on the 
solubility of liquids in compressed gases 
and uses them to compute virial coeffi- 
cients for the vapor-phase mixtures. 


THERMODYNAMIC RELATIONSHIPS 


A binary system at temperature T 
and total pressure P consisting of a 
heavy (liquid) component 1 and a light 
(gaseous) component 2 will be considered. 
At equilibrium the distribution of the 
heavier component between the two 
phases L and G is governed by the Gibbs 
relation 


where the bar indicates that component 


1 is in solution. The fugacities are related 
to the mole fractions by 


OL 0 
E P, (3) 


= oyiP (4) 


P. R. Benson is with North American Aviation, 
Canoga Park, California. 
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Fig. 1. Second virial coefficient of hydrogen- 
toluene mixtures at 75°C. 


When Equations (3) and (4) are substi- 
tuted into Equation (2), the vapor-phase 
solubility is 


= 


P,°) 
-exp 


Solubilities of gases in nonpolar liquids 
have been correlated by Jolley and 
Hildebrand (5), and with the help of 
Henry’s Law (and by use of fugacities 
rather than partial pressures) it is possible 
to make good estimates of x. provided 
that the total pressure is not extremely 
large. At such pressures x2 will be small 
compared with unity, and thus y; is not 
sensitive to x2. Also, when 22 is small, the 
liquid phase is ideal with respect to the 
solvent, and yi: = 1.* The problem of 
computing the vapor-phase solubility 
therefore reduces to the calculation of the 
fugacity coefficient, which can be com- 


Y1 


*If x2 exceeds about 0.20, a small correction for 
liquid-phase nonideality may be required. This can 
be estimated by Hildebrand’s equation after an 
appropriate (empirically determined) solubility 
parameter for the gaseous component (4) has been 
assigned. 
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puted from an equation of state for the 
gaseous mixture. A particularly con- 
venient equation of state for this purpose 
is the virial equation; details of this 
computation are presented elsewhere (8). 
If the virial equation is terminated after 
the second virial coefficient, the fugacity 
coefficient in a binary mixture is given by 


2 
Ing = + y2Bi2] — Inz (6) 


Numerical values for By can be ob- 
tained with high accuracy from the re- 
cent work of Pitzer and Curl (7), and 
values of Bi. can be estimated for a 
variety of systems by methods described 
previously (8, 9). If Amagat’s Law is 
assumed, Bi: is the arithmetic average 
of By and By: and the fugacity coefficient 
can be evaluated by the Lewis fugacity 
rule. This assumption however is a good 
approximation only at very low pressures 
(9, 10, 11). If components 1 and 2 are 
both small molecules of low molecular 
weight, a simple extension of the two- 
parameter theory of corresponding states 
may be used to evaluate Biz. (3). Gener- 
ally however the three-parameter law of 
corresponding states (6) must be used 
with suitable semiempirical corrections 
(9). To illustrate how remote the value of 
By can be from the arithmetic average 
of By and B2:, one should consider mix- 
tures of toluene and hydrogen. The 
second virial coefficient of the mixture 
is given by 


B, = Bis 2Y:Y2Bi2 y2 B, (7) 


Figure 1 shows a plot of B,, vs. composi- 
tion for this system at 75°C.; the second 
virial coefficients are based on experi- 
mental results reported in this work. 
In this case B,, does not even fall between 
the values of By and B.2 but is larger 
than either one of them. Hence any 
type of averaging law seeking to com- 
pute B, from Bu and By cannot be 
successful for this system. 

At moderate pressures and temper- 
atures yi K ys. Equation (6) therefore 
indicates that the fugacity coefficient ¢: 
is very sensitive to the virial coefficient 
By. Measurements of the solubility of 
liquids in compressed gases, therefore, 
are particularly useful for obtaining 
information on the interaction between 
dissimilar molecules (2, 10). This work 
presents data for the solubilities of carbon 
tetrachloride, iso-octane (2, 2, 4 trimethy] 
pentane) toluene, and decane in com- 
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Fig. 2. Schematic diagram of equipment. 


pressed nitrogen, hydrogen, and carbon 
dioxide at 50° and 75°C. 


EXPERIMENTAL 


The solubility of liquids in a compressed 
gas was measured in a flow system shown 
schematically in Figure 2. 

The gas was fed from two cylinders into 
a manifold constructed from copper pipe 
(11/16-in. O.D., 7/16-in. I.D.). The cylin- 
ders of gas were used to maintain a steady 
supply of high-pressure gas. 

From thé manifold the gas passed 
through a Victor GD-62B pressure regulator 
(A), designed for controlled pressures. be- 
tween 0 and 3,600 1b./sq. in. gauge. Before 
entering the equilibrium cells (F) the gas was 
dried with silica gel in the drying tube (B), 
which was constructed from a 9-in. length 
of 214-in. double, extra-strong steel pipe, 
capped at each end, and sealed with 0 rings. 

Two equilibrium cells connected in series 
were used to assure saturation of the gas, 
even though experimental evidence indi- 
cated that one cell was sufficient. The cells 
were made with 214-in. double, extra-strong 
stainless-steel pipe, type 347, capped and 
sealed in the same manner as the drying 
tube with 0 rings. A detail drawing of an 
equilibrium cell is given in Figure 3. The 
liquid was contained within the cells in 


TABLE 1. IN BINARY 
Systems ConTAINING HyDROGEN 


Temper- Total 
Com- ature, pressure, 

ponent 1 atm. 

CCl, 75 39.9 0.0268 
75 54.2 0.0203 
75 69.7 0.0165 

7-CsHis 50 32.9 0.00677 
50 45 .2 0.00506 
50 62.0 0.00401 
75 35.3 0.0155 
75 0.0108 
75 65.8 0.00869 

C.H;CHs 50 40.4 0.00343 
50 55.3 0.00262 
50 62.9 0.00240 
75 42.8 0.00814 
75 52.8 0.00696 
75 55.4 0.00665 
75 69.2 0.00544 

n-C; oH». 50 30 0 000297 
50 41.8 0.000217 
50 50.2 0.000186 
75 32.0 0.000987 
75 45.2 0.000730 
75 55.6 0.000599 
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Pyrex liners, and the gas was very finely 
dispersed from a fritted-glass sparger (pore 
size 14) at the bottom of the cells. To pre- 
vent entrainment of liquid from the equi- 
librium cells two layers of 6-mm. glass 
beads were placed on a Teflon support at 
the top of the liquid in each cell. The beads 
caused the finely dispersed gas to form into 
large bubbles before they broke the surface 
of the liquid. Any spray from the large 
bubbles which might have escaped from the 
cell was trapped by glass-wool plugs at the 
exits of the cells. The equilibrium cells 
were immersed in a constant-temperature 
bath (E), which was controlled to within 
+0.05°C. 

After leaving the second cell the vapor 
mixture was led to a Hoke stainless-steel— 
needle expansion valve (H). This section of 
tubing and the tubing between the cells 
was heated with a spiral winding of Ni- 
chrome wire and insulated to prevent any 
condensation of the liquid. 

Pressure within the second equilibrium 
cell was determined from one of the Bour- 
don-tube pressure gauges, connected to a 
manifold which was constructed from the 
same pipe as the gas-cylinder manifold. 
Full-scale pressures of the four gauges were 
respectively 160, 600, 1,500, and 2,000 
lb./sq. in. gauge. The gauge employed at a 
given pressure was the one which indicated 
the pressure between one-third and two- 
thirds full-scale reading. Ali gauges were 
calibrated with an Ashcroft dead-weight 
gauge tester; pressure measurement accu- 
racy was within +0.6%. 

After expansion the vapor mixture 
entered the condenser (J) in the refrigerated 
ethylene glycol-water bath (I), operated at 
—25° + 0.1°C. for all liquids except carbon 
tetrachloride, where —22°C. was used to 
prevent freezing. In the condenser, the 
vapor was distributed to six spirals of 
l4-in. copper tubing, each approximately 
3 ft. long. Condensate from the tubes 
dripped onto the sloping bottom of the 
condenser and ran into a 3-in. copper tube 
at the lowest point; this tube was joined to 
a piece of glass tubing which terminated in 
a standard taper ground-glass joint. A 
well-insulated 25-ml. flask was connected to 
this joint to collect the condensate. The gas 
leaving the condenser passed through a 
plug of glass wool at the entrance of a 
vertical section of l-in. copper tubing. It 
was assumed that the vapor leaving the 
condenser was in equilibrium with the 
condensate. This assumption was checked 
several times by the adsorption of the 
remaining trace of condensable vapor from 
the condenser on activated carbon and the 
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TABLE 2. EQUILIBRIA IN BINARY 
Systems ContTAINING NITROGEN 


Temper- Total 
Com- ature, pressure, 

ponent 1 atm. 

CCl 50 28.4 0.0189 
50 42.8 0.0139 
50 63.9 0.0111 
75 30.6 0.0410 
75 53.9 0.0276 
75 0.0231 

t-CsHis 50 23.5 0.0109 
50 26.4 0.0101 
50 50.7 0.00686 
50 74.3 0.00608 
50 83.4 0.00611 
75 28.5 0.0230 
75 41.2 0.0178 
75 55.2 0.0150 

C.H;CH; 50 22.9 0.00692 
50 34.8 0.00524 
50 47.3 0.00442 
50 60.2 0.00403 
75 21.2 0.0194 
75 37.1 0.0130 
75 51.9 0.0106 

50 28.4 0.000495 
50 53.9 0.000410 
50 71.9 0.000409 
50 87.7 0.000419 
75 27.1 0.00172 
75 34.4 0.00145 
75 41.7 0.00139 


TABLE 3. EQUILIBRIA IN SYSTEMS 
CoNTAINING CARBON DIOXIDE 


Temper- Total 
Com- ature, pressure, 

ponent 1 atm. 

CCL 50 20.2 0.0238 
50 24.8 0.0200 
50 27.2 0.0187 
75 20.2 0.0540 
75 23.6 0.0476 
75 27.2 0.0415 

7-CsHis 50 20.5 0.0130 
50 23.6 0.0119 
50 27.2 0.0109 
75 20.2 0.0311 
75 23.7 0.0272 
75 7.5 0.0245 

C.H;CH; 50 20.5 0.00822 
50 23.9 0.00760 
50 27.0 0.00705 
75 20.7 0.0209 
75 24.3 0.0186 
75 27.3 0.0170 

50 20.2 0.000761 
50 24.1 0.000714 
50 29 .2 0.000703 
75 21.6 0.00225 
75 24.1 0.00216 
75 27.3 0.00204 


determination of weight increase. The 
correction calculated in this manner was 
always the same as the one calculated from 
the liquid-vapor pressure at the temperature 
of the condenser, thereby verifying the 
equilibrium assumption. 

From the condenser the flow of gas was 
measured with a wet-test meter and then 
vented to the atmosphere. A vacuum pump 
was connected through a valve at the outlet 
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Fig. 3. Equilibrium cell. 
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Fig. 4. Phase saillits for nitrogen-iso- 
octane at 50°C. 
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Fig. 5. Fugacity coefficient of decane in 
hydrogen, nitrogen, and carbon dioxide 
at 75°C, 
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of the condenser to permit evacuation of the 
complete system before all runs. 


TEMPERATURE CONTROL AND MEASUREMENT 


The constant-temperature bath for the 
equilibrium cells was controlled to +0.05°C. 
The condenser temperature was maintained 
constant to within +0.1°C. by the control 

‘ation evaporator pressure and 

"y 150-w. heater. Tempera- 

tures in the second equilibrium cell and in 

the condenser were measured with copper- 

constantan thermocouples which were 

checked agai a National Bureau of 

Standards calibrated thermometer. Temper- 
ature measurement was +0.05°C. 


MATERIALS 


The purities of the liquids were: carbon 
tetrachloride. reagent grade; toluene, re- 
agent grade: iso-octane (2, 2, 4 trimethvl- 
pentane); and n-decane, practical grade. 

Each of the liquids was distilled in an 
eleven-tray glass column at a reflux ratio of 
approximately 5 to 1. The column was sur- 
rounded by heated jacket, and a dry 
nitrogen atmosphere was maintained over 
the system. The nitrogen was dried by 
bubbling it through concentrated sulfuric 
acid and then passing it through a long tube 
of potassium | hvdroxide flakes. Drierite was 
placed in the reboiler to remove any traces 
of water and te act as boiling chips. The 
first and las st 10% of the liquid charged to 
the still was discarded, and only the 80% 
heart cut was used for the experimental 
determinations. 

The gases we? 


+ 


© passed through a bed of 
activated charcoal to remove any traces of 
hydrocarbons and then passed through a 
bed of silica gel to remove any moisture. 
The activated charcoal and silica gel were 
renewed each time the equilibrium cells 
were opened to change liquids, 


EXPERIMENTAL PROCEDURE 


Details of the experimental procedure are 
given elsewh rere (1). Special care was taken 
to assure ante inment of steady state con- 
ditions (3 to 12 hr. depending on the 
percentage condensible in the gas phase) 
Initially the gas flow rate was varied to 
determine the rate at which complete 
saturation of the gas was assured; final data 
were taken with gas flow rates in the range 
0.005 to 0.020 cu. ft./min. as measured by 
the wet-test meter. During a run the flow 
rate was held constant to within 1% or 
better. 

To assure that equilibrium between gas 
and liquid had been attained, several pre- 
cautions were taken. First, it was ascertained 
that changes in the gas flow rate did not 
affect the results: second, it was shown that 
the results were independent of the liquid 
height in the equilibrium cells. Finally 
runs were made at very low pressure, where 
the observed results were in excellent 
agreement with those calculated from ideal- 
gas behavior. 


TREATMENT OF DATA 


Solubilities of gases in liquids were 
taken from the hterature whenever pos- 
sible and otherwise estimated from corre- 
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lations (5). In some cases the data and 
the estimates were not of very high 
accuracy, although probably within 5%. 
However since calculation of the liquid 
fugacity is insensitive to the gas solu- 
bility [Equation (3)], these inaccuracies 
did not seriously impair computation of 
¢:. In no ease did x2 exceed 0.30; hence 
even an error of as much as 10% in 22 
would at most produce a 3% error in 
fit. Where necessary the Hildebrand 
equation was used to compute y.“, but 
in no case did y,” differ from unity by 
more than 14%. 

The composition of the vapor phase 
was calculated from the measured volume 
of gas and the measured weight of con- 
densate collected, with the necessary 
correction made for liquid not condensed. 
Experimental values of the vapor-phase 
solubility were reproducible to within 
1%. For a given gas-liquid pair, vapor- 
phase compositions were determined for 
each temperature at a series of pressures, 
and values of In giz were plotted as a 
function of 1/v to check the consistency 
of the data. A typical plot is shown in 
Figure 4. From Equation (6) 


+ Inz 
(8) 


+ Y2B 2) 


in gz = 


The compressibility factor and the molar 
volume of the gaseous mixture were 
computed by the virial equation with a 
preliminary estimate for By. A value of 
By was then computed from Equation 
(8). This new value of Biz was then used 
to reevaluate z and », and still another 
value of By. was calculated. In this way 
it was possible to converge rapidly upon 


TABLE 4. Seconp ViRIAL Cross 
CIENTS FOR TWELVE BINARY SYSTEMS 


Tempera- By, 
Components ture, °C. (cc./g.-mole) 
Hz, CCl 75 34.9 + 5.5 
He, 7-CsHis 50 37.6 + 5.9 
75 55.7 + 6.0 
He, CeHsCHs 50 19.0 + 5.9 
75 37.2 + 6.0 
He, 50 81.2 6.9 
75 95.3 + 7.0 
Ne, CCk 50 —58.5 + 5.9 
75 —49.6 + 5.5 
Ne, 7-CsHis 50 —82.3 + 5.7 
75 —60.3 + 6.5 
No, CsH;CHs; 50 —98.1 + 6.2 
75 —88.1 + 7.5 
No, 50 —141 + 5 
75 -112 +7 
CCl, 50 —205 + 8 
75 —163 + 9 
7-CsHis 50 —303 + 8 
75 —252 + 9 
CO:2, CeH;CH:; 50 —254 + 8 
75 —215 +9 
CO2, 50 —417 + 7 
75 —321 + 8 
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a true value for Bi.; usually two or three 
trials were sufficient. 

For each temperature and for each sys- 
tem the coefficient Bi, was calculated at 
several pressures ranging from 20 to 90 
atm. At a constant temperature for a 
given system the values were almost 
always reproducible to within 5 cc./g.- 
mole, and the maximum range was 10 
cc./g.-mole. 


RESULTS 


The solubilities of carbon tetrachloride, 
iso-octane, toluene, and n-decane in com- 
pressed hydrogen are given in Table 1; 
the solubilities in compressed nitrogen in 
Table 2, and those in compressed carbon 
dioxide in Table 3. Table 4 gives the 
second virial cross coefficients for the 
various binary gas-liquid pairs. 

The data show that the vapor phase 
departs from ideality very quickly for 
these systems as the pressure increases, 
particularly at pressures greater than 10 
atm. Even at 1 atm. pressure the de- 
parture from ideality is a few per cent in 
some cases. For example, for the system 
nitrogen and iso-octane the vapor-phase 
fugacity coefficient of the iso-octane at 
1 atm. total pressure and 50°C. is 0.967. 

For a given liquid the vapor-phase 
fugacity coefficient (and hence its vapor- 
phase solubility) is strongly dependent 
on the nature of the gaseous component. 
To illustrate, Figure 5 shows the effect 
of pressure on the vapor-phase fugacity 
coefficient of n-decane in hydrogen, 
nitrogen, and carbon dioxide at 75°C. 

A comparison between the various 
methods of calculation of vapor-phase 
compositions is shown in Figure 6, which 
shows the vapor-phase concentration of 
n-decane in nitrogen at 50°C. as a func- 
tion of pressure, calculated from the 
ideal-gas law, the Lewis fugacity rule, 
and the virial equation of state, with the 
second virial cross-coefficient as calcu- 
lated from vapor-phase solubility data. 
In this particular case the Lewis fugacity 
rule introduces as much as a sixfold 
error over a wide pressure range, and 
the ideal-gas law introduces a two- 
to fourfold error in the same pressure 
range. It appears therefore that as a 
result of compensating errors the Lewis 
fugacity rule is actually worse in some 
cases than the ideal-gas law. 

A comparison (Figure 7) was also 
made between equilibrium ratios AK, as 
computed from the virial equation of 
state and as predicted from standard K- 
charts for the system nitrogen and 7so- 
octane at 50°C. The error introduced by 
the use of the standard K-charts is small 
at low pressures but rapidly increases 
as the pressure exceeds 10 atm. 

While vapor-phase fugacity coefficients 
for liquids in nitrogen and carbon dioxide 
were always less than unity for the sys- 
tems studied, the fugacity coefficients 
were greater than unity for the same 
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Fig. 6. Vapor-phase solubility of decane 
in nitrogen at 50°C. 


liquids in hydrogen, or at the same 
temperature and total pressure a liquid 
is more soluble in nitrogen than in 
hydrogen and more soluble in carbon 
dioxide than in nitrogen. This result is 
not surprising if one remembers that 
like dissolves like. The difference in 
physical properties between hydrogen 
(T, = 33°K.) and a typical liquid (7, ~ 
500°K.) is certainly larger than that 
between the physical properties of nitro- 
gen (JT, = 126°K.) or carbon dioxide 
(T, = 304°K.) and a typical liquid. In 
the solubility of liquids in gases one 
therefore finds a qualitative order quite 
similar to that found in the solubility 
of gases in liquids. This selectivity is 
especially pronounced if the gaseous 
solvent is slightly above its critical 
temperature. Thus for example the solu- 
bility of naphthalene in ethylene (7, = 


€ T T T T T 

(1) COMPUTED (B,=-82 3 CM’/GM MOLE) 4 
(2) STANDARD K CHART 

EXPERIMENTAL 


“0 20 40 60 80 100-120 
TOTAL PRESSURE - ATMOSPHERES 


Fig. 7. Equilibrium ratios for iso-octane 
in nitrogen at 50°C. 
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9.2°C.) at’ 35°C. and 100 atm. is about 
one thousand times as large as that com- 
puted from the ideal-gas-law relation 
{(Equation (1)], and the solubility in 
nitrogen at the same temperature and 
pressure is about two orders of magni- 
tude smaller than that in ethylene (8). 

A method of correlating these as 
well as previously published gas-liquid 
equilibrium data will be presented in a 
separate publication. 
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NOTATION 

B- = second virial coefficient 

f = fugacity 

P = pressure 

R= gas constant 

T = absolute temperature 

vy = molar volume 

x = mole fraction in liquid phase 
y = mole fraction in vapor phase 
z = compressibility factor 


Greek Letters 


vy" = activity coefficient in liquid phase 
o@ = fugacity coefficient in vapor phase 
Subscripts 

1, 2 = components 

m = mixture 

Superscripts 


L = liquid phase 
G = gas phase 
= pure component 
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Interfacial Resistance in the Absorption 


of Oxygen by Water 


S. H. CHIANG and H. L. TOOR 


Carnegie Institute of Technology, Pittsburgh, Pennsylvania 


Transient absorption rates of oxygen into water have been measured by passing a 
laminar jet through the pure gas for contact times varying from 0.8 to 11.8 msec. The 
absorption rate is significantly lower than the theoretical value corresponding to no inter- 
facial resistance, if a diffusivity of 2.20 x 10~* sq. cm./sec. at 22.2°C. is used for comparison. 
The available evidence indicates that this diffusivity is about correct and that the lowered 
rate may be caused by an interfacial resistance described by an interfacial transfer coeffi- 
cient equal to 0.6 cm./sec. This resistance is small enough to be neglected in most gas 


absorbers. 


Interfacial resistance in gas absorption 
has recently come under intensive study 
because of its fundamental importance 
in mass transfer. Higbie (8) in developing 
his penetration theory for mass transfer 
demonstrated a possible method of 
measuring interfacial resistance. Although 
his technique failed, the principle has 
proved to be valid. In essence a pure gas 
is contacted with a liquid which is sta- 
tionary or in laminar flow, and the rate of 
absorption is compared with the rate 
calculated from Fick’s second law for 
unsteady state diffusion. An interfacial 
resistance nay cause the absorption rate 
to be lower than the theoretical value, 
but unfortunately a lower rate may also 
be caused by secondary effects such as a 
boundary layer or interfacial contamina- 
tion. Consequently interfacial resistance 
has turned out to be quite elusive, and, as 
techniques have been refined, reported 
interfacial resistances have become small- 
er and smaller. 

In the carbon dioxide-water system, 
for example, Higbie first found what 
appeared to be an appreciable interfacial 
resistance by passing gas bubbles through 
a water-filled tube. Emmert and Pigford 
(7) later observed about the same value 
in short and long wetted-wall columns, 
but Danckwerts and Kennedy (4), using 
a rotating drum, obtained more self- 
consistent data and an appreciably lower 
resistance. 

More recently Cullen and Davidson (2), 
using a laminar jet, found a negligible 
interfacial resistance in the same system 
and showed that the high values which 
had been reported were most likely due 
to secondary effects, such as boundary 
layers and surface contamination. These 
results were substantiated by a number 
of other independent studies with different 
laminar-jet techniques (2, 11, 12, 13). 

The foregoing history of an interfacial 
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resistance is very similar to that of 
condensation coefficients for pure 
materials, a very closely related subject; 
again, as techniques have been refined, 
the measured condensation coefficients 
have approached 1 (1/0), equivalent to the 
interfacial resistance approaching a very 
small value. 

Oxygen-water has been studied much 
less extensively than carbon dioxide— 
water. Emmert and Pigford found a large 
resistance in a wetted-wall column, but 
Davidson and Cullen (6), using a wetted 
sphere, later concluded that interfacial 
resistance was negligible in this system. 
Both these studies were made at rela- 
tively long contact times, where rate 
measurements are not very sensitive to 
an interfacial resistance. 

The object of this work is to examine 
further the oxygen-water system at very 
short contact times by means of a 
previously reported Jlaminar-jet tech- 
nique (/2), since it is theoretically possible 
to observe an interfacial resistance at 
short times which cannot be observed at 
longer contact times. 


THEORY AND EXPERIMENT 


The simplest mechanism for the trans- 
fer across an interface is described by 


Na = k(C* — C,) (1) 


The interfacial transfer coefficient is then 

the reciprocal of the interfacial resistance. 

It can never be infinite, since gas molecules 

can transfer across the interface only at a 

finite rate. The upper limit for k, can be 

obtained from the kinetic theory of 
gases (4): 

aH 
V 2nRTM 
If the condensation coefficient is 1, 


and there is no other interfacial resistance, 
k, is so large that interfacial resistance is 


(2) 
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practically zero, and interfacial equilib- 
rium will be very closely approached 
during practical mass transfer operations. 

However it is possible to conceive of a 
region of exceptionally high diffusional 
resistance in the liquid adjacent to the 
interface, and an equation of the same 
form as Equation (1) may also be used 
to describe this transfer (12); therefore 
presently it is convenient to consider k, 
defined by Equation (1) with an upper 
limit set by Equation (2), when a = 1. 

k, is examined by the passage of a 
laminar jet through a pure gas for a 
short distance. The rate of absorption of 
gas is compared with the rate calculated 
from Fick’s law for unsteady state diffu- 
sion into a liquid in rodlike flow, with 
Equation (1) as the boundary condition 
at the interface. The solution for the 
average absorption rate over the jet is (4) 


 D(c* —C,) | 
Na k.0 


-erfe (3) 


aD 


and when &, is infinite the equation 
reduces to the well-known form 


Nu = (4) 


The total amount of gas absorbed per 
unit area in the absence of interfacial 
resistance is then given by 
A 
There are a number of conditions 
which must be satisfied for these equations 
to apply (3), the most important being 
that the jet is in rodlike flow. Since a 
boundary layer must exist when the jet 
is formed, it is necessary that the surface 
of the jet accelerate rapidly to the bulk 
velocity. If this does not occur, the 
absorption rate will be lower than these 
equations predict; if there is a significant 
boundary-layer effect, the rate will then 
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varyJwith jet length (12). This fact 
allows hydrodynamic effects to be sepa- 
rated from purely time-dependent effects 
such as diffusion, interfacial resistance, 
chemical reactions, etc., and affords a 
method of checking for self-consistency. 
Thus it was shown that when carbon 
dioxide was absorbed by a water jet 
formed with a very thin sharp-edged 
orifice plate, the absorption rate per unit 
area depended only upon contact time 
and was independent of jet length (12). 
This indicated that such a jet was essen- 
tially in rodlike flow and that the 
assumptions made in deriving Equations 
(3) and (4) were satisfied over wide 
ranges of jet length and velocity. A 
theoretical analysis of some of the hydro- 
dynamic factors has been presented by 
Scriven (73). 

The present work is based on a tech- 
nique described previously (1/2). A 
laminar jet formed by a thin-orifice plate 
is passed through 99.5% oxygen saturated 
with water vapor, and, as the oxygen is 
absorbed, fresh gas is fed to the absorber 
from a constant-pressure source. The 
absorption rate is measured directly by 
the timing of the motion of a soap film 
moving in a eapillary tube which is in 
the line connecting the absorber and 
constant-pressure source. 

The absorption rate is quite small 
because of the relatively low solubility of 
oxygen in water, and the absorber was 
insulated to reduce the temperature 
fluctuations during a run to the order of 
+0.03°C. (The absorber and soap bubble 
make an excellent thermometer.) The 
system was in a constant-temperature 
room held at 22.2 + 0.25°C. 

The orifice plates used were 0.01-cm.— 
thick stainless steel, and the orifices were 
0.0914 and 0.0825 em. in diameter. This 
type of thin orifice was shown previously 
to give essentially rodlike flow in the 
jet (12). The jet was removed from the 
absorber by being passed into a water- 
filled 0.11-cm.—diameter hole in a Lucite 
rod. 

The water used was obtained by the 


condensation of steam and was titrated 
for the oxygen content before being used. 
The inlet concentration averaged about 
1% of saturation (relative to pure oxygen 
at 1 atm.), and the water leaving the 
system had a concentration very close 
to the inlet value because of the short 
contact times used. The nitrogen/oxygen 
ratio in the feed water was assumed to be 
the same as the ratio in water in equilib- 
rium with air, and the dissolved nitrogen 
was treated in Equations (3) and (4) 
as if it were oxygen; this gave an average 
inlet concentration of total gas of about 
3% of saturation. This treatment can be 
justified by the following analysis. 

Gas-phase resistance is negligible, and 
if nitrogen interfacial resistance is also 
small, Equation (4), with suitable phys- 
ical constants, describes the nitrogen 
desorption. The nitrogen accumulated in 
the gas phase during a run is very small, 
and if the trace of nitrogen present in 
the gas feed is neglected, the rate of 
transfer of nitrogen is 


~ (6) 


Adding this to Equation (4) for oxygen 
and taking the two diffusivities as equal, 
one gets 


where 
Cor = Cy + (S) 


and since the net rate of absorption of 
total gas is measured in the experiment, 
the nitrogen in the feed water can be 
treated as oxygen. 

The jet area and contact time were 
calculated directly from measurements of 
jet length, diameter, and water flow rate. 
and the measured absorption rates were 
corrected to correspond to a total oxygen 
pressure of 1 atm. and an oxygen content 
in the feed water of zero. 

Diffusivities have been measured by 
a number of workers in the temperature 
range of 10° to 25°C., and , without 


als, 


24 T T T T T T T 
T=22 2°C 
20r 4 
2% 
a“ 
— 
1 
a“ 
3 


— - —BEST LINE 
4 —— THEORETICAL LINE, EQ(6 ) 
g- D+2.20x10-8 (GME); ) 
SYMBOL 
4 ° 2.0914 6.16 
A, ° 4.33 
° 4.16 | 
° 1.99 
APPROXIMATE POSITION OF THE DATA 4 
OF EMMERT @ PIGFORD x 0.985 
7 4 8 2 | 6 20 24 26 32 
Fig. 1. Rate of oxygen absorption into water. 
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temperature correction they vary from 
1.8 X 10> to 2.6 10> sq. cm./sec. 
These results have been summarized by 
Davidson and Cullen (6). If the measured 
temperature dependence of Davidson and 
Cullen is used to correct the values to a 
common temperature, three independent 
measurements (1, 6, 9) yield a diffusivity 
in the region of 2.2 X 10-5 to 2.4 * 10-4 
sq. cm./see. at 22.2°C. with eight other 
values scattered about equally above and 
below. It appears probable that the 
correct diffusivity lies in this intermediate 
region. 


RESULTS 


A range of contact time from 0.833 to 
11.8 msec. was obtained when the jet 
length was varied from 0.505 to 6.16 em. 
and the water flow rate from 0.737 to 
2.688 cc./sec. The average rate of absorp- 
tion is shown as a function of | in/ 9 
in Figure 1, where each point represents 
the average value of three independent 
measurements. The original data are 
available (3). The solid line is the equation 
for no interfacial resistance [Equation (4)]. 
The solubility was taken from the Inter- 
national Critical Tables, and the diffusiv- 
ity used was the lowest probable value, 
2.20 X 10-5 sq. em./sec. 

The dotted line in Figure 1 is the best 
straight line through the data. The 
results are replotted in Figure 2 to 
clarify the long contact-time values. Here 
the amount of gas absorbed is shown as a 
function of vV/ 6, and the theoretical line 
for no interfacial resistance is Equation 
(5) with the same physical constants as 


before. 


DISCUSSION 


The data are more scattered than those 
reported for the absorption of carbon 
dioxide because of the extremely low 
flow rates which had to be measured. The 
maximum deviation among repeated runs 
was 10%, and the average was less than 
5%. A more critical analysis of the data 
is shown in Figures 3 and 4. In Figure 
3 the amount of gas absorbed is plotted 
against V0 for different jet lengths, 
and the data are fitted by straight lines 
through the origin. The data are then 
cross plotted in Figure 4 at a constant 
contact time, where it is seen that the 
amount of gas absorbed per unit area is 
independent of jet length (the maximum 
deviation from the horizontal line is 5%). 
This confirms the earlier conclusions that 
the hydrodynamic effects are negligible 
in jets formed with a thin-orifice plate 
and indicates that the data are self- 
consistent. 

Figures 1 and 2 show that the data 
fall significantly below the theoretical 
line for no interfacial resistance, when 
the lowest probable diffusivity is used. 
The choice of any higher diffusivity would 
cause an even greater difference between 
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the diffusivity would have to be con- 
siderably less than 2.2 X 10-> for the 
theoretical line to be included in the 
95°, confidence limits of the data. 

The best straight line through the data 
(the dotted line in Figure 1) is given by 
Ny = 4.83 X 10-°+ 5.77 X 
where the standard deviation of the 
slope is 8.00 X 10-". Thus the best 
straight line intersects the y axis at V4 = 
4.83 X 10-* and the 95% confidence 
limits of the intercept are 7.34 X 10-9 
and 2.33 X 10-9; therefore it is im- 
probable that the data fit a straight line 
passing through the origin as demanded 
by the equation for no interfaciai 
resistance [Equation (4)]. Since at long 
times the rate must approach zero under 
any circumstances, the nonzero intercept 
implies that V4 is not a linear function 
of 1/+/ 6. Both these factors, the low 
rate and nonzero intercept, indicate the 
presence of an_ interfacial resistance 
which causes the rate to be lower than 
the theoretical and the relationship 
between Vy and 1/+/@ to be nonlinear, 
but they are not conclusive. 

Figure 5 compares the experimental 
absorption rates with the theoretical 
rates for various values of k, [Equation 
(4)], and k, of 0.6 cm./sec. appears to 
give the best fit to the data. If the inter- 
facial resistance is due entirely to a low 
condensation coefficient, the vaiue of 
k, corresponds toa = 1.8 X 10>. 

If a diffusivity of 2.4 X 10-% sq. cm. 
sec. is used for comparison, as in Figure 
6, none of the constant resistance lines 
fit the data so well as when the lower 
diffusivity is used. However the best 
value of k, is not changed much by the 
change in diffusivity, for it is seen to be 
in the range of 0.4 to 0.6 em./sec. 

There are two possible means of ex- 
plaining the results without postulating 
an interfacial resistance (and in view of 
the history of the carbon dioxide studies, 
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viewpoint) : 

1. There may be secondary effects 
which cause the absorption rate to be 
lower than the theoretical value and the 
time dependence to be somewhat different 
from the theoretical. 

2. The diffusivity of oxygen in water 
may be appreciably lower than expected, 
and small secondary effects may explain 
the nonzero intercept. 


The first explanation seems unlikely, 
for a technique very similar to that used 
here checked the theoretical value quite 
closely in the carbon dioxide-water 
system as well as in other systems (12, 3); 
moreover Figure 4 eliminates the possi- 
bility of any significant hydrodynamic 
effect such as a boundary layer or a 
stagnant zone at the receiver. 

The only other possibility which could 
account for the lowered rate (aside from 
a leak in the system, which is ruled out 
on a number of grounds) is that the 
nitrogen/oxygen ratio in the entering 
water was about five times greater than 
the ratio at equilibrium. This is highly 
unlikely, for the maximum expected 
value would be the ratio in air, only 1.5 
times greater than the equilibrium value. 

Raimondi and Toor’s (12) data could 
be interpreted to indicate a very small 
boundary-layer effect which would tend 
to give a positive y-axis intercept, and 
this is also possible in this work. Since 
there may have been some entrainment 
in the longest jet (6.16 em.), the best 
straight line was recalculated without 
these points, and the lower limit of the 
95% confidence level was found to be 
1.76 X 10-9. A small boundary-layer 
effect might then be used to explain the 
difference between this value and zero. 

Thus if this explanation were used to 
explain away the nonzero intercept, and 
the diffusivity were 1.6 X 10-5 instead 
of 2.2 X 10-5 sq. cm. the data 
would indicate no interfacial resistance. 
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Fig. 3. Amount of oxygen absorbed at 
different jet lengths vs. square root of 
contact time. 


Some support for this argument can be 
obtained from Emmert and Pigford (7), 
who absorbed oxygen in water in a rela- 
tively long wetted-wall column. Based 
on a diffusivity equivalent to 2.40 X 10-5 
at 22.2°C. their data were 10 to 20% 
below the theoretical value for no inter- 
facial resistance. The present data 
deviate from the theoretical by about the 
same amount, if this higher value of D is 
used in Equation (4). This agreement 
does not prove that the same interfacial 
resistance existed in both cases; on the 
contrary it indicates that either there is 
no interfacial resistance or the magnitude 
of the resistance is quite different in the 
two cases. This is due to the contact times 
used by Emmert and Pigford being of 
the order of 0.5 sec., 50 to 500 times 
larger than used here (see Figure 1), 
and at this long time an interfacial 
resistance of the magnitude considered 
here would be completely obscured by the 
large diffusional resistance in the liquid. 

Figure 5, which contains the theoretical 
lines for various values of k,, shows that 
at long contact times a curve passing 
through the present data is almost 
indistinguishable from the line for no 
interfacial resistance. Thus if there is an 
interfacial resistance present, Emmert 
and Pigford’s value is about fifty times 
greater than the value reported here. 
The only line which will fit both sets of 
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Fig. 5. Comparison of oxygen-absorption data with different 


interfacial-resistance lines. 


data is a straight line through the origin, 
which corresponds to no _ interfacial 
resistance, and D = 1.6 X 10 sq. cm./ 
sec. Unfortunately this check could easily 
be fortuitous, since Emmert and Pigford’s 
data for carbon dioxide were later shown 
to be low, quite possibly because of the 
hindering effect of a surface-active agent. 
Since the surface-active agent was 
present in their oxygen measurements 
also, the interfacial resistance in their 
system could well have been much 
greater than the value found in this 
work, where the interface is clean. 

Davidson and Cullen (6) also measured 
the transient absorption of oxygen in 
water at relatively long contact times 
(the order of 0.1 sec.). They used a wetted 
sphere and reported no interfacial re- 
sistance and a diffusivity (by interpola- 
tion) of 2.20 X 10- sq. em./sec. at 
22.2°C. This technique was also used 
with other gases, and the measured 
diffusivities were shown to check known 
values quite accurately. 

Their absorption rate was in the range 
0.75 X 10-8 to 138 X 10-8 g.-moles/ 
(sq. em.)(sec.) (corrected to 22.2°C.) 
which, in the absence of a very large 
interfacial resistance, corresponds to the 
long contact-time region in this work, 
where the effect of interfacial resistance 
is small (Figure 5). However since the 
flow in their case was quite different from 
that used here, the diffusion equation for 
their system was solved approximately 
with a constant interfacial resistance 
described by k, = 0.6 em./sec. The 
results showed, as expected, that the 
interfacial resistance is almost completely 
obscured by the diffusional resistance 
and that the convergence of the curves 
for various values of k, at long contact 
times is essentially the same as shown in 
Figure 5. At their shortest contact time 
this interfacial resistance would lower the 
absorption rate about 2% and at their 
longest contact time by about 1%; even 
if this resistance were present, the shape 
of the rate curve would be practically 
indistinguishable from the curve for no 
interfacial resistance. 
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Fig. 6. Comparison of oxygen-absorption data with 


different interfacial-resistance lines. 


However the diffusivity calculated by 
the use of the equation for no interfacial 
resistance would be 2 to 4% low since 
the diffusivity appears as the square root 
in the rate equation; therefore the cor- 
rected diffusivity would be about 2.25 X 
10-5 sq. em./sec. This change is insignifi- 
cant and has negligible effect on the value 
of k, obtained in this work. 

Thus the work of Davidson and Cullen 
and the present work could be considered 
as one set of transient experiments 
covering an effective contact time range 
of 0.8 to about 900 msec. The entire set 
of experiments is consistent with a diffu- 
sivity of 2.25 sq. cm./sec. and an inter- 
facial transfer coefficient of 0.6 cm./sec. 

Since interfacial resistance is in series 
with a liquid-phase resistance, its effect 
depends upon the relative magnitude of 
the two resistances (/2). As in packed 
columns the liquid-side resistance is 
usually appreciably larger than the 
interfacial resistance reported in this 
work, the interfacial resistance could be 
safely neglected in this case. However 
if k, is a constant, it would limit the 
maximum possible mass transfer coeffi- 
cient which could be obtained; even if the 
liquid- and gas-phase resistances were 
reduced to zero, the over-all coefficient 
could not exceed 0.6 cem./sec. On the 
other hand, if the experimental data 
reported here are in error by about 15%, 
the maximum possible coefficient is set 
by Equation (2) with a = 1, and the 
maximum over-all coefficient is more 
than 10° times greater than the foregoing 
limit. 
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NOTATION 

A = surface area, sq. em. 

C,) = initial gas concentration in liquid, 
g.-mole/ce. 

C; = interfacial gas concentration in 


liquid, g.-mole/ce. 
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C* = equilibrium gas concentration in 
liquid, g.-mole/ce. 


D = diffusivity of gas in liquid, sq./em. 
/sec. 

H = Henry’s law constant erg/g.-mole 

k, = interfacial mass transfer coefficient, 
cm./sec. 

k, = interfacial transfer coefficient 


M = molecular weight 

Na = mass transfer rate, g.-mole/(sec.) 
(sq. em.) 

N4 = average mass transfer rate, g.-mole 
/(sec.)(sq. em.) 

Q = amount of gas absorbed, g.-mole 

R = gas constant, erg./(g./(mole) (°K.) 

T = temperature, °K. 

a = condensation coefficient 

6 = time, sec. 

primes = nitrogen 
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Factors Affecting Density Transients 
in a Fluidized Bed 


JAMES M. DOTSON 


General Electric Company, Waterford, New York 


The effects of five operating variables on the uniformity of fluidization in a 4-in.-diameter 
column were determined by a statistically designed experiment. Density fluctuations 
inside the bed were measured by a capacitance method. Certain parts of the experiment 
were repeated in a 24-in.-diameter column for comparison with the 4-in.-column data. 

In the 4-in. column gas velocity had by far the greatest effect on uniformity, with uniform- 
ity generally decreasing with an increase in gas velocity. This is consistent with the theory 
that most gas introduced in excess of the rate for incipient fluidization passes through 
the bed in the form of various-sized bubbles. Better uniformity at the lower bed level 
indicates that bubbles grow in size as they proceed up the column. An entirely different 
gas-flow pattern was indicated in the 24-in. column. 


Uniform expansion of a fluidized bed 
with an increase in gas velocity would 
result in uniform density throughout; 
this is a condition ideal for maximum 
solids-gas contact. There are several 
factors however which favor bubble and 
agglomerate formation and thus make 
the bed less than 100% uniform through- 
out. 

If chemical reactions are occurring in 
the fluidized bed, then uniformity could 
affect performance through its effect on 
over-all rate, conversion, or selective 
reactions if simultaneous reactions can 
occur. Gas bypassing could result in less 
over-all contact and conversion. If the 
reaction mechanism is such that desirable 
reactions occur at the surface of the 
solids but undesirable reactions proceed 
in the gas phase, then bubble formation 
with its greater gas phase would favor 
the undesirable reaction. Because of these 
possible effects of bed uniformity on 
chemical reactions, the effects of several 
operating variables on bed uniformity 
were investigated. 

Only a superficial estimate of fluidi- 
zation uniformity can be made in a 
transparent or open-top vessel. Quantita- 
tive measurements require investigation 
into the interior of the bed by a measur- 
ing device which disturbs the fluidization 
characteristics to a negligible degree. 
X-ray absorption (3) and _ electrical- 
capacitance techniques (/, 2) have been 
used for this purpose. Electrical capaci- 
tance was selected for this investigation 
because it is simpler and because it 
measures a smaller segment of the bed; 
it is based on the large difference in 
dielectric constant between gases and 


James M. Dotson is = the General Electric 
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Fig. 1. Four-inch fluidization column. 


TABLE 1. ScREEN ANALYSES OF SILICON POWER 


—60-mesh grind —200-mesh grind 


Mesh size % retained Mesh size % retained 


(U.S.S.) 4in. runs 24 in. runs (U.S.S8.) 4in. runs 24 in. runs 
50 0 0 50 0 0 

70 0.4 0.2 70 0.2 0.2 
100 13.3 7.9 100 4.7 0.2 
140 17.6 8733 140 6.7 0.2 
200 16.8 18.7 200 5.9 0.4 
270 11.8 15.2 270 Sd 10.1 
400 16.0 19.7 400 16.7 33.5 
—400 24.1 21.0 —400 60.1 55.4 
100.0 100.0 100.0 100.0 
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most solids. The presence of a gas-solid 
mixture (as in a fluidized bed) between 
the plates of a capacitor produces an 
effective dielectric constant which is 
proportional to the relative quantity 
of each phase. Thus by measuring the 
capacitance of an appropriately sized 
probe placed in the bed, one can calculate 
densities within the probe plates from 
known dielectric constants of the two 
phases or from an empirical calibration 
of density vs. capacitance over the de- 
sired density range. 

The application of capacitance meth- 
ods to measurement of fluidization 
characteristics is not new. It was de- 
veloped independently at the Bureau of 
Mines (1) and at the duPont laboratories 
(2). New information reported here 
includes improvements in capacitance 
measurements and calculations over those 
reported (1, 2) and the results of a 
statistical experiment designed to evalu- 
ate the independent effects and inter- 
actions of six operating variables on 
uniformity of fluidization in a particular 
system. A probe was designed to give a 
minimum interference with fluidization 
in its immediate vicinity and to measure 
the density of a finite volume. The new 
method of calculation accounts for the 
nonlinearity between density and effec- 
tive dielectric constant. The ranges in 
bed height and superficial gas velocity 
have been greatly extended over those 
reported (3). 

The results of a statistically designed 
experiment reported here show the 
effect of particle size, distributor type, 
bed level, probe height, superficial ve- 
locity, and column diameter. The solid 
phase consisted of a mixture of metallic 
silicon and copper powder with a weight 
ratio of 93/7. Inert gas (approximately 
85 to 15 volume ratio of nitrogen and 
sarbon dioxide) was the fluidizing gas. 
These experiments were conducted at 
atmospheric pressure and ambient tem- 
perature. 


APPARATUS AND EXPERIMENTAL PROCEDURES 
Capacitance-Measuring Equipment 


The only equipment not commercially 
available was the probe itself; a sketch 


TaBLe 2. CapacITANCE-PROBE EXPERIMENT DESIGN 


COLUMN DIAMETER —> 4 INCH 24 INCH 
prope | POWDER CARBON] ORIFICE ORIFICE 
HEIGHT | GRIND lor | Set | Ft 
-60 MESH PUN of 4-7 | 4-5 | 4-6 | 4-12 | 24-12 
"1-200 MESH 4-\1 | 4-9 | 4-10] 4-14 | 24-14 
-60 MESH 4-4 14-8 | 4-3|4-2 | 24-2 
48 IN. 
-200 MESH 4-15 14-1 | 4-13] 4-16 | 24-16 
SUPERFICIAL 
VELOCITY, FPS. 0.05 0.3 
0.1 0.5 
0.3 0.7 
0.5 
0.7 


by the six outer grounded rods, which 
together with the central rod formed a 
coaxial capacitance cell 2 in. in diameter 
and 3 in. long. 

To compare the uniformity in a 4- 
and 24-in. column on the same scale, it 
was necessary to use the same probe size 
in both columns. It was thought at the 
time that the maximum bubble size in 
the 24-in. column was about 3 in. or 
larger. This probe length was therefore 
selected, since a completely gas-filled 
capacitor volume would produce a mini- 
mum chart reading. This resulted in a 
comparatively oversized probe volumetri- 
cally in the 4-in. column. It is believed 
however, on the basis of visual observa- 
tions, that the seven vertically oriented 
rods (which occupied only 3% of the 
column cross-sectional area) had a negli- 
gible effect on the fluidization character- 
istics of the bed in their immediate 
vicinity and ‘below them. In a separate 
test, with only the effective portion of 
the probe (rods) submerged in the bed, 
the emerging gas bubbles could be ob- 
served as they broke the surface in the 
vicinity of the probe rods. Compared 
with a probe-free bed no tendency was 
observed for the gas bubbles to avoid 
the probe or be broken into smaller 
bubbles by the probe rods. The author 
believes that similarly the probe rods 


affected the fluidization characteristics 
to a negligible degree when the probe was 
completely submerged within the bed. 

Other capacitance-metering equipment 
consisted of a detector and a recorder 
with 0- to 1.0-ma. full-scale sensitivity, 
0.2-see. full-scale response, in./see. 
chart speed. 


Fluidization Columns 


The 4-in. column consisted of a 10-ft.- 
high section of 4-in. I.D. glass pipe, gas 
distributor at bottom (described below), a 
6-in.-diameter disengaging head at the top 
of the column; and a star-type stainless steel 
filter mounted in the disengaging head to 
prevent powder from leaving the column. 
The capacitance probe was held in place by 
a metal spacer sandwiched between sections 
of the glass pipe at heights of 18 or 48 in. 
above the gas distributor. Figure 1 shows a 
sketch of this column. 

Two distributor types were used: a 1-in.- 
thick section of porous carbon and an 
orifice type having one 0.073-in—diameter 
hole every 1.8 sq. in., arranged on 1'%-in. 
equilateral triangle centers. 

The 24-in. column was constructed of a 
24-in. schedule-20 steel pipe and contained 
eighteen vertically mounted 114-in. sched- 
ule-40 pipes, arranged on 414-in. triangular 
centers (central pipe omitted) to simulate a 
heat transfer coil. Only the orifice type of 
distributor was used in this column, Hole 
size and number per unit of cross-sectional 


is shown in Figure 1. The effective portion TOF 
of the probe was the volume enclosed ee SLOPE #0.625, 4 
> 
2 
X2-60 MESH POWDER 
> 
| RUN NO. 4-13 | 40+ ves 
% var. in DENSITY = 426° x 100= 9.6 POWDER GRIND =-200 MeSH 
5 BEO HEIGHT = 5 Fr. | = 
| PROBE HEIGHT= 48 In. z L 
6+ SUP. GAS VEL. = 0.1 FPS 4 
a 
f= ae 20 
ax | OF N 
AREA UNDER CROSS Ag 7 > 
UNDE ~WATCHED AREA: 5.06 IN 4 
TRACE = 35.6 £a=5.06 x 364-556 on. = 39.1 Div a i 
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TIME SCALE, SECONDS 


Fig. 2. Typical recorder trace, 4-in. column. 
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Fig. 3. Fluidization density vs. average recorder deflection. 
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area were the same as for the 4-in. column; 
these holes were arranged on 11%-in. square 
centers. 


Powder 

Two powder grinds (—60 mesh and —200 
mesh of commercial silicon metal) were 
used, each mixed with 7% by weight of 
copper powder, 80% of which was below 10 
Screen analyses of the silicon are shown 
in Table 1. 


EXPERIMENTAL PROCEDURE 


Fluidizing gas was started through the 
empty column at a superficial velocity of 
0.1 ft./sec. (0.3 ft./see. in 24-in. column); 
the capacitance instrument was checked for 
zero reading. A weighed quantity of powder 
was charged to the column to the desired 
bed height. The recorder chart was started 
and ran for 24 sec. at this gas velocity; bed 
height was recorded from a visual average 
of the fluctuating top of the dense phase 
in the 4-in. column (by Ap measurements in 
the 24-in. column). The gas velocity was 
successively adjusted to 0.3, 0.5, 0.7, and 
0.05 {ft./see. with recorder-chart traces 
taken and bed heights observed at each 
velocity. Velocities were repeated in the 
same order. Powder was discharged from 
the column and reweighed. The capacitance 
probe was again checked for zero reading 
with the empty column. 

The operating conditions were changed 
as necessary for the next run, and the 
procedure was repeated. 

The same powder charge for each grind 
was used for all the 4-in. experiments. The 
24-in. runs were also made with the same 
powder charge for each grind, but these 
were not the same identical charges used 
im the 4-in. column. 

The statistical design is shown in Table 2. 
Runs were made in the random order shown. 


Calculation of Data 

Fluidization nonuniformity was calcu- 
lated in terms of percentage variation 
in density, defined as (variation in den- 
sity, lb./cu. ft. X 100)/(average density, 
lb./eu. ft.) The variation in density 
represents an integration with respect to 
time of the irregularity in density above 
and below the average density. Thus for 
a perfectly uniform fluidized bed the 
variations in density above and below 
the mean and the percentage variation 
would be zero. The other extreme of 
100% variation in density would be 
represented by the condition of alter- 
nately filling the probe volume with all 
solid and all gas. The values for average 
density and variation in density were 
calculated from the recorded values of 
probe capacitance over a 24-sec. time 
interval. A typical recorder trace is 
shown in Figure 2 and will be used to 
illustrate the method of calculation. The 
original 24-in. chart length represented 
a 24-sec. sampling time at a 1-in./sec. 
chart speed. The average recorder read- 
ing was calculated to be 39.1 divisions 
from a planimeter area of 35.6 sq. in. 


Vol. 5, No. 2 


between the trace and base line, 24-in. 
chart length, and a conversion factor of 
26.4 divisions/in. Average recorder height 
was drawn on the chart. Area between 
average line and trace (cross-hatched 
area) was determined by planimeter 
(5.06 sq. in.) and converted to equivalent 
recorder divisions (5.56 divisions). The 
average recorder height (Ah, = 39.1) was 
converted to average density of 44.5 


Primary variable 


Sums of squares 


A. Distributor 31.711 
B. Bed height 5.137 
C. Probe height 1,982 .253 
D. Powder grind 57.852 


E. Gas velocity 


2,959 .505 


Total due to primary variables 5 036.458 


A.B.C.D. (within replicates, 


d.f. = 1) 4.965 
E. (within replicates, 
df. = 80) 86.889 


lb./cu. ft. by a calibration chart (Figure 
3). This is an empirical calibration chart 
representing a plot of experimentally 
determined bed densities (bed weight/ 
measured volume) vs. the average re- 
corder reading for all of the 4-in. runs.* 
The variation in recorder trace (Aa = 
5.56 divisions) was converted to variation 
in density (Ap = 4.26 lb./cu. ft.) from 
the slope of the Figure 3 curve (0.76). 
For simplification in calculation the 
following conversion factors were used, 
representing the approximate slopes at 
the density in question: 


0.625 lb./cu. ft. per re- 
corder division 
—200 mesh = 0.76 lb./cu. ft. per re- 
corder division 


—60 mesh = 


Percentage variation in density was then 


variation in density, lb./cu. ft. X 100 = 
average density, lb./cu. ft. 
4.26 
100 = 9.6% 
44.5 


Statistical Analysis 

The effects of the five operating vari- 
ables on bed uniformity, plus all interac- 
tions, were determined from a statistical 
analysis of variance. Significant differ- 
ences between levels were determined by 
the t-test method. Standard statistical 
methods were used in this analysis (6). 


EXPERIMENTAL RESULTS AND DISCUSSION—- 
4-IN—COLUMN DATA 


A comparison of the over-all effects of 
ach of the primary variables may be 


*Tabular material has been deposited as docu- 
ment 5873 with the American Documentation 
Institute, Photoduplication Service, Library of 
Congress, Washington 25, D. C., and may be obtained 
for $1.25 for photoprints or $1.25 for 35-mm. micro- 
film. 
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seen from Table 3, in which averages of 
percentage variation in density are pre- 
sented. 

Over the ranges investigated, all 
variables except bed height had a measur- 
able influence on uniformity of fluidi- 
zation. The relative effect of each of the 
primary variables was much greater for 
some than for others, as may be seen 
from the sums of squares assignable to 
each primary variable: 


Percentage of total sums of squares 
due to primary variables 


100.1 


Gas velocity and probe height had the 
greatest effects by far, with fluidization 
uniformity generally being inversely pro- 
portional to both of these variables. 
Powder grind had a detectable but 
relatively minor effect, with the —200- 
mesh powder giving better uniformity. 
The same thing was true of the gas- 
distributor plate, with the porous type 
giving slightly better uniformity. 

The effects of these variables were far 
from uniform over the whole experiment, 
however, as shown by the following table 
of two- and three-way interactions with 
superficial velocity, all of which were 
significant at the 1% level. 

Sums of 
Interaction squares 
1. CE, probe height and 

superficial velocity 325.8 

2. DE, powder size and 


superficial velocity 209.7 
3. BDE, bed height, powder 

size, and superficial velocity 34.3 
4. CDE, probe height, powder 

size, and superficial velocity 21.3 


The only significant two-way inter- 
action exclusive of velocity was between 
probe height and powder size (interaction 
CD, with 21.7 sums of squares), which 
was significant at the 7% level. The 
direction and magnitude of these inter- 
actions with gas velocity may be seen 
in Figures 4 through 7.* 

These data were interpreted as follows: 

1. Most fluidizing gas introduced in 
excess of the rate necessary for incipient 
fluidization (approximately 0.02 to 0.05 
ft./see.) passes through the powder bed 
in the form of bubbles. This was indi- 
cated by the plateau bed densities at low 
superficial velocities (Figure 2) as well 
as by the very large over-all decrease in 


“see footnote in second column. 
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Fig. 6. Interaction among probe height, powder grind, 


Fig. 4. Interaction among distributor, probe height, and 


gas velocity in 4-in. column. 


TABLE 3. AVERAGE PERCENTAGE VARIATION IN DENSITY FOR PRIMARY VARIABLES— 
4-1In. COLUMN 


Primary variable Level 


Distributor A, (porous) 


A» (orifice) 


Bed height, ft. B, (5) 
B2(9) 

Probe height, in. (18) 
C2 (48) 


Powder grind D; (—60 mesh) 


D2 (—200 mesh) 
Velocity, ft./sec. EF, (0.05) 
E, (0.10) 
E; (0.30) 
E; (0.50) 
E; (0.70) 


Average percentage Difference between 
variation in density 


levels, 1 minus 2 
9.618 —0.890* 
10.508 


10.242 
9.884 0.358 
6.543 

13.583 


—7.040+ 


10.664 
9.462 


4.087 
6.076 
11.200 
13.942 
15.009 


*Represents the significant difference between levels at 5%; that is, if this experiment could be repeated 
many times (which it cannot), one would expect a difference this large to result from random fluctuations 


occasionally (less than 5% of the time). 


{Represents the significant difference between levels at 1%. 


uniformity with an increase in super- 
ficial velocity (Table 3). This two-phase 
system of gas-solid fluidization has been 
postulated by numerous investigators 
(2, 3). 


5 Fr. BED HEIGHT 


In DENSITY 


PER CENT VARIATION 
@ 
T 


2 4 4 1 


2. 4 6 7 
SuPERFICIAL GAS VELOCITY , FPS 


Fig. 5. Interaction among bed height, powder grind, and 


gas velocity in 4-in. column. 
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\— 9 FT. BED HEIGHT 24 


} -200 MESH POWDER 


i FT. BED HEIGHT 


2. Gas bubbles grow in size as they 
proceed up the column, as indicated by 
the large decay in uniformity between 
the 18- and 48-in. levels in the column. 
This is illustrated by the large difference 


-60 MESH PowDER 


PER CENT VARIATION IN DENSITY 


4b 

1 
0 a 


and gas velocity in 4-in. column. 


between the 18- and 48-in. average curves 
in Figure 4. An analogy between bubble 
coalescence in this and a true liquid- 
gas system is suggested (4). 

3. Generally additional powder in the 
upper part of the column had no effect 
on the fluidization characteristics in the 
lower part of the bed, as indicated by the 
insignificant over-all bed height effect 
(Table 3). Under the limited conditions 
of a high gas velocity and fine powder 
the uniformity was decreased by the 
addition of four more feet of powder 
(lower two curves in Figure 5). However 
under the conditions of high velocity and 
coarse powder the additional bed height 
had the opposite effect on fluidization 
uniformity. Although these peculiar inter- 
actions are presently unexplainable, they 
are believed to be real, as indicated by a 
significant difference at the 1% level. 

4. There was some evidence of an 
interaction between the type of distri- 
butor, probe height, and gas velocity, as 
indicated by the three-way interaction 
between these variables significant at the 
10% level. The greatest difference be- 
tween distributors was found at a 0.1 
ft./sec. velocity 18 in. above the distribu- 
tor. (See plot of interaction Figure 4.) 
These results tend to confirm those of 
Grohse (3), who found a porous type of 
distributor much superior to an orifice 


Each Point REPRESENTS 
AVERAGE OF FOUR 
OBSERVATIONS (2 RUNS) 


Runs 4-1 & 4-16 


B, = 5 Fr. 

9 FT. 

= 18 In. 
C22 48 IN. 

D, =-60 MESH 
Dz =-200 MESH 


BED HEIGHT { 
Probe HEIGHT { 


PowoER GRIND { 


1 it it it 


4 5 -6 


SUPERFICIAL GAS VELOCITY, FPS 


Fig. 7. Interaction among bed height, probe height, powder 


grind, and gas velocity in 4-in. column. 
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Fig. 8. Variation in density, 24-in. column. 


type at most levels in a 15-in—high bed 
in the 0.1 ft./sec. velocity region. Morse 
and Ballou (2) reported that the use of 
a fine-cloth type of distributor improved 
the uniformity over no distributor for as 
much as 16 in. above the distributor but 
that at higher levels the improvement 
was negligible. It is concluded that out- 
side the narrow limits of 0- to 18-in. bed 
levels and possibly at gas velocities up 
to 0.3 ft./sec. the effect of initially good 
gas distribution is pretty well lost among 
other more dominant factors. 

5. The interaction between powder 
size and gas velocity (interaction DE) 
was very pronounced. At the lower gas 
velocities better fluidization uniformity 
was obtained with the —60-mesh powder, 
but at 0.3 ft./sec. and above this trend 
was reversed. This tendency toward 
reversal with increasing gas velocity was 
found at both probe heights but was most 
pronounced at the 18-in. level (Figure 6, 
CDE interaction). The poorer fluidi- 
zation of the —200-mesh powder at low 
gas velocities has been attributed to gas 
channeling through the relatively com- 
pact bed. This conclusion was confirmed 
visually. Gas channels, or in some cases 
distinct bubble paths, were observed 
under the conditions of low gas velocity 
and fine powder in the lower section of 
the column. At higher gas velocities the 
gas channels broke up, but the trend 
toward better uniformity was offset by 
the formation of large bubbles. Bubble 
formation was found to be favored by 
the coarse powder, a confirmation of 
previous findings (2). 


TABLE 6. 


AVERAGE PERCENTAGE VARIATION IN DENSITY FOR PRIMARY VARIABLES— 


24-1In, COLUMN 


Average percentage 
variation in density 


Primary variable Level 
Probe height, in. C, (18) 
C2 (48) 


D,; (—60 mesh) 
D, (—200 mesh) 


Powder grind 


Velocity, ft./see. (0.3) 
E, (0.5) 
E; (0.7) 
*Represents the significant difference (by ¢ test) Dana levels at 5° 
difference between two means is (7; )= 


— 


growth up the column was found to be 
accelerated by an increase in gas velocity 
over the entire range of 0.05 to 0.7 ft./sec. 
(Figure 6); the same trend was observed 
for the fine powder up to a velocity of 
0.3 ft./sec., but above this velocity bubble 
growth rate leveled offs An actual in- 
crease in uniformity was obtained in 
some cases by increasing the gas velocity 
from 0.5 to 0.7 ft./sec. The most general 
conditions under which a statistically 
significant decrease was observed were 
with —200-mesh powder at the 48-in. 
level, in which the difference in going 
from 0.5 to 0.7 ft./seec. was 1.6 units. 
This represents a significant difference, 
since it is three times the standard error 
for differences of 0.521 unit. The increase 
in uniformity in going from 0.5 to 0.7 
ft./sec. was even more evident for those 
runs in which the bed height was 9 ft., 
used — 200-mesh powder, and was at the 
48-in. level (runs 4-1 and 4-16). The 
average of these two runs is shown in 
Fig. 7 (BCDE interaction). The same 
trend toward better uniformity was also 
observed under comparable conditions in 
the 24-in. column, but the difference 
between 0.5 and 0.7 ft./sec. was not 
statistically significant, probably owing 
to the higher error term in the large 
column. 

At this time no entirely satisfactory 
explanation can be offered for these 
unexpected interactions between powder 
size and gas velocity and for their effect 
on bubble growth. They may in some 
way be related to the scale (or eddy 
size) in turbulent diffusion. This explana- 


6. With the coarse powder, bubble tion is suggested by a comparison of 
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Fig. 9. Typical recorder trace, 24-in. column. 
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. The value of the standard error for 


these data with those reported by Han- 
ratty, et al. (6) in which the Peclet 
number was observed to go through a 
minimum value with an increase in 
Reynolds number. These phenomena 
were found to be related more specifically 
to the scale term in the Peclet number 
and to the fraction voids. In their liquid- 
solid (particulate) system the minimum 
density uniformity occurred at approxi- 
mately 0.7 fraction void; in the gas- 
solid system discussed here the minimum 
density uniformity occurred at approxi- 
mately 0.75 fraction void. The diffusion 
phenomena of Hanratty were explained 
as follows: ‘Eventually, at a fraction 
void of 0.70, a fluid element may begin 
to flow past solid particles without the 
necessity at each level of flowing laterally 
in order to evade a particle. Beyond the 
critical fraction void, in dilute beds, the 
turbulence is particle generated and the 
eddy diffusivity then is a direct function 
of particle population. .” Similar 
phenomena may be occurring in the sys- 
tem presented in this paper, in which at 
a sufficiently high void volume the 
tendency for bubbles to move laterally 
is decreased and their chances of colliding 
and coalescing with other bubbles thereby 
reduced. If this explanation is valid, then 
a similar critical velocity might be ex- 
pected with the coarse powder at some 
gas velocity above 0.7 ft./sec., the maxi- 
mum studied here. 


Twenty-four—Inch Results 


The average percentage variations in 
density for the primary variables studied 
(probe height, powder grind, and gas 
velocity) are shown in Table 6.* These 
data were interpreted as follows: 


1. In comparison with that of the 
4-in. column under comparable conditions 
the indicated fluidization uniformity was 
about twice as good in the 24-in. column 
(7.1 vs. 13.8 over-all). 

2. Contrary to the findings in the 4-in. 
column, no indication of bubble growth 
was found between the 18- and 48-in. 
levels in the 24-in. column. 

3. Generally the effect of gas velocity 


was similar in both columns (Figure 8). 


*See footnote on page 171. 
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4. Reproducibility of data was very 
much poorer in the 24-in. column, 
especially at the lower velocities. 

No entirely satisfactory explanation 
can be offered to account for all these 
somewhat surprising results. The author 
expected larger bubbles in the large 
column and suspects that large bubbles 
were actually present but that only 
occasionally would the bubble paths 
contact the probe. One reason for be- 
lieving this is the generally poorer re- 
producibility of the 24-in. data in 
comparison with the 4-in. data. Figure 9 
shows a good example of this phenome- 
non. For the first part of the trace 
practically no bubbles were evident. 
This was followed immediately by a 
period in which many large bubbles 
contacted the probe. Since the probe 
was located in the horizontal center of 
the bed, it would have been possible for 
the bubbles periodically to channel 
around the probe through other vertical 
paths. Another reason for suspecting 
the presence of bubbles in the 24-in. 
column (but generally undetected by the 
capacitance probe) is the difference be- 
tween the over-all density (measured by 
bed volume and powder weight) and 
local density at the probe. This difference 
is in the direction one would expect for 
such an occurrence. An example of the 
difference in density is as follows: 


Run 24-2 


Powder size: —60 mesh 


Probe height: 48 in. 
Superficial gas 

velocity: 0.5 ft./sec. 
Over-all density: 47.5 lb./cu. ft. 


Local density at probe: 59.1 lb./eu. ft. 


These are believed to be real differetices 
in density. The presence of large bubbles 
or bubble paths in this column was con- 
firmed subsequently by the helium tracer 
technique, which showed gross gas by- 
passing. Because of this nonrepresenta- 
tive sampling in the center of the bed 
only, the results obtained in the 24-in. 
column and reported here should not be 
used as a true indication of the effect of 
the primary variables throughout the 
entire bed. 


CONCLUSIONS 
4—inch Column 


1. Over the ranges studied, all operat- 
ing variables except bed height had a 
measurable influence on the uniformity 
of density throughout the bed. 

2. Gas velocity through the powder 
bed had by far the greatest effect on 
uniformity, with uniformity generally de- 
creasing with an increase in gas velocity. 
This was interpreted to mean that most 
gas introduced in excess of the rate for 
incipient fluidization passes through the 
bed in the form of various-sized bubbles. 

3. Better uniformity at the lower bed 
level indicates that bubbles grow in size 
as they proceed up the column. 

4. Bubble growth is accelerated by a 
coarser powder. 

5. Fine powder promotes the formation 
of gas channels or bubble paths at low 
gas velocities in the lower section of the 
powder bed. 

# 6. Except in the vicinity immediately 
above it the type of distributor has 
relatively little effect on uniformity. 


Twenty-four-inch Column 


1. The more uniform density (in 
comparison with that of the 4-in.) found 
in the horizontal center of the 24-in. 
column is not believed to be representa- 
tive of the entire bed. 

2. Gas channels or distinct bubble 
paths are believed to be present in the 
column. 
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Viscous Flow Relative to Arrays of Cylinders 


The free-surface model, successfully employed to predict sedimentation, resistance 
to flow, and viscosity in assemblages of spherical particles, has been extended to the case 
of flow relative to cylinders. It is shown to be in good agreement with existing data on 
beds of fibers of various types and flow through bundles of heat-exchanger tubes for 
cases where it can reasonably be expected to apply. Close agreement in the dilute range 
with the only theoretical treatment for flow parallel to a square array of cylinders provides 


interesting validation of the model. 


The steady slow motion of fluids 
relative to assemblages of spherical 
particles has been previously treated 
mathematically by the use of modifica- 
tion of the unit-cell technique. Results 
have been reported for sedimentation and 
resistance to flow (11) as well as for 
viscosity of suspensions (10). The present 
development extends this theory to the 
case of flow relative to groups of cylin- 
drical objects. 
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The derivations are developed on the 
basis that two concentric cylinders can 
serve as the model for fluid moving 
through an assemblage of cylinders. The 
inner cylinder consists of one of the rods 
in the assemblage and the outer cylinder 
of a fluid envelope with a free surface. 
The relative volume of fluid to solid in 
the cell model is taken to be the same as 
the relative volume of fluid to solid in 
the assemblage of cylinders. In effect one 
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assumes that at a distance from the 
disturbance to fluid motion caused by a 
cylinder the velocity of flow will not be 
greatly affected by the exact shape of the 
outside boundary. The important con- 
sideration is that the appropriate bound- 
ary condition of no slippage along the 
walls of the fluid envelope be maintained. 
The situation is easily visualized in 
Figure 1, which shows the unit cell in a 
square array as compared with the model 
assumed for axial flow. The cross-hatched 
area occupied by fluid is the same for 
both the array and model. The dotted 
line indicates the outside boundary of 
the fluid envelope at which a condition 
of no friction is maintained. Employment 
of appropriate boundary conditions en- 
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ARRAY MODEL 


Fig. 1. Free-surface model for axial flow. 


ables closed solutions to be obtained for 
the Navier-Stokes equations by the use 
of this model. 

Two basic cases are considered; in the 
first case flow is assumed to be parallel 
to the axis of the cylinder, and in the 
second, flow is at right angles to the 
cylinder axis. These results are directly 
applicable to the cases where fluid is 
flowing parallel or perpendicular to a 
bank of cylinders. In the case of random 
assemblages, where the cylinders are not 
parallel to each other, it is necessary to 
employ a weighted average. In the case 
of flow perpendicular to cylinders the 
model does not distinguish between 
crossed or parallel arrangement of the 
cylinders, and in such random assem- 
blages it is necessary in averaging to 
give twice the weight to the correlation 
for flow perpendicular to cylinders as for 
flow parallel to cylinders. 


k = 


iG —r) +20? In 


The flow rate through the entire annulus 
of fluid between r = a and r = b will be 


dp 


b 
Q= 2n ur dr = Su 


(6) 
22.2 4 4, 4 b 

4a°b — a’ — 3b + 4b 

If ur. = Q/area and Darcy’s equation 

for flow through a porous medium is 


written = —(K/u) (dp)/(dz), 


K = —a 
) 


(2) 
— 3b‘ + 4b* In 2) 
a 
The well-known Carman-Kozeny (3) 


equation, derived on the basis of semi- 
empirical reasoning, also gives an expres- 
sion for the Darcy constant 


K = — (8) 
k 
In the present case m = (b? — a?)/2a, 


and thus the Kozeny constant becomes 


— al 2 In 


FLOW PARALLEL TO CYLINDERS 


The basic differential equation to be 
solved is 


du 


) 


The solution to this equation for constant 
dp/dz is 


4u dx 
In this case one assumes that fluid is 
moving through the annular’ space 


between the cylinder of radius a and the 
fluid envelope of radius 6. (The same 
result could be obtained if the over-all 
fluid motion were assumed to be zero 
and the inner cylinder to be in motion.) 
These boundary conditions give 


u=Q0 at r=a 


(3) 
du 
0 at r=b 
whence by substitution in (2), 
a _1 4p, 
Qu d. 
(4) 
B= —— (20° 
(2b° Ina — a) 
Vol. 5, No. 2 


(9) 


It should be noted that in this case the 
solution obtained applies to the complete 
Navier-Stokes equations.* The inertia 
terms vanish because there is no change 
in cross section along the direction of 
flow, hence no velocity change in the x 
direction. 


FLOW PERPENDICULAR TO CYLINDERS 


The inertia terms are omitted from the 
Navier-Stokes equations to obtain the 
creeping-motion equations. Expressed in 


cylindrical coordinates and for two 
dimensions these are 


It is convenient to employ the stream 
function defined by the relations 


and 


*Sparrow and Loeffler (12a) present an analytical 
solution for the longitudinal laminar-flow between 
cylinders arranged in triangular or square array. 
For large spacings the result is equivalent to Equa- 
tion (9) above. A similar result for square spacing 
was also obtained by L. 8. Leibenson (/1a). 
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Equations (10) then assume the form of 
the biharmonic equation 

Viy=0 (12) 
A suitable general solution of Equation 
(12) is 


y = sin ac 


(13) 
1 ] 


In this case a solid cylinder of radius a 
is assumed to be moving perpendicular 
to its axis in a fluid cell of radius b. (The 
same result would be obtained if one 
assumed that fluid is moving perpendic- 
ular to a stationary cylinder of radius a.) 
There is assumed to be no shearing stress 
on the outside cylindrical fluid surface. 

Under these assumptions the boundary 
conditions are 


v. = Ucos@ ¢ at r=a 
latr=b 
Ove _ _ 
or | r 06 r J 


These conditions provide four simul- 
taneous equations to establish the values 
of the four constants. The drag on the 
solid cylinder r = a requires the evalua- 
tion of only one constant, since (12) 


W = (15) 
The constant D is found to be 
D=— (16) 
a b* +} + 2 
and thus 
W = (17) 


If the cylinder remains stationary and 
fluid passes it, the force associated with a 
single cylindrical cell may be equated to 
the pressure gradient 


W dp 


(18) 
As previously stated, the Darcy equation 
may be written u,,, = U = —(K/p) 
(dp/dx), and the Darcy constant is then 
found to be 


-_ >. 
4 in ai (19) 


Similarly on the basis of the Carman- 
Kozeny theory K = (em?/k), and the 
Kozeny constant becomes 
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Thus 
1 dp 
Y Vip » ‘ u= dp dx 
WY (5) 
YG 
Hahn, 
Engi- 
Com- 
| 
(14) 
| 
| 
Ov v Ove ; 
— —-—=90 (10) 
= 


DIRECTION OF FLOW 


4 


Fig. 2. Tube-layout—definition sketch. 


2° 


1 


(20) 


ain 


RESULTS AND DISCUSSION 


Table 1 gives a comparison of values of 
the Kozeny constant computed from the 
above equations and the theoretical value 
for an assemblage of spherical particles 
(11) based on the free-surface model. 
Although the Kozeny constant for spheres 
lies between those for parallel and per- 
pendicular flow with cylinders for frac- 
tional void volumes between 0.4 and 0.8, 
at higher values of voidage the Kozeny 
constant for spheres is higher than for 
both types of cylindrical assemblage. 
The model does not appear to be appli- 
cable to fractional void volumes below 
about 0.4 to 0.5. 

Carman’s book (3) gives a comprehen- 
sive survey of the available data on 
fibers for testing the Carman-Kozeny 
equation. He points out that elongated 
shapes such as fibers can be readily 
packed in a uniform manner to give high 
porosities. Thus Davies (5) studied beds 
of fibers used for air filters over a range 
of « = 0.7 to 0.994 and obtained an 
empirical relationship from which the 


TaBLe 1. VALUES OF THE KOozENY 
ConstTANT 
Flow Flow Flow 
Fractional parallel* perpen- through 
void to dicular to assemblage 
volume cylinders cylinders of spheres 
0.99 31.10 53.83 71.63 
0.90 7.31 11.038 11.34 
0.80 5.23 7.46 7.22 
0.70 4.42 6.19 5.79 
0.60 3.96 >. 62 5.11 
0.50 3.67 5.38 4.74 
0.40 3.44 5.28 4.54 


*For the case of flow parallel to cylinders Sparrow 
and Loeffler’s treatment (12a) indicates that at high 
fractional void volumes arrangement does not affect 
permeability. At a fractional void volume of 0.5 
they find & ~ 3.5 for equilateral and & =~ 2.9 for 
square array. Numerical results at lower voidages 
given by these authors show even greater deviations 
between equilateral and square arrangement. 
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Kozeny constant can be computed. For 
e < 0.8 the equation is applicable with 
k = 6, but thereafter values of k rapidly 
increase; at e = 0.9, k = 9.7, and at 
e = 0.99, k = 388.8. This is in good 
agreement with values in Table 1, since 
the orientation is neither parallel nor 
perpendicular to flow. Other data do not 
show such good agreement, but it is 
difficult to judge the reliability of this 
type of information because no exact . 


3 
2e 


function (9), which, though it represents | 


them closely above « ~ 0.8, becomes a 
progressively poorer approximation at 
lower porosities. At « = 0.9, the Emersle- 
ben equation corresponds to k = 6.3 and 
compares with a value of k = 7.3 from 
Table 1; this indicates that in this range 
there is not much difference in the resist- 
ance between a square array and the array 
presumed by the free-surface model. At 
lower porosities agreement is poorer, 
but as porosity is increased, it becomes 
exceptionally good. 

Thus for small values of p Emersleben 
(8) has shown that the Epstein zeta 
function he uses can be represented as 


ZA(p) = —r ln p — 8.234 (21) 


For small values of p the Kozeny con- 
stant can also be simply represented (6) as 


er 1 
(1 — €) “* Zo(p) 


For example when p = 0.1, which corre- 
sponds to « = 0.97, Equation (22) gives 
results for k about 5% too high. 

Noting that p? = (1 — e)/r, one finds 
that Equation (22) reduces to 


k (22) 


3 
€ 


(23) 


Similarly for the free-surface model, as 
(1 — «)? < (1 — e), Equation (9) be- 
comes for dilute systems 


3 
€ 


[1 -3 +2In é 


data are reported on the fiber arrange- 
ment. 

Some data, which again show scatter, 
are available for flow along parallel- 
oriented fibers. Sullivan (/3) has shown 
that if textile fibers are oriented parallel 
to one another and normal to the direc- 
tion of flow, k = 6 when e < 0.85 and 
increases at higher porosities. This is in 
good agreement with Table 1. Sullivan 
(18) also found that with bundles of 
fibers combed parallel to the direction 
of flow, k ~ 2.4 in the range of e = 0.55 
to 0.8, somewhat lower than the values 
reported in Table 1. He found much 
lower values of & for a series of experi- 
ments with straight, smooth cylinders of 
various materials, though again in all 
these experiments there are questions of 
degree of randomness of arrangement, 
uniformity of diameter, and degree of 
straightness of the fibers. 

Of special interest is Emersleben’s (7) 
exact theoretical solution of the Navier- 
Stokes equations for flow parallel to 
uniform circular cylinders in a square 
array. Emersleben represented the square 
array of circular sections by contours of a 
constant value of a special Epstein zeta 
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This excellent agreement provides valida 
tion for the free-surface model for dilute 
systems. 

At extremely high dilutions the loga- 
rithmic term in Equation (23) will be 
large compared with 1.476, and as 
e— 1, k = —1/[((1 — In (1 — 
Similarly for flow perpendicular to 
cylinders, Equation (20) reduces to 
k = —2/[(1 — © In (1 — 6)]. Thus in 
the extreme the resistance in the case of 
flow perpendicular to cylinders is just 
double that for axial flow. The analogous 
expression for flow through assemblages 
of spheres is k = 1/[2(1 — 6)]. 

As assemblages of uniform-sized cylin- 
ders become less porous with e < 0.3-0.5, 
agreement with the values shown in 
Table 1 becomes poorer. With systematic 
rather than random arrangement agree- 
ment is also poorer. Thus for a square 
array of cylinders touching each other 
Sullivan gives an experimental value of 
k = 0.83 for axial flow. Flow perpendic- 
ular to such an array would not be 
possible; that is k — ©. It is possible to 
obtain less porous systems without having 
cylinders touch each other by the use of 
different arrangements and the employ- 
ment of a range of cylinder sizes, but no 
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data are available for flow resistance for 
such systems. 

Another field of practical interest is 
the pressure drop through tube banks, 
such as are employed in heat exchangers. 
Here again it would be anticipated that 
the theoretical relationship developed 
would apply best to a nonsystematic 
arrangement or to one in which symmetry 
is maintained around each cylinder, that 
is the equilateral triangular spacing. One 
correlation quite generally used is that 
of Chilton and Genereaux (4) based on 
viscous flow across banks of tubes in an 
equilateral arrangement. Mathematically 
this correlation is similar to the empirical 
equation of Darcy and the Carman- 
Kozeny relationship. Thus the Darcy 
constant as defined above becomes 


— D,)/a] 


K= 3.30 (25) 


The present theoretical treatment gives 
K = em?/k, where the value of the 
Kozeny constant is established from 
Equation (20) or the values in Table 1 
for flow perpendicular to cylinders. If 
b is taken as the longitudinal pitch 
(Figure 2), the fractional void volume 
for a staggered arrangement will be 


ab 


Since (a — D,)/a = (ab — D,b)/ab, it is 
clear that the Chilton and Genereaux 
method involves the employment of b 
instead of wD,/4. Since 6b is always 
bigger than 7D,/4, this method must 
result in a smaller constant in the 
denominator of the expression on the right 
side of Equation (25) than the Kozeny 
constant. 

Two sets of data with transverse 
pitches (that is, ratio of a/D,) of 1.25 
and 1.59 were employed in the establish- 
ment of Equation (25), and thus K = 
0.061m? and 0.109m? respectively. For 
these pitches « = 0.42 and 0.64, corre- 
sponding to values of k from Table 1 of 
5.30 and 5.85, and accordingly values of 
K = 0.079m? and 0.110m? respectively. 
Thus the pressure drop predicted by the 
theoretical relationship is 23% lower 
than the correlation for 1.25 pitch but is 
in close agreement at 1.59 pitch. 

More recent data by Bergelin e¢ al. (1) 
indicate agreement with the theory in 
the low Reynolds-number range (below 
Nr. & 5, in this case defined as D,G,,/u) 
for equilateral arrangements. At higher 
Reynolds numbers the pressure drop is 
greater than predicted, but substantial 
deviations do not occur until Reynolds 
numbers over 100 are reached. Data 
obtained by Bergelin et al. with other 
types of tube arrangement show greater 
disagreement, especially with the stag- 
gered square-tube distribution. In this 
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latter case the clearance between tubes 
in the direction of flow varies substan- 
tially, and so the flow pattern is not 
uniform around the tubes. The present 
theoretical method does not allow for 
variations in tube arrangement. Bergelin 
found that it was possible to bring data 
for each distributions into line by assum- 
ing that the pressure gradient would vary 
directly with the number of rows. A 
theoretical analysis on this basis would 
involve in its simplest form the treatment 
of resistance to flow through a single 
row of parallel cylinders, such as has been 
presented by Tamada and Fujikawa (14). 

It may be concluded that the free- 
surface model presents a simple and 
uniform method for handling problems 
in viscous flow through assemblages of 
cylinders. It is in reasonable agreement 
with available data for systems involving 
random or uniform flow of fluids through 
various fibrous materials and through 
banks of tubes in equilateral arrange- 
ment. This technique should have further 
application in developing more compli- 
cated cases such as those involving 
simultaneous heat transfer. It should also 
be useful in providing suitable parameters 
for the correlation of experimental data. 
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NOTATION 


(consistent absolute units) 

a = radius of cylindrical rod, trans- 
verse, pitch (Figure 1) 

A, B, C, D, E, F = constants 

b = radius of cylindrical rod, longi- 
tudinal pitch 

dp/dx = pressure gradient 


D, = outside tube diameter 

D, = volumetric hydraulic diameter 
= 42m 

G, = mass velocity through mini- 
mum cross section 

k = Kozeny constant 

K = Darcy constant 

m = hydraulic radius, (free volume) / 
(exposed area) 

p = pressure at any location 

Q = flow rate 

r = distance from axis of cylinder 


u = fluid velocity in x direction, 
axial in case of flow parallel to 
cylinders, perpendicular to cyl- 
inders in case of cross flow 
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v, = fluid velocity in radial direction 

Ve = fluid angular velocity 

Uaeg = average value of u 

U = cylinder velocity in x direction 

W = force on cylinder in z direction 

e = direction of average fluid flow 
relative to solid cylinder 

Zp) = value of the second-order Ep- 
stein zeta function with non- 
vanishing lower parameters 


along the constant-value con- 
tour which most nearly approxi- 
mates the circle p? = z?-++ 7? 


Greek Letters 


V+ = biharmonic operator = (V2)? 
where V’? is the Laplace opera- 
tor 


= fractional void volume 

angular distance 

viscosity 

= ratio of cylinder radius to dis- 
tance between cylinder centers 
in a square lattice 


y = stream function 


ll 
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Mass ‘Transfer from a Solid Sphere to Water 
in Highly Turbulent Flow 


Mass transfer coefficients from 3-in. spheres of benzoic and cinnamic acids and 2- 
napthol to water were measured in the high Reynolds number region of 600 to 140,000. 
Previous data for liquids extended only to a Reynolds number of 11,000. Three separate 
and approximately parallel lines of Jp vs. Reynolds number were found for the different 
solutes, and the shape of the curves was found to be similar to the total-drag-coefficient 


correlation for spheres. 


Experiments with benzoic acid and 2-napthol showed an effect of driving force and hence 
flux on the Jp values. Mass transfer did occur in saturated solutions having zero driving 
force. When one subtracted the amount of mass transfer at zero driving force from the 
values at other driving forces, the corrected Jp values at different driving forces were the 
same for a given solute. Possible explanations may be the effect of extreme turbulence 


on crystallization or physical attrition. 


The transfer of mass from single spheres 
to a flowing liquid at low velocity or low 
Reynolds number has been extensively 
studied by a number of investigators 
(4, 5, 7, 8), and a correlation was pre- 
sented by Garner and Suckling (6). 
However few data are available above a 
Reynolds number of 1,000 and none 
above 11,000. The effect of varying the 
Schmidt number for a given solute and 
for different solutes and the effect of 
mass flux on the mass transfer coefficients 
have not been studied in the very turbu- 
lent region and only sparingly in the low 
Reynolds number region. 

In the present experimental work, 
1-in. spheres of benzoic and cinnamic 
acids and 2-naphthol were used, and mass 
transfer coefficients were measured at a 
Reynolds number between 600 and 
140,000. The effects of mass flux and 
Schmidt number were also investigated. 


LITERATURE REVIEW AND THEORY 


In mass transfer from dissolving solids 
to flowing liquids the driving force is 
assumed to be the saturation solubility 
adjacent to the solid minus the bulk- 
stream concentration. In most previous 
investigations (4, 5, 7, 8) the bulk-stream 
concentration was kept constant at ap- 
proximately zero. The mass transfer flux 
and mass transfer coefficient are related 
by 


Na = KC, Cz) (1) 


To reduce the mass flux at a given tem- 
perature and Reynolds number Cz, can 
be increased from the normal zero value. 

The dimensionless number of Chilton 
and Colburn (2) is defined as 


L. R. Steele is with Argonne National Labora- 
tories, Lemont, Illinois. 
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The Jp factor has been correlated against 
the Reynolds number D,V p/u for spheres. 


Linton and Sherwood (7) determined Jp 
values for individual benzoic acid spheres 
for a Reynolds number range of 1,500 to 
11,000. The spheres were mounted in the 
center of the pipe and supported by a metal 
wire normal to the flow. Data were also 
obtained for transverse cylinders with 
cinnamic and benzoic acids, with the Jp 
for benzoic acid being approximately 20% 
higher than for cinnamic acid. 

McCune and Wilhelm (8) used a 2-naph- 
thol pellet which was resting on a wire 
screen, up through which the liquid flowed. 
Data were obtained for a Reynolds number 
range of 30 to 500, in which the pellet was 
essentially immobile on the screen. 

Garner and Suckling (5) determined Jp 
values for single spheres of adipic and 
benzoic acids for a Reynolds number range 
of 30 to 700. The spheres were supported 
by an axial rod on the downstream side. 
They correlated their data and those of 
Garner and Grafton (4) and found that for 
Reynolds numbers greater than 100 above 
the natural-convection region 


Jp = (constant) * (8) 


Dryden, Strang, and Withrow (3) found 
that at Reynolds numbers below 10 in 
packed beds values of Jp for benzoic acid 
were greater than for 2-naphthol. 

Goldstein (6) discussed the drag on a 
sphere and stated that spheres supported 


Fig.{1. Cinnamic acid sphere after™a run. 
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L. R. STEELE and C. J. GEANKOPLIS 
The Ohio State University, Columbus, Ohio 


by a cross wire will disturb the flow con- 
tinuity over the sphere surface and give a 
total drag up to double that when the 
sphere is held at the back by an axial 
spindle. He gives a plot of total drag vs. 
Reynolds number values up to 4,000,000. 
At low Reynolds numbers the drag coeffi- 
cient decreases with increasing Reynolds 
numbers and levels off in the Reynolds 
number region of 5,000 to 250,000. Then the 
drag coefficient suddenly drops over 50% 
and then increases. Binder (1) discusses 
the changes in the flow patterns and wakes 
which cause these unusual changes in the 
drag coefficient. It would be expected that 
these phenomena should cause somewhat 
similar changes in the Jp vs. Reynolds 
number plot. 


EXPERIMENTAL METHODS AND RESULTS 
Materials and Spheres 


The three different types of solute 
crystals used were benzoic acid, trans- 
cinnamic acid, and 2-naphthol. Distilled 
water was used for all runs. The -in. 
spheres were made by casting in plaster-of- 
Paris molds. An 0.064-in. brass wire 114-in. 
long was cast into the sphere. This wire 
was the spindle mount holding the sphere 
axially from the rear. The wire was inserted 
for 34 in. into a larger supporting rod. 

The molded sphere was easily removed 
from the casting and was washed with 
water and dried in a desiccator before being 
weighed. After mass transfer the sphere 
was again dried and weighed. The diameter 
was measured in four directions before and 
after a run, and the average was used. The 
maximum change. in diameter during a 
run was less than 0.8%. Figure 1 shows a 
typical cinnamic acid sphere after a mass 
transfer run. 


Apparatus 


In the process flow (Figure 2) the distilled 
water was drawn from storage and pumped 


TaBLeE 1. EXPERIMENTAL SOLUBILITY 
DATA IN WATER 


Temper- 
Solute ture, g./liter 
Cinnamic acid 25.0 0.491 
Cinnamic acid 34.3 0.700 
Cinnamic acid 21.5 0.460 
Cinnamic-acid spheres 25.0 0.495 
Benzoic acid 25.0 3.38 
Benzoic acid 34.3 4.85 
Benzoic acid 21.5 3.06 
Benzoic-acid spheres > 25.0 3.40 
2-Naphthol 25.0 0.725 
2-Naphthol spheres 25.0 0.740 
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Fig. 2. Process-flow diagram: A 
line, C = ice bath, D = return line, E = stainless steel drum, 
F = small pump, G = large pump, H = globe valve, J = globe valve, 
K = orifice, Z = manometer, M = recycle valve, N = thermometer. 


through an orifice to the 1%-in. I.D 
Pyrex test section. The test sphere was 
mounted 15 in. from the downstream end 
of the pipe, which was 10 ft. long. The 
water was recirculated and the temperature 
controlled. Depending on the type of solute 
used, runs lasted for as long as 4 to 60 min. 


Solubility Determinations 

The solubilities of the three solutes were 
experimentally determined (Table 1). An 
excess of crystals was placed in a glass- 
stoppered Erlenmeyer flask and covered 
with a rubber stall. The flask was totally 
immersed in a constant-temperature bath 
and agitated for one day by a magnetic 
stirrer. The clear solution was pipetted and 
analyzed with a Beckman DK-2 spectro- 
photometer. The absorption peak was 
270 mu for cinnamic acid, 226 for benzoic, 
and 225 for 2-naphthol. Knowns were run 
and results interpolated. Identical results 
were also obtained with cast spheres instead 
of crystals. 


Data from Table 1 are plotted (Figure 
3) and show that the value for 2-naphthol 
checks those of McCune and Wilhelm (8). 
The data for benzoic acid check those 
from Seidell (9, 10). The data for cin- 
namic acid from Seidell scatter widely. 
The values used in calculations of Jp are 
those taken from the solid lines in the 
plot. 
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Fig. 3. Solubilities. 
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cast sphere, B = cooling-water 


Diffusivities Used 

The available diffusivity data are 
plotted as Schmidt numbers in Figure 
4. Linton and Sherwood (7) give experi- 
mental data for benzoic and cinnamic 
acids from 10° to 25°C. For the range of 
25° to 35°C. the Wilke equation (17) was 
used for extrapolation of the temperature 
effect. For 2-naphthol the experimental 
data (8) for 15° to 21°C. were plotted, 
and a line was drawn through the middle 
of these three points parallel to the other 
two lines. In developing his equation 
Wiike (/1) shows a maximum deviation 
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Fig. 4. Schmidt number vs. temperature. 


of about 25% and an average of 6%. 
Values of the three solutes predicted 
with the Wilke equation had a maximum 
deviation of less than 25%. The values 
used to calculate Jp are those taken from 
the lines in Figure 4. 


TaB_e 2. Mass TRANSFER Data (AxtAL MOUNTING OF SPHERE)** 


V’, Tempera-_ (,'’, 
Solute cm. cem./sec. ture, °C. g./liter 
Cinn. 1.270 640 25.3 0.495 
Cinn. 1.275 106 24.5 0.490 
Benz. 1.267 103 25.0 3.40 
2-Naph. 1.265 141 25.0 0.725 
Cinn. 1.275 308 34.9 0.713 
2-Naph. . 1.277 527 25.3 0.725 
2-Naph 1.270 218 21.1 0.630 
Benz.t 1.270 249 25.7 3.45 
Benz.t 1.260 * 128 25.0 3.40 
Benz.f 1.250 124 25.0 3.40 
2-Naph.t 1.274 133 25.0 0.725 
2-Naph.t 1.257 150 25.3 0.725 
Cinn.* 1.277 58.6 24.8 0.495 
2-Naph.* 1.273 58.6 24.9 0.725 
Benz.* 1.273 58.6 25.0 3.40 


*Cross wire instead of axial spindle. 


Cr, 
g./liter Ns. Jp X 10% Noe, 

0 5.76 885 5.37 102,000 
0 7.21 925 6.85 16,900 
0 8.53 970 8.37 16 ,350 
0 4.55 785 =3.87 22 , 400 
0 9.29 573 6.42 60 ,400 
0 3.94 86 ,000 
0 3.25 1003 3.27 31,800 
3.01 15.60 940 14.92 40 ,200 
3.40 1.060t 970 1.038t 20,200 
1.70 9.13 970 19 ,400 
0.725 0.213 785 0.184f 21,200 
0.3380 4.93 744 «4.15 23 ,700 
0 10.27 906 9.45 9 ,490 
0 7.50 790 866.32 9 ,410 
0 10.84 970 10.45 9 320 


**Tabular material has been deposited as document 5877 with the American Documentation Institute, 
Photoduplication Service, Library of Congress, Washington 25, D. C., and may be obtained for $1.25 for 


photoprints or $1.25 for 35-mm. microfilm. 
tReduced flux. 


tSaturated solution; calculated as if C, = 0. 
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Fig. 6. Effect of flux and type of sphere 
mounting on Jp. 


Calculation of Jp 


The experimental data were used to 
calculate Jp as follows. From weight loss, 
duration of run, and average diameter, 
N, was calculated. With the solubility 
data in Figure 3, Figure 4, velocity data, 
and Equations (1) and (2), Jp was then 
calculated. The average velocity in the 
annular free space between the sphere 
and the pipe wall was used. The data are 
given in Table 2. 


DISCUSSION 
Correlation of J, vs. Reynolds Number 


The mass transfer data are plotted in 
Figure 5. There are three distinct lines 
with the benzoic-acid line being about 
25% above the cinnamic and the cin- 
namic being about 55% above the 2- 
naphthol line. Linton and Sherwood (7) 
at Reynolds numbers below 11,000 found 
the Jp for benzoic acid to be about 20% 
above the values for cinnamic acid for 
cross cylinders. Dryden and coworkers 
(3) also found Jp values for benzoic acid 
to be greater than those for 2-naphthol. 

Data of other investigators plotted in 
Figure 5 were corrected by the use of 
the average velocity in the annular-free 
space. The Garner and Suckling line (6) 
for benzoic acid when extended past a 
Reynolds number of 700 checks the 
present benzoic acid correlation. The data 
of Linton and Sherwood (7) for benzoic 
acid also check the present work. The 
2-naphthol data of McCune and Wilhelm 
(8) at low Reynolds numbers appear to 
be somewhat higher than the extrapola- 
tion of the 2-naphthol line through the 
present work; this may be dune to their 
use of a screen before the pellet. The 
leveling off of the Jp values at high 
Reynolds numbers and then the drop are 
similar to the total drag correlations of 
Goldstein (6). 
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At all Reynolds numbers the benzoic 
acid line is about 80% above the 2- 
naphthol line. Hence this spread cannot 
be due to errors in the diffusivity but 
must be due to other causes. Visual in- 
spection of the spheres showed them to 
be quite smooth before mass transfer and 
to have only a slight roughness on the 
surface after the runs. Several experi- 
ments were performed with the same 
sphere used for several different runs, 
and no trends were noticed. Also in one 
case the sphere was artificially roughened 
before the run, and no effect was ap- 
parent. 

A detailed analysis of the errors in 
the determination of Jp was made for 
such errors as those which occurred in 
weighing, orifice calibration, temperature 
and diameter measurement, etc. The 
maximum known error was calculated to 
be +10%. In Figure 5 the maximum 
deviation of the data from each average 
line is 15% for the cinnamic acid line, 
and the average deviation is +5%. These 
small errors cannot account for the three 
different lines found. In the runs for a 
given solute the temperature was varied 
from 21° to 35°C., which changed the 
Schmidt number twofold. All these data 
fall near the proper line, which confirms 
the two-thirds exponent for a given solute. 


Effect of Type of Sphere Mounting 


In Figure 6 several runs are plotted in 
which the sphere was mounted by a 
cross wire instead of an axial spindle at 
the rear. These data give Jp values about 
10 to 30% higher. The data of Linton and 
Sherwood (7) in Figure 5 were also ob- 
tained with a cross-wire mount and those 
of McCune and Wilhelm (8) with a screen 
which might be termed a multiple cross- 
wire mount. 


Flux Effects 


It was speculated that the mass flow 
or flux might interact, or have a coupling 
effect on the boundary layer, or change 
the bulk properties which would change 
Jp. Benzoie acid, which has the largest 
solubility, would have the greatest flux, 
since the driving force is (C, — C,z), 
where C, is zero. To check this the C, 
was made greater than zero in several 
runs, so that the driving force was re- 
duced to about 10% of the original maxi- 
mum for benzoic acid. This should have 
reduced the flux to a value close to that 
of 2-naphthol. The data in Figure 6 show 
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Fig. 7. Effect of driving force on flux, 


that the Jp values are much greater at 
low flux values then at maximum flux 
and that the low flux benzoic acid and 
high flux 2-naphthol lines are not the 
same. Also at low Reynolds numbers 
the effect of flux decreases markedly. 

Several runs were also made in a 
saturated solution with the sphere which 
should give a zero driving force. Some 
mass transfer did occur in these runs, 
and the flux data are shown in Figure 7. 
Subtracting this zero driving-force flux 
value from the others in Figure 7 one 
can calculate a corrected N4 and Jp for 
each driving force (Table 3). These cor- 
rected values of Jp are approximately 
constant and independent of driving force 
for benzoic acid and 2-naphthol. The 
corrected values for benzoic acid are not 
equal to those for 2-naphthol; hence 
other reasons must be sought for the 
differences in the Jp values of the three 
solutes. 

Another way used to attempt to cor- 
rect the Jp for driving-force effects for 
benzoic acid was to assume a pseudo 
solubility at other temperatures. By trial 
and error it was found that at an assumed 
temperature of 29°C. the Jp values for 
benzoic acid check for different driving 
forces. An estimate of the temperature 
rise at the sphere surface due to friction 
drag showed an insignificant temperature 
rise. Hence the significance of this 29°C. 
temperature is not apparent. For 2- 
naphthol this pseudotemperature was 
found to be about 26°C. 

An explanation of this mass transfer 
at saturation or zero driving force could 
be derived from the concept of equi- 
librium at saturation and attrition. At 


TasLe 3. Errect or Zero Drivinc-Force Fiux ar Vp, = 20,000 


Percentage of maximum 


Solute driving force 
Benzoic 100 
Benzoic 50 
Benzoic 11.5 
Benzoic 0 
2-Naphthol 100 
2-Naphthol 54 
2-Naphthol 0 
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Jp corrected 


Jp X 10? Ng X 108 x 103 
7.06 37.2 6.08 
8.93 21.5 6.80 
16.05 9.02 6.84 
— 5.16 
3.77 4.54 3.58 
4.15 3.27 3.85 
0.23 


June, 1959 


TDL) 


= | hig 
equ 
sol 
(di 
to 
ter 
on 
J cry 
0 B | of 
lar 
= | 
| \ str 
cry 
be 
még 
co 
wl 
mi 
th: 
thi 
be 
dis 
dis 
col 
Cr 
va 
alc 
di 
mé 
| 

| 
tu 
so 
me 
an 
pr 
sh 
co 
th 

) 

fi 
de 
| ra 
u 
co 
dr 
fl 
Ch 
V 


.0 


flux, 


er at 
flux 
| and 
t the 
nbers 
y. 
in a 
vhich 
Some 
runs, 
ire 7. 
flux 
one 
p for 
COr= 
ately 
force 
The 
2 not 
rence 
the 
three 


cor- 
s for 
eudo 
trial 
imed 
s for 
iving 
etion 
iture 
19°C. 
r 2- 
was 
nsfer 
ould 


»qui- 
. At 


959 


high turbulence a steady state dynamic 
equilibrium is present in the saturated 
solution. The mass flux from the sphere 
(dissolution) is equal to the mass flux 
to the sphere (crystallization). The ma- 
terial going to the sphere must crystallize 
on the surface by the growth of existing 
crystals and possibly by the formation 
of new crystals. Some crystals may grow 
larger than others; this makes the sur- 
face more irregular and less densely 
packed than before. These new, fine 
crystals could have difficulty in adhering 
to the surface in the highly turbulent 
stream. Hence these enlarged, existing 
crystals or the new crystals could easily 
be broken off and carried away in the 
main stream. 

This mass transfer at zero driving force 
could also be due to physical attrition, 
where eddies tear off or wear away 
minute particles of the cast solid other 
than those actually dissolved by true 
mass transfer. If mass transfer due to 
this type of attrition is present, it should 
be an additive effect along with the true 
dissolution mass transfer. However, as 
discussed previously, this correction gives 
constant Jp values for a given solute 
(Table 3) but does not give the same 
values for all solutes. Hence attrition 
alone is probably not causing these 
differences. It should be noted that the 
mass transfer at zero driving force for 
benzoic acid increases with increasing 


Reynolds numbers (Figure 7). Prelimi- 
nary hardness tests made on the cast 
spheres indicated that 2-naphthol was 
the hardest material and benzoie acid 
the softest. 

Further studies should be made in 
mass transfer from dissolving solids in 
turbulent fluids on the role of physical 
properties of the solute such as hardness, 
crystalline structure, and ability to 


crystallize. 

NOTATION 

Cp = total drag coefficient for spheres. 

C, = concentration of solute in satu- 
rated solution, g./ce. 

C,’ = concentration of solute in satu- 


rated solution, g./liter. 

C,’ = concentration of solute in 
solution, g./liter. 

C, = concentration of solute in solu- 
tion, g./ce. 

D, = molecular diffusivity, sq. em./sec. 


D, = diameter of sphere, cm. 
Jp = dimensionless number for mass 
transfer. 


K, = mass transfer coefficient, g./(sq. 
em.) (sec.), g./cc. 

= flux, g./(sq. cm.) (sec.) 

Nr. = Reynolds number = D,Vp/u 

Ns. = Schmidt number = p/pD, 

V’ = average velocity in pipe, cm./sec. 

V = average velocity in annular area 
between pipe and sphere, em./sec. 


viscosity, g./(sec.)(em.) 
density, g./ce. 
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Turbulent Flow of Pseudoplastic Polymer 
Solutions in Straight Cylindrical Tubes 


ROBERT G. SHAVER and EDWARD W. MERRILL 


Massachusetts Institute of Technology, Cambridge, Massachusetts 


Experimental studies are described concerning the fluid dynamics, particularly in the 
turbulent region, of dilute solutions of free-draining, nonassociating, linear polymers; 
sodium carboxymethylcellulose, ammonium alginate, polyisobutylene, and carboxypoly- 
methylene, all of which are pseudoplastic. These solutions were run in laminar, transition, 
and turbulent flow in a pipeline flow apparatus designed to permit measurement of dynamic 
pressure drop and impact pressure by radial traverse. 

Photographic studies with dye injection used at the tube wall and at the tube center 
showed that turbulent flow of these pseudoplastic fluids has the following characteristics 
compared to Newtonian fluids: poor over-all radial mixing, thicker nonturbulent layer at 
the wall, and decreased rate of formation of horseshoe vortices at the wall. 


A pseudoplastic fluid generally is de- 
fined as one which has a viscosity that 
decreases reversibly with increasing shear 
rate, which has no yield value, and which 
undergoes no time-dependent change in 
consistency. Dilute solutions of free- 
draining, essentially nonassociating poly- 
mers represent one class of pseudoplastic 
fluid, perhaps the most common. With 


Robert G. Shaver is with the Dewey and Almy 
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one exception* the experimental studies 
described herein were concerned exclu- 
sively with this class of pseudoplastic 
fluid. 

The shear-rate-shear-stress relation- 
ships of these polymer solutions can be 


*The exception is polyvinyl alcohol (Elvanol), 
which shows a strong tendency to associate by 
hydrogen bonding in dilute solution. The associating 
tendency in the Elvanol solution studies was so 
great that opalescence was noted, suggesting micelle 
formation. The results are irrelevant, since the solu- 
tion behaved as a Newtonian fluid. 
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correlated in general over a rather broad 
range of shear rates by the power-law 
model r = b(du/dy)* (4, 8, 9, 10). 
Since the shear stress in a fluid flowing 
steadily in a straight cylindrical tube 
varies linearly from zero at the axis to a 
maximum 7, = (AP/L)-(R/2) at the 
wall, the flow equations for pseudoplastics 
in laminar flow can be derived by assum- 
ing the power-law rheology (3, 8). The 
resultant expressions are friction factor: 


f = [16b/(D°V**p)] 
-(2(8 + 1/s)]'/8 (1) 
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Poiseuille’s law: Tasre Constants oF FLurps 
Note A Note B 
Q = 1(Ap/2Lb) Temperature, 200 to 20,000 sec.-! 0.1 to 42 
+ 1/0) (2) Run Fluid °F. b s b 8 
1C-F, Al-7 Water 72to73 0.0095 1.00 Same x 
Velocity distribution: Bl 1.5% Flvanol 71 0.0254 1.00 Same 2 
0.18%, CMC-70 72 2.09 0.60 0.38 0.86 
U/Umoz. = 1 — (1 — y/R) (3) 3A-B,D1 0.30% CMC-70 71 4.80 0.54 a 
3C, D2-4 0.30% CMC-70, degraded* 71 1.27 0.66 e 
Equation (1) is consequently analogous 3D 0.30% CMC-70, degraded* 71 1.05 0.68 Q 
to the relation for a Newtonian fluid: 3E-F, D5-7 0.30% CMC-70, degraded* 71 0.505 0.75 = 
3H, D8 0.30% CMC-70, degraded* 71 0.120 0.85 % 
f = 16/Ne. (4) 4A-C, E1-3 0.41% CMC-70 71 9.20 0.53 1.18 0.83 
4D-K, E4-6 0.41% CMC-70, degraded* 4.01 0.59 
when the pseudoplastic Reynolds number 4F-G, E7 0.41% CMC-70, degraded* 92 3.03 0.62 Ss 
that these expressions for the Fanning ,, , 088% alginate 0.73 1.20 0.78 
6B-D, 11-4 0.62% alginate 72 1.38 0.74 
friction factor and Poiseuille’s law agree 1.9 0.46% alginate 72 0.422 0.82 0.39 0.86 
with experimental data if the fluid can be 1-3 0.10% alginate 71 0.0302 0.95 
characterized by a single value of s over LI 0.20% alginate 71 0.119 0.84 
most of the range of shear stress encoun- M1 0.30% alginate 71 0.189 0.83 
tered in flow (say, from 0.257, to 7,,). 8A-B, N1-4 0.50% CMC-70S 74 7.05 0.54 
However data for well-defined turbulent 94-B,O1 0.25% CMC-70S 74 2.22 0.61 0.25 1.00 
flow of pseudoplastic fluids have hereto- a 0.12% Carbopol 934 70 0.710 0.78 4.9 0.85 
fore been lacking. Therefore it was the Q2-3 0.52% Vistanex 77 0.644 0.71 0.095 0.98 
Q4 0.52% Vistanex, shear 
objective of this study to examine the deaesnted vat 0.133 0.82 
nature of turbulent flow for one class of py Impure cyclohexane 77 0.0108 1.00 Same 
pseudoplastic fluids. For this purpose 
dilute solutions of sodium carboxymethyl- ' 
cellulose, ammonium alginate, carboxy- Mine i the storage veel. presumably by enzymatic attack. Viscometrie tests just before and jus 
polymethylene, and polyisobutylene were Note A: Data from Merrill-Brookfield viscometer. These values of s used in transition and turbulent 
prepared, the rheology of which is flow correlations. 
unequivocally pseudoplastic according to Note B: See eee viscometer. These values of s not applicable to 
L the foregoing definition. The solutions from 
were made highly dilute for two reasons, solu 
(1) to achieve a sufficiently high level of rece 
fluidity, so that turbulent flow might be the 
achieved without inordinately large wer 
= pumping requirements and (2) to avoid , A 
the complications of gel structure, 
2 concomitant false yield value, and gross 
5 elasticity that all these polymers exhibit 
RS in solutions of higher concentration. That Fig. 
gross elasticity in the solutions studied 
was totaliy absent cannot be proved 
: rigorously, but qualitative observations 
a that these solutions without exception 
2 poured like water without any trace of iad 
@ ae stringiness strongly suggest that gross 
elasticity was absent. That gel structure 
é 2 and yield value were absent is quantita- F 
tively substantiated by the viscometric 
ro Sa . data which show curves going to the ori- 
u gin (0, 0) at low shear rates and the 
total absence of time dependence in the 
TRAVERSING >} t curves over the entire range of shear rates. 
iMPACT 
| lee 1 EXPERIMENTAL APPARATUS AND PROCEDURE 
} | The polymers used in this study were 
« sodium carboxymethyleellulose, CMC-70 
5 and CMC-70S of the Hercules Powder 
w Co.; ammonium alginate, Keleco Co. Super- 
EXCHANGER loid; carboxypolymethylene, Goodrich Not 
Chemical Co. Carbopol 934; and _polviso- 
butylene, Enjay Co. Vistanex B-100. These 
Fig. 1. Schematic diagram"of%the¥pipe-line?flow apparatus. commercial polymers were used as received 
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from the manufacturers and dispersed into 
solution according to the manufacturers’ 
recommendations. With the exception of 
the cyclohexane solutions of the Vistanex all 
were aqueous solutions. 

All these polymers in dilute solution are 


Fig. 3. Friction factor f vs. Reynolds 
number. — 


1 “ls 
b 2(3 + 1/s) 


For various values of s, in laminar, 
transition, and turbulent flow 


Run, Run, 

Fluid Table 1 Fluid Table 1 
1 A 1-7 13 GS). 1 
3 L 1 15 E £6 
4 16 
5 Q 2-3 17 D 8 
6 F 1-5 18 J 1-2 
7 19 Q 4 
8 N 1-4 29 
9 K 1-3 21 D 2-4 
10 Mi 1 22 
11 D 5-7 23 E 4 
12 I 1-4 24 E23 


Note: The curves f vs. Nr, at constant s 
are identical in the three sections of 
this figure and are thus drawn to 
accommodate the data. 
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believed to be essentially nonassociating. 
free-draining, and random coiling. Sodium 


carboxymethyleellulose*, though having 
some degree of stiffness compared with the 
others, is nonetheless quite flexible by 
comparison with a truly rigid polysaccharide 
such as amylose in aqueous solution. 

The rheological (shear-stress-shear-rate) 
curves were determined over a wide range 
that exceeded in all] but one or two cases the 
maximum (wall) values achieved in the sub- 
sequent pipeline flow experiments, with the 
Merrill-Brookfield coaxial-cylinder viscom- 
eter (5, 7) in the range of 200 to 20,000 
(sec.—!) (sec.) of shear rate and a Brookfield 
Synchrolectric viscometer modified with a 
coaxial-cylinder rotor and stator (2) in the 
range of 0.1 to 42 sec.—!. The salient feature 
of these two viscometers with respect to the 
fluids studied is the very small gap between 
rotor and stator relative to the diameter of 
the rotors. This permits one to achieve direct 
measurement of substantially point values of 
shear stress and corresponding shear rate. 

The pipeline flow experimentation in this 
work was carried out in a recirculating 
system that could be fitted with smooth- 
bore test sections varying in diameter from 
34 in. I.D. to 34 in. I1.D. These test sections 
were fitted so that frictional pressure drop 
might be measured at various locations along 
the tubes and so that impact pressure might 
be measured as a function of radial position. 
This system was pumped by either of two 
Moyno pumps in parallel which provided 
essentially pulse-free, positive-displacement 
pumping up to 40 gal./min. Figure 1 is a 
schematic diagram of this apparatus. 

The impact-pressure traversing mecha- 
nism was designed and built to include 
positive, continuous location of the probe 
in the tube by means of a micrometer 
mechanism; detection of wall position by 
means of an electrical circuit and an insu- 


*As explained in connection with Table 1, the 
rheology of sodium carboxymethyleellulose under low 
rates of shear, irrelevant to this study, is unusual. 


PTT = 
+ 
| | x 6 0.64 
v | 7 1060 
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= H s 
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lated probe; great structural rigidity in the 
probe, together with small diameter of the 
probe tip, accomplished by the nesting of 
sections of successively smaller-diameter 
hypodermic tubing, the tip being 0.025 in. 
O.D. and 0.013 in. I.D.; and minimum 
disturbance of flow by use of a simple 
impact tube and a wall tap. 

Dye-injection experiments (to be de- 
scribed) consisted of injecting a thin stream 
of pigmented test fluid at one of several 
radial positions in a 34 in. I.D. Lucite tube, 
the dye stream being observed visually and 
photographically by means of a short-dura- 
tion flash. The two main points of injection 
used were at the axis of, and at the entrance 
of, the Lucite test section, where an 0.025 
in. O.D. hypodermic needle was aligned with 
the tube axis 185 diam. upstream of the 
point of observation, and through a wall 
tap located at, or slightly above, the point 
of observation. The injection was controlled 
by a hypodermic syringe compressed by a 
crank and screw-thread mechanism. 

The purposes of these two injection 
positions were to observe the effect of 
turbulence on the fluid in the core of the 
tube and at the boundary of the tube. 


RESULTS 


Rheological Characterization 


The power-law expression tT = b(du/dy): 
evidently is inapplicable at a shear rate 
du/dy = 0, because for all values of 
s < 1.0 it predicts an infinite value of 
the slope dr/d (du/dy), contrary to 
experimental observation on these fluids. 
Therefore it is reasonable to expect that 
if the power-law expersion is applied 
over different ranges of shear rate, the 
values of b and s may have to be adjusted 
to correlate the data in each range, with 
s— 1.0 as (du/dy) — 0. In the case of 
each one of the solutions studied, as 
listed in Table 1, it was found that over 
the range of shear rate of 200 to 20,000 
sec”! a single value of b and a single value 
of s could be used to correlate the shear- 
stress-shear-rate data obtained on the 
Merrill viscometer (lower limit of read- 
ability 200 sec-!) and that over the 
range of 0.1 to 42 sec~!, in which data 
were obtained from the modified Brookfield 
Synchrolectrie viscometer, the shear- 
stress-shear-rate relation could be fitted 
by a single value of s and single value of b. 
The value of s in the lower shear-rate 
range was invariably found to be higher 
than in the higher shear-rate range, 
substantially so for CMC and _ polyiso- 
butylene solutions and only slightly so 
for alginate solutions. Figure 2 shows 
typical viscometric data as obtained on 
the Brookfield Synchrolectric viscometer 
(point readings of shear stress and shear 
rate) and on the Merrill-Brookfield 
viscometer. As the latter gives continuous 
curves on an x — y recorder, no points 
are shown for this high-range data. 
Instead the average of ten or more 
recorder traces is shown as the solid line, 
with the maximum and minimum variation 
shown as the shaded zone. It will be 
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Fig. 4. Empirical correlation of friction factors in pseudoplastic turbulent 


flow. When the fluid is Newtonian (s 


= 1), the expression reduces to the 


Blasius equation, f = 0.079/(Npr.)*. 


noted that the zone is broadest at the 
lower end of the shear-rate range 
(200 sec), where the readability is the 
poorest. Dotted lines in Figure 2 represent 
the region over which viscometric data 
is lacking (usually 21 to 200 sec~). 
It will be noted that over the range of 
200 to 1,000 sec the data obtained from 
the recorder plot are capable of correlation 
by other values of b and s than those 
given by the straight line. A major 
question, as yet unanswered, is whether 
the transition between the low shear-rate 
range and the high range (>200 sec.) 
is abrupt or gradual. It is reasonable to 
suppose that it is gradual in the case of 
alginate and Carbopol solutions. With 
CMC solutions it may well be abrupt 
owing to some reversible change in the 
molecular configuration. By the progres- 
sive addition of the dye Gentian violet 
(pararosaniline chloride) to CMC solution, 
it was found that two rheological curves 
with a sharp break point resulted, the 
lower curve being that of a Newtonian 
fluid and the upper curve that of a 
markedly pseudoplastic fluid. The higher 
the concentration of Gentian violet, the 
higher was the shear rate necessary to 
cause transition from Newtonian to 
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pseudoplastic flow. If the Gentian violet, 
which is capable of reacting with the 
—COO- group of the CMC through its 
group —NH;*, reinforces some mode of 
intramolecular association already inher- 
ent in CMC that holds the molecule in- 
flexible up to some high level of shear, this 
abrupt Newtonian-pseudoplastic transi- 
tion would be one of the phenomena anti- 
cipated. One such CMC-Gentian violet 
curve is shown in Figure 2. In this case the 
concentration of Gentian violet was 
sufficiently high to move the transition 
between Newtonian and_pseudoplastic 
behavior up to about 3,000 sec.—! shear 
rate. Accordingly the Newtonian nature 
of the fluid below this transition was 
detected over a substantial range by the 
Merrill-Brookfield viscometer, as well as 
by the Brookfield Synchrolectric viscom- 
eter. 

Without exception all the transition- 
and turbulent-regime pipeline flow data 
have been correlated by using the high- 
range 6 and s values (range of 200 to 
20,000 sec.-!). The wall shear stresses 
achieved in these pipeline flow studies 
varied over a range such that maximum 
(wall) shear rate was usually in the 
range of 500 to 20,000 sec.-! and in a 
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WHERE 


O - RUN 6B 
A — RUNS 4E,F,6 & 98 
© -RUNS 5A,B & 3C 
RUNS 3E & 68,0 
+ - RUN 3H 

@ - RUNS IC,9,E,F 


Y/R 


Fig. 5. Turbulent velocity profiles for pseudoplastic and Newtonian fluids ex- 
pressed as velocity deficiencies. The ranges of Reynolds Numbers are: New- 
tonian; 9,600 to 176,000 


few runs was as high as 40,000 sec.-! 
Under these conditions the volume of 
fluid contained within an imaginary 
coaxial cylindrical section, within which 
the shear rate was 200 sec.-' or less, 
amounted to about one quarter of the 
total volume in the same section at the 
lowest values of wall shear stress and a 
negligible fraction at the highest wall 
shear stress. That the successful correla- 
tion of f vs. Nee shown in Figure 4. is 
based entirely on s values in the 200 to 
20,000 sec.-! range suggests that low 
shear viscometry as a means of predicting 
the turbulent-flow characteristics of these 
polymer solutions would be in at least 
two cases (CMC and Vistanex) totally 
misleading. Stated in another way, if 
low shear viscometric data were used 
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0.85; 17,000 

0.75; 7,540 to 10,500 
0.65; 8,800 to 14,600 
0.60; 8,400 to 14,300 
0.54; 8,780 


as a basis for predicting the turbulent- 
flow friction factors of CMC and Vistanex 
according to the correlations shown in 
Figure 4, the resulting values of f would 
be away out of line and would have to 
be reported as anomalous. When the 
high-range viscometric data are used, 
the predicted f values are in line with 
those of alginate and Carbopol and agree 
well with the experimentally determined 
values. 


TURBULENT-FLOW FRICTION FACTORS 


In turbulent flow the relationship 
between the friction factor and the 
pseudoplastic Reynolds number (Figure 
3) was found to consist of a family of 
curves, each curve depending on s in 


A.1.Ch.E. Journal 


such a way that the friction factor 
decreased with decreasing s at a given 
pseudoplastic Reynolds number. 

All the experimental data, which 
form the basis of Figure 3, are correlated 
empirically by Equation (5), 


f = 0.079/(s°-Np.”) (5) 


where 
y = 2.63/(10.5)* (6) 


In Figure 4 it can be seen that Equation 
(5) correlates the experimental data in 
which the rheological behavior ranges 
from Newtonian to a pseudoplasticity 
of s = 0.53 with a maximum deviation 
of +33, to —15%. This correlation 
cannot be used with fluids having an 
s value less than about 0.4, since the 
predicted friction factor would be less 
than in laminar flow. In solutions of 
random coiling, nonassociating high- 
molecular-weight polymers sufficiently 
dilute to avoid gel structure and gross 
elasticity, the value of s has never been 
found lower than 0.5 from data obtained 
on either of the coaxial-cylinder viscom- 
eters used in this work. [It is possible 
to attribute a very low value of s to a 
fluid with a yield value, which is really 
a Bingham plastic, or to a solution of 
rodlike molecules, for example amylose, 
but in either of these cases the power-law 
model t = b(du/dy)* is at best a very 
rough approximation of the rheology, 
which is far better described by other, 
unrelated equations.] 


VELOCITY PROFILES AND MIXING LENGTHS 


Figure 5 shows the experimentally 
obtained velocity-profile data for turbu- 
lent flow, expressed as velocity deficiencies 
and collected on one plot. In Newtonian 
turbulent flow it has been found (1) 
that this type of correlation brings 
together the profiles for all conditions 
of Reynolds number and tube roughness 
onto a single curve. However it can be 
seen that this correlation did not bring 
the pseudoplastic turbulent-velocity pro- 
files onto a single curve but rather 
presented a series of curves, again 
depending on the value of s. In addition 
it can be seen that there is a region in the 
vicinity of the center of the tube in 
which a pseudoplastic curve coincides 
with the Newtonian, but this region 
gets progressively smaller as pseudo- 
plasticity is increased. In general it 
can be said that at a given Reynolds 
number in turbulent flow in a smooth 
tube a pseudoplastic polymer solution 
of the type studied will have a lower 
friction factor and a less blunt velocity 
profile than a Newtonian fluid. 

In addition it was found that the 
mixing-length distribution curves calcu- 
lated from the velocity profiles did not 
coincide with the classical curves obtained 
with Newtonian fluids but also deviated 
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Fig.*6. Typical curve of mixing length distribution for pseudoplastic 
turbulent flow. 
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INJECTION 168 DIAMETERS UPSTREAM 


Fig. 7. Laminar flow, dye injection at tube 
center. 


systematically with the value of s. Figure 
6 shows a typical curve of mixing length 
vs. y/R. The interdependence of the 
velocity distribution curve and_ the 
distribution of mixing lengths was derived 
from the velocity distribution curves by 
the relation 


l-du/dy = u, V/1—y/R (7, 


DYE-INJECTION STUDIES 


In a series of experiments designed to 
show something about the nature of the 
flow, pigmented liquid was injected at 
various points in a transparent tube 
and the path of the dye stream was 
photographed with a high-speed strobo- 
scopic flash*. It soon became evident 
that the most informative experiments 
could be obtained by injecting at two 
different points, at the entrance of the 
test section in the center of the tube 
and at a small. carefully drilled wall tap. 
Axial injection was intended to show the 
effect of turbulence on the liquid in the 


*The pigmented liquid was carbon black dis- 
persed in water. Initially Gentian violet was used. 
As noted above. this dye reacted with CMC and 
changed its rheology. 
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INJECTION 1/2 DIAMETER UPSTREAM OF 
€0GE OF PHOTO 
Fig. 8. Laminar flow, dye injection at tube 
wall. 


core of the tube and injection at the wall 
to show the effect on the fluid in the 
layer near the wall. The first type of 
injection was at the portion of the system 
where the large feed pipe necked down 
to the smaller test section. As the fluid 
was being accelerated at that section 
there was less tendency for flow separation 
and vortex formation to occur because of 
the presence of the hypodermic-tubing 
probe. 

As seen in Figure 7, the dye injected 
at the center of the tube into a stream 
in laminar flow retains its radial position 
and identity in both the Newtonian and 
the pseudoplastic cases, making a straight 
filament as expected. The presence of the 
hypodermic probe did not seem _ to 
disturb this configuration until the flow 
increased almost to the transition region. 
Figure 8 shows that the dye stream in- 
jected at the wall retains its unity and 
runs a straight filament against the tube 
wall. 

The dye stream injected from the 
axially positioned needle into a Newtonian 
liquid in turbulent flow as seen by the 
40 usec. flash 185 diam. downstream 
from the point of injection is completely 
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dispersed across the diameter of the 
tube (Figure 9). There is no filamental 
quality left to it, at least on the macro- 
scopic scale. This is in accord with the 
understanding of Newtonian turbulence 
as a very rapid, violent mixing action. 

Where the dye was injected at the 
wall, loops of dyed liquid were found 
emanating from the main body of the 
wall layer, shown in Figure 11. This 
effect is in accordance with the observa- 
tions and calculations reported by 
Theodorsen (15) concerning horseshoe 
vortices formed in the vicinity of the 
wall and traveling toward the center 
under the influence of the main stream 
of flow. It indicates that turbulent 
eddies form at or near the wall and 
travel radially away from it, thereby 
mixing fluid from the region of the wall 
with fluid in the core of the flow. The 
force that produces the movement toward 
the center is a lift force generated by 
the rotating mass intruding into the 
flowing stream. It exchanges momentum 
with the fluid through which it is passing 
by means of normal drag forces and 
finally loses its identity. 

When injected into a highly pseudo- 
plastic CMC solution (s = 0.61) in 
turbulent flow at the center of the tube, 
the dye stream takes on a strikingly 
different appearance 185 diam. down- 
stream from the point of injection 
than it does in Newtonian turbulent 
flow (Figure 10). To a large extent the 
dye stream seems to be still intact, 
although it is highly distorted and 
grossly distributed across a large portion 
of the diameter of the tube. 

The photographs of the dye stream 
injected at the center of the tube show 
that it does not readily lose its identity 
but rather is pushed aside by the turbulent 
vortices and does not become part of 
them. The action has been aptly described 
by Sherwood (19) as a kneading action. 

With respect to the wall-injection 
study (Figures 11, 12), the smoothly 
flowing layer near the wall was found 
to be thicker in these pseudoplastic 
polymer solutions than in Newtonian 
liquids in turbulent flow. It was also 
found that the horseshoe vortices formed 
in the pseudoplastic liquid are relatively 
few in number and not at all well de- 
veloped at this short distance from the 
point of injection. 

On the basis of these observations it 
is concluded that the formation of 
horseshoe vortices is highly repressed in 
pseudoplastic turbulent flow leading to 
much lower energy dissipation and that 
the core fluid tends to retain its identity, 
although being distorted by the vortices 
that do penetrate it. An explanation 
appears to lie in the fact that the fluid 
in the center of the tube, under a low 
average rate of shear, has as a result a 
higher viscosity than the fluid near the 
wall, which is under a high rate of shear. 
Likewise the fluid in the core of a vortex 
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has a higher viscosity than the fluid 
that surrounds the core, thereby resisting 
intermingling with the more rapidly 
moving fluid. The mixing of two liquids 
of widely differing viscosity, such as 
water and heavy syrup, might be cited 
as a crude analogy. 

It is apparent from the dye-injection 
experiments and from the velocity 
profiles obtained in the turbulent-flow 
regime that there is no plug flow in the 
core. That slip at the wall, as suggested 
as a possibility for some types of fluids 
(12), is absent in these pseudoplastic 
polymer solutions under all flow condi- 
tions was confirmed because the material 
balances calculated from the velocity 
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Fig. 9. Newtonian turbulent flow, dye injec- 
tion at tube center. 


0.25% CMC-708, Nae * 8400, $70.61 


INJECTION 186 DIAMETERS UPSTREAM 


Fig. 10. Pseudoplastic turbulent flow, dye 
injection at tube center. 


VELOCITY 


profiles which assumed zero slip checked 
with the measured flow rates. 


FLUCTUATIONS IN PRESSURE 


The manometer columns were observed 
to oscillate over the transition range 
of most of the fluids tested, giving the 
impression of periodic lapses into the 
turbulent form of flow from an unstable 
laminar form. The oscillations occurred 
between maxima and minima correspond- 
ing clearly to laminar and turbulent 
forms at the particular Reynolds number, 
as long as the frequency was low enough 
for the manometer to register. As the 
frequency of oscillation became higher, 


FLOW 


WATER, 3720 


INJECTION 1/2 DIAMETER UPSTREAM CF 
EOGE OF PHOTO 


Fig. 11. Newtonian turbulent flow, dye 
injection at tube wall. 
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Fig. 12. Pseudoplastic turbulent flow, dye 
injection at tube wall. 


LAMINAR FLOW 


——-—— COMBINED FLOW 


ALTERNATING FLOW 


BASED ON RICHARDSON (14) 


DISTANCE FROM WALL ———> 


Fig. 13. Conversion of laminar to turbulent profiles. 


Vol. 5, No. 2 


A.1.Ch.E. Journal 


the maxima and minima of the manometer 
readings fell between the extrapolated 
laminar- and turbulent-flow predictions, 
as would be expected owing to the inertia 
of the manometric fluid. This phenomenon 
has been noticed previously (13) and is 
probably due to the periodic formation of 
horseshoe vortices, with the consequent 
distortion of flow, at frequencies low 
enough to be seen on the manometers. 

As the flow rate increased from the 
transition region into the turbulent re- 
gion, the manometer oscillations increased 
in frequency and decreased in amplitude, 
becoming negligible for fluids of which 
the s value is 0.7 or more but persisting 
in highly pseudoplastic fluids (s < 0.7) 
as a flutter of very small amplitude 
(less than 1 mm.) and high frequency 
for a long way into the turbulent region, 
often up to the maximum obtainable 
flow rate. These observations suggest 
that the periodic change between two 
forms of flow that was observed in the 
transition region persists into the 
turbulent region. 

A possible explanation for the apparent 
decrease in the frequency of the formation 
of vortices is the viscosity gradient present 
across the radius of a tube that carries a 
pseudoplastic fluid. If one considers such 
a fluid flowing in steady laminar flow at 
a high Reynolds number, the viscosity 
gradient in it would be defined by the 
linear shear-stress distribution and the 
rheological curve of the material. The 
effect would be to have a minimum 
viscosity at the wall and a maximum 
viscosity at the center of the tube. Thus 
a vortex formed at the wall of the tube 
in traveling inward toward the center 
penetrates layers of increasing viscosity. 
As a consequence of this it seems reason- 
able to expect that there would be a 
damping effect on the vortex over and 
above that imposed by a Newtonian 
system. 

By means of this concept of viscosity 
gradient two effects observed in. pseudo- 
plastic flow can be explained: the 
persistence of stable laminar flow to 
abnormally low friction factors (high 
Reynolds numbers) and the relatively 
low frequency of formation of turbulent 
vortices in turbuient flow leading to 
lower friction factors than Newtonian 
and to flutter of manometer columns 
under certain conditions. One could 
reasonably expect such a_ viscosity 
gradient to retard both the point of 
incipient formation of vortices and the 
frequency of their formation once this 
point has been passed. 


PERIODIC BOUNDARY LAYERS 


In view of the foregoing it is interesting 
to consider the concept of periodic bound- 
ary layers as proposed by Richardson 
(14). Reported experiments were con- 
ducted in a pipe fitted with a loose 
section that could be oscillated in a 
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direction transverse to the flow. When 
a stable laminar flow was passed through 
the tube and the loose section oscillated 
the tube and the loose section oscillated, 
the resultant velocity profile was the 
blunt logarithmic type of turbulent 
flow (14). The effect is ascribed to an 
alternation between the laminar form 
of flow and an alternating form the 
profile of which has a peak near the wall. 
The turbulent profile is then the time 
average between the two. (See Figure 
13.) 

If one ascribes the generation of turbu- 
lence to some process resembling the 
artificially induced one, the decreasing 
bluntness of pseudoplastic turbulent 
profiles (compared with the profiles of 
Newtonian fluids) with increasing 
pseudoplasticity can be explained in 
the following manner. Given the laminar 
form of flow in an unstable region, the 
vortex formation causes the flow to 
distort to the alternating form, with a 
peak near the wall. However the effect 
of pseudoplasticity, as deduced from 
other facts, is to reduce the frequency 
of the occurrence of these vortices. 
Therefore as pseudoplasticity is increased, 
progressively less of the alternating form 
is time averaged with the laminar form, 
resulting in progressively less blunt 
turbulent profiles and progressively lower 
friction factors. Since the laminar profiles 
become more blunt as pseudoplasticity 
is increased, it is apparent that the 
decrease in frequency of alternation 
must be such as to more than compensate 
for this effect in the resultant profile. 

This concept of the oscillation between 
two forms of flow in the turbulent region 
is helpful in that it reasonably explains 
all the main phenomena observed with 
the turbulent flow of the pseudoplastic 
polymer solutions studied: 


1. The decrease in friction factors at 
constant Np. as pseudoplasticity is 
increased 

2. The progressively less blunt velocity 
profiles with increasing pseudoplasticity 

3. The flutter of the manometer 
columns in the turbulent region with the 
highly pseudoplastic liquids 

4. The relatively poor mixing of dye 
stream injected into the center of the 
tube 

5. The thicker calm layer near the 
wall and fewer horseshoe vortices as 
seen by wall dye injection. 


CONCLUSIONS 


1. The degree of turbulent agitation 
in the turbulent flow region is progres- 
sively less at comparable Reynolds 
numbers as pseudoplasticity is increased 
(measured by decreasing value of s). 

2. This is attributed to a progressively 
decreasing frequency of vortex formation 
at the tube wall. 

3. The result of this is lower friction 
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factors and less blunt velocity profiles in 
pseudoplastic turbulent flow than in 
Newtonian turbulent flow. 

4. Laminar pseudoplastic velocity pro- 
files are progressively blunter than 
Newtonian ones, as is predicted by the 
power model of pseudoplastic rheology. 

5. Slip at the wall in these pseudo- 
plastic polymer solutions under all 
measured flow conditions must be 
negligible, if it exists at all, to account 
for the excellent agreement in flow rates 
calculated by integrating the velocity 
profiles which assume zero wall slip 
and by measuring directly. Plug flow 
of a central core of fluid is shown not to 
exist by velocity profiles in the laminar 
regime, photography of axially injected 
dye streams in turbulent flow. 

6. The laminar- and_ turbulent-flow 
behavior in tubes of the free-draining, 
nonassociating polymer solutions studied 
(despite significantly different features 
of molecular structure of the several 
polymers) is well correlated by using 
the power-law model tr = b(du/dy)* to 
express the rheology, provided — that 
b and s are determined over a range of 
shear appropriate to the conditions of 
the fluid at the wall and radially inward 
to roughly three quarters of the radius 
of the tube. For the flow conditions 
reported herein the range of 200 to 
20,000 sec.—! of shear rate was appropriate, 
and the values of b and s, found for all 
solutions to be constant over this range, 
yielded a satisfactory correlation of the 
tube-flow data. Viscometric determina- 
tion in the low range of shear (0.1 to 
42 sec.-!) was shown to be in general 
of no value. 
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NOTATION 

b = pseudoplastic rheological con- 
stant, (dyne)(sec.)*/sq. em. 

d = differential operator 

D = tube diameter, cm. 

f = Fanning friction factor 

l = turbulent mixing length, cm. 

L = length, cm. 

Nre = pseudoplastic Reynolds num- 
ber, 
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+ 


pressure, dynes/sq. cm. 

volumetric flow rate, cc/sec. 

= radius, cm. 

= tube radius, cm. 

= pseudoplastic rheological expo- 

nent 

local velocity, cm./sec. 

maz = Maximum (axial) velocity in 
tube, cm./sec. 

= friction velocity, em./sec. 

= average velocity, cm./sec. 

= wall 

= distance from wall, cm. 

difference 

= exponent to Ne, 

= viscosity, poises 

= 3.1416 

= density, g/cc. 

shear stress, dynes/sq. em. 

Tis wall shear stress, dynes/sq. em. 

u/dy = local velocity gradient (shear 

rate), sec.— 
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Turbulent Flow of Non-Newtonian Systems 


A theoretical analysis for turbulent flow of non-Newtonian fluids through smooth round 
tubes has been performed for the first time and has yielded a completely new concept of 
the attending relationship between the pressure loss and mean flow rate. In addition, the 
analysis has permitted the prediction of non-Newtonian turbulent velocity profiles, a 
topic on which the published literature is entirely silent. 

To confirm the theoretical analysis, experimental data were taken on both polymeric 
gels and solid-liquid suspensions under turbulent-flow conditions. Fluid systems with 
flow-behavior indexes between 0.3 and 1.0 were studied at Reynolds numbers as high 
as 36,000. All the fully turbulent experimental data supported the validity of the theoretical 
analysis. The final resistance-law correlation represents a generalization of von Karman’s 
equation for Newtonian fluids in turbulent flow and is applicable to all non-Newtonians 
for which the shear rate depends only on shear stress, irrespective of rheological classifi- 
cation. All the turbulent experimental data for the non-Newtonian systems were correlated 
by this relationship with a mean deviation of 1.9%. 


THEORY 


Non-Newtonian fluids are defined as 
materials which do not conform to a 
direct proportionality between shear 
stress and shear rate. Because of this 
negative definition of non-Newtonian 
behavior, essentially an infinite number 
of possible rheological relationships exist 
for this class of fluids, and as yet no 
single equation has been proved to 
describe exactly the shear-stress-shear- 
rate relationships of all such materials 
over all ranges of shear rates. If such 
a general equation could be developed, 
it seems probable that its complexity 
would be too great for general engineering 
utility. Although it is desirable that the 
following theoretical analysis be univer- 
sally applicable to all time-dependent, 
nonelastic fluids, irrespective of any 
arbitrary rheological classifications such 
as Bingham plastic, pseudoplastic, or 
dilatant, this consideration is much too 
broad to be handled in the initial phases 
of the development. Therefore a particu- 
lar rheological model will be selected 
for use initially, and application of the 
resulting development to fluids deviating 
from the assumed model will be considered 
subsequently. 

It has been found experimentally 
(7, 11, 19, 20) that the relationship 
between shear stress and shear rate for 
a great many non-Newtonian fluids, 
possibly the majority, may be represented 
closely over wide ranges of shear rate 
(ten- to one-thousand-fold) by a two- 
constant power function of the form 
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-( —du\" 

dr (1) 

where (—du/dr) is the shear rate written 
for flow within a circular duct. An 
equation of this type, though empirical, 
appears to represent the rheologicai 
properties for a wide variety of non- 
Newtonian fluids better than most other 
proposed equations and certainly better 
than any other available two-constant 
equation. For this reason the power-law 
rheological model will be adopted in the 
following theoretical analysis. It should 
be noted that the power-law model 
includes the special case of Newtonian 
behavior, namely that case when n is 
unity and K is equal to the Newtonian 
viscosity. Values of n between zero and 
unity characterize pseudoplastic fluids, 
for which the apparent viscosity [defined 
by 7/(—du/dr)| decreases with increasing 
shear rate. Conversely values of n greater 
than unity correspond to dilatant fluids, 
for which the apparent viscosity increases 
with shear rate. Generally it may be 
said that n is an index to the degree of 
non-Newtonian behavior in that the 
further n is removed from unity, above 
or below, the more pronounced become 
the non-Newtonian characteristics. On 
the other hand, K is related more to 
the consistency of the system (9, 10). 


Power-Law Fluids 
Resistance Law 

The general method of attack to be 
used here is similar to that first employed 
by Millikan (12) for Newtonian fluids. 
However an additional degree of freedom 
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represented by the flow-behavior index 
will be incorporated into the analysis. 
According to a concept which has 
been used successfully with Newtonian 
fluids, flow in a smooth pipe may be 
divided into the following three zones: 
1. A laminar sublayer lying next to 
the pipe wall in which the effects of 
turbulence are negligible 
2. A transition zone in which the 
effects of turbulence and viscous shear 
are of the same order of magnitude 
3. A turbulent core comprising the 
bulk of the fluid stream. Here the momen- 
tum transfer which accompanies the 
random velocity fluctuations character- 
istic of turbulent motion, rather than 
viscous shear, determines the velocity 
profile. If one assumes the turbulent 
fluctuations to be independent of viscos- 
ity, it follows that the effects of viscosity 
are negligible in the turbulent core. 
It will be assumed that the same type 
of flow division is applicable to non- 
Newtonian fluids. When one defines y as 
the distance of a point within the pipe 
from the tube wall, the extent of the 
flow zones will be designated as 


laminar sublayer: 0 S y S 46 
transition zone:6 S ySX 


turbulent core:A Sy ZR 


For Newtonian fluids it has been 
shown (5) that the time average velocity 
at a point within a smooth pipe depends 
on five independent variables, R, p, Tw, 
yw, and y. With non-Newtonian fluids 
of the power-law type the two flow 
parameters n and K are required to 
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replace the single rheological proportion- 
ality constant for Newtonian systems. 
By analogy to the Newtonian case then it 
is reasonable to assume that for power- 
law fluids. 


Tw K,n, y) (2) 


When one applies dimensional analysis, 
Equation (2) may be written as 


where 

Z = R'plu*)""/K (4) 
In the derivation of Equation (38), 


no assumptions were made regarding 
the location of the point corresponding 
to u, and therefore the equation is valid 
for all values of y or &. 

Within the laminar sublayer the pipe 
radius plays no part in determining wu. 
The effect of R therefore might be 
assumed negligible also at slightly greater 
distances from the wall, as far out as 
the outer part of the turbulent core. 
Then within this wall region 


u = f(p, t., K,n, y) 


which according to dimensional analysis 
may be expressed as 


= f,(Zé", n) (5) 

Equation (5) is comparable with 
Prandtl’s  wall-velocity law (4) for 
Newtonian fluids, which agrees well 
with experimental results. It shall be 
assumed that this equation is valid in 
the range 0 S & S &, where & is only 
slightly greater than A/R. It is not meant 
to be implied that the function f. will 
have the same specific form in the 
laminar sublayer and in the outer part 
of the turbulent core; generally the 
forms will be different. 

The difference between the velocity 
at the center line of a tube and the time 
average velocity at a point elsewhere 
within the turbulent core has been 
called the velocity defect. From Equation 
(2) it ean be seen that this defect (U,, — 
u) depends at most on R, p, 7,, K, n, 
and y. However in the core (U,, — wu) 
will be determined by the random 
turbulent fluctuations which have been 
assumed independent of the apparent 
viscosity. This assumption has been 
substantiated for Newtonian fluids. For 
power-law systems the equivalent as- 
sumption is that the velocity defect is 
independent of K (but not of n), whereby 


U,, — u = f(tw, p, R, y, n) 
Application of dimensional analysis here 
yields 


= fal€, n) (6) 
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When 7 is unity, Equation (6) becomes 
what is commonly called the velocity-defect 
law for Newtonian fluids, which also has 
been amply verified by experiments (3). 

Equation (6) is strictly applicable only 
in the turbulent core, that is for \/R S 
€ < 1. If as an approximation one were 
to assume that Equation (6) applies over 
the entire cross section, then it follows 
that 


* R 
For any specified value of n this equation 
becomes 

V=U,, — u* (constant) 


or 


Since Equation (7) was derived for any 
fixed value of n, it must be expected in 
general that P,, will be a function of 7. 
Experiments with Newtonian fluids have 
shown that the wall layers are so thin 
that Equation (7) may be used without 
appreciable error; it will be assumed that 
the same is true for the non-Newtonian 
case. This assumption should be very 
good for pseudoplastic fluids (0 << n < 1) 
for which a laminar sublayer even thinner 
than that in the Newtonian case is to be 
expected, but it may break down for 
fluids having a value of n sufficiently 
above unity to retain an appreciable 
thickness of the laminar sublayer even 
under fully turbulent conditions. 

The friction factor is defined by 


‘ 2 4L 2 


Therefore 
Ve 2 


When one writes Equation (8) for the 
center line of the pipe, 


f(Z,1,n) = F,(Z, n) (9) 

by a combination of Equations (7), (8), 

and (9) 

= on) (10) 

Vi 


friction 
finding 


Hence an expression for the 
factor may be obtained by 
n). 

In the outer part of the turbulent core, 
where (A/R) S & S &, Equations (5) 
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and (6) are both assumed to be valid. 
Therefore eliminating u/u* from Equa- 
tions (5) and (6) and replacing U,,/u* by 
Equation (9), one finds for this over- 
lapping region 


fo(Zé", n) F(Z, n) fs(E, n) 


It will be noted that & effects the left 
side of this equation according to &, 
and that the F; function on the right 
side is independent of &. To balance the 
left side of the equation — must be present 
in the fs; function also as & rather than &. 
Hence this equation may be formulated 
better as 


n) = F\(Z,n) — AY) 


If n is now eliminated as a variable by 
considering any fixed value of n, Equation 
(11) becomes 

fon(ZE") = Fy(Z) — (12) 


When one lets 


then 


d(Zt")\ 


and by Equation (12) 
= (13) 


Similarly 


and by Equation (12) 
(14) 


From Equation (13) it is seen that 
fo, must have the form f(Z)/&, since 
dF;,/dZ is independent of £. Furthermore 
from Equation (14) it is seen that fo,’ 
must have the form f(&)/Z,_ since 
dj.,,/d& is independent of Z. Both these 
requirements can be satisfied only if 


for’ = (15) 


Now by Equations (13) and (15) 


a2) = 

whereby 

A, In Z + B, (16) 


By Equations (14) and (15) 
= — An 
s 
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whereby 


U, — 2 
fan(&") (=>*) 


= =A +E, (7) 


The constants of integration in Equations 
(16) and (17) must be considered as 
functions of n unless later proved other- 
wise. When one combines Equations 
(12), (16), and (17), 


fon(ZE") 


u* 
= A,In Zé’ +B, L, (18) 


The derivation of Equations (16), (17), 
and (18) was based on a consideration 
of the overlapping regionA/R SES 
wherein Equations (5) and (6) were 
equated. As a result it should be expected 
that these equations can be applied 
rigorously only to this region. However 
Equation (16) is independent of & and 
hence must be truly independent of the 
location and width of the overlapping 
region. This can also be seen from the 
definition of F,(Z, n) as given by Equation 
(9); its applicability cannot. be limited 
to a particular region of & Considering 
the original statement of the velocity- 
defect Jaw, Equation (6), one may 
modify Equation (17) for all values of & 
within the turbulent core 


—"—— = —ndA, Iné + g,(é, n) (19) 


where g:(&, is some unknown function. 
Equation (19) extends the region of 
applicability of Equation (17) to the 
entire turbulent core simply by making 
it more general. An alternate equation 
for the velocity profile, valid for the 
entire turbulent core but not including 
U,,, may be formulated from Equations 
(16) and (19): 


= A, In Ze? + B, — gi(&, n) (20) 


If Equation (16) is now substituted 
into Equation (10), one obtains 


= A, In Z + B, P,, 


which by suitable manipulation together 
with Equations (4) and (8) can be put 
in the form (3) 

log [Nee (21) 


where 

= DV" (22) 
A, * 

= 0.49014,(1 +2) 4.2, 
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Np.° is not so convenient a Reynolds 
number for correlation purposes as one 
proposed by Metzner and Reed (11), 
the reason being that the use of Np.° 
does not result in a unique relationship 
between the friction factor and the 
Reynolds number in the laminar-flow 
region. Instead a family of curves result 
with » as a parameter. The generalized 
Reynolds number of Metzner and Reed, 
Nr.’, however does result in a unique 
relationship in the laminar region for 
all values of n, namely the familiar 
laminar relationship f = 16/Np.’. The 
work of Metzner and Reed was based 
on concepts developed initially by 
Rabinowitsch (13), who clearly estab- 
lished the fact that for laminar flow 
through a round tube of any fluid with a 
shear rate that is a function only of 
shear stress the relationship between the 
shear stress at the tube wall DAP/4L 
and the quantity 8V/D is unique. Hence 
the flow characteristics of a fluid are 
defined just as completely by the laminar 
DAP/4L — 8V/D relationship as by 
the shear-stress-shear-rate relationship, 
and for pipe-flow situations the former 
is generally more convenient (/0). 

In their work Metzner and Reed used 
the following definitions to define the 
laminar-flow behavior of non-Newtonian 
fluids. (These definitions were then used 
under turbulent-flow conditions as well, 
just as the viscosity of a Newtonian 
fluid is defined under laminar conditions 
but used in both the laminar and turbu- 
lent regions.) 


d(log (DAP/4L)) 


~ d(log (8V/D)) 
DAP 
Te = = K'(8V/D) (24) 


Equation (23) defines n’, and Equation 
(24) defines K’. Generally Equation (24) 
does not represent an integration of 
Equation (23); only when n’ is a constant 
are the two definitions linked by a simple 
integration. It will be noted that a 
marked similarity exists between Equa- 
tions (1) and (24). The power-law case 
represents the one situation where n’ 
and K’ are true constants and are 
related to the parameters n and K by 
the equations (9, 11) 


n' =n (25) 
= +1) (26) 
\ 4n 


Hence with constant values of n’ and 
K’ Equation (24) is simply another 
statement of the power-law model applied 
to flow in round tubes. 

By use of Equations (25) and (26) 
it can be shown that for power-law 
fluids Nero and Ne,’ are related by 
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where 


Inspection shows that both Ne.° and 
Ne.’ reduce to the conventional Reynolds 
number DV p/u for the Newtonian case 
(n = n’ = 1). If one replaces Np,” by 
Nr-’, Equation (21) becomes 


(28) 


A,, log (29) 


where 


8 n 


Equation (29) is the goal which has 
been sought. Here the form of the 
equation relating the friction factor and 
the Reynolds number has been found 
for the turbulent flow of power-law 
fluids in a smooth round pipe. It remains 
for Ai, and C,’, two unknown functions 
of n’, to be determined experimentally. 
Two special cases are of particular 
interest, namely the Newtonian case 
(n’ = 1) and the case of ultimate pseudo- 
plasticity (n’ = 0). 


Newtonian Case 


If Equation (29) is valid as postulated, 
it should hold for the Newtonian case 
where n’ is unity. For this situation the 
equation reduces to 


RE = A log | +C 


A resistance law of this type was pro- 
posed first by von Karman (/8) and 
subsequently by Prandtl (/4), both of 
whom arrived at their conclusion from 
mixing-length theories. Newtonian data 
obtained by Nikuradse agreed extremely 
well with such a relationship and led 
to the final formula (5, 6, 15) 


PV e (30) 


Hence for the Newtonian case (n’ = 1) 
A,,(1) = 4.0 
= —0.40 


It would appear that the von Karman 
equation, Equation (30), represents a 
special case of the more general equation 
derived here for use with Newtonian and 
non-Newtonian fluids alike. 


Ultimate Pseudoplastic Case 


Velocity profiles may readily be 
analyzed mathematically for laminar 
flow of power-law fluids. Typical laminar- 
velocity-profile plots for several values 
of n’ have been presented by Metzner (9), 
reproductions of which are shown in 
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Figure 1. For Newtonian fluids in 
laminar flow the velocity profile is 
parabolic. As n’ decreases toward zero, 
the laminar-velocity profile becomes 
progressively flatter, and in the limiting 
case of n’ = 0 it is perfectly flat. On 
passing from the laminar- to the turbulent- 
flow region the laminar-velocity profile 
is flattened by a net turbulent momentum 
transfer from the high- to the low-velocity 
areas. Hence turbulence leads to the 
same general effect on the velocity 
profile as does a decreasing value of n’. 
Furthermore when n’ is close to zero, 
the laminar-velocity profile is so nearly 
flat that it can be altered only very 
little on passing from laminar to turbulent 
flow. In the limiting case of n’ = 0, 
where the laminar profile is perfectly 
flat, there can be no distinction between 
laminar- and turbulent-velocity profiles. 
The separate friction-factor correlations 
normally encountered for Newtonian 
fluids for the laminar- and turbulent-flow 
regions arise from the change in the 
relationship between the wall shear rate 
and the mean velocity, that is the change 
in the velocity profile which occurs on 
passing from laminar to turbulent con- 
ditions. As the difference between the 
laminar and turbulent profiles diminishes, 
so must the difference between the 
laminar and turbulent friction-factor 
relationships. In the limit where the 
two profiles are identical, as represented 
by the case n’ = 0, the laminar and 
turbulent friction-factor-Reynolds-num- 
ber relationships become the same. The 
same conclusion may also be reached by 
noting that the apparent viscosity of 
this fluid is infinite a short distance 
from the wall, suppressing the turbulence 
completely. Therefore the turbulent curve 


for the case of n’ = O is simply an 
extension of the laminar-flow line 
f = 16/N;.’ (31) 


According to Equation (29) a plot of 
V1/f vs. log [Nr’(f)'*'?] at a given 
value of n’ should be a straight line of 
slope Ai,. When n’ = 0, 


log 7] 
= log [Np.’f] = log 16 


Thus a plot of vs. log 
will be a straight line of infinite slope, 
whereby it is concluded that for an n’ of 
zero A;,(0) = ©. When one considers 
C,’ as an intercept, it is further concluded 
that C,’(0) = —o. 


Turbulent-Velocity Profiles 


In addition to the results regarding 
turbulent friction factors the preceding 
analysis has yielded some significant 
information about turbulent velocity 
profiles for non-Newtonian fluids. It 
has been predicted that turbulent profiles 
for power-law fluids may be expressed 
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by Equations (19) or (20), both of 
which are valid for the entire turbulent 
core and hence for almost all the fluid 
stream 


= 
+ gilé, n’) (19) 
at = A, In Zt" + B, — gilé, n’) (20) 


Before use can be made of these equations, 


however, it is necessary to appraise the’ 


function gi(&, 7’). 

First one must consider the turbulent 
Newtonian case for which the following 
equations of Prandtl are commonly 


& of Tube 
| 
° 6 $ 


LOCAL VELOCITY,u FT/SEC 


LOCAL VELOCITY.u FT/SEC 


€ of Tube 
WTOMAN FLUID 


LOCAL, VELOCITY, FT/SEC. 
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Fig. 1, Laminar velocity profiles for power- 
law fluids. 


accepted as universal velocity distribution 
laws (15) 


] 
= Iné (32) 


U vu 


| 


k In Zé + B (33) 


Comparison of Equations (32) and (88) 
with Equations (19) and (20) shows 
that the Newtonian equations may be 
considered as special cases of Equations 
(19) and, (20), where A,(1) = 1/k and 
g(é, 1) = 0. Actually these Newtonian 
equations cannot be exact, since they 
do not predict a zero slope of the velocity 
profile at the center line. Hence although 
the gi(€, 1) function must be zero at the 
center line itself, it cannot be precisely 
zero in the immediate neighborhood 
thereof. However this discrepancy is so 
slight and localized that Prandtl’s equa- 
tions represent the experimental data 
very well, and it can be concluded that 
the assumption of gi(f, 1) = 0 is an 
excellent approximation. 

Other limits or boundary conditions 
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may also be placed on the g: function. 
Since the turbulent-velocity profile for 
fluids with an n’ of zero is perfectly 
flat, it is required that gi(é, 0) = 0. 
Furthermore at the center line of the 
tube € = 1 the velocity defect is zero 
for all values of n’ by definition, and so 
g(1, n’) = 0. Finally, the preceding 
analysis showed that in the region 
S ES &, gm is independent of 
and is a function of n’ at most. Here g; is 
equal to the integration constant FE, of 
Equation (17), which could also be zero. 

In view of the several known situations 
where g: is equal to zero, it would appear 
that at least a reasonable approximation 
of turbulent-velocity profiles for power- 
law fluids could be obtained by assuming 
g(é, n’) = 0. Therefore subsequent 
predictions of turbulent-velocity profiles 
will be based on the assumption that 
the g: function is zero, whereby 


= —n’A, mé 
= —1.415n’A,, logé (34) 


bse’ +s, 


Although such predictions should be 
considered as approximate at the present 
time, they represent the first bit of 
information available in this area and 
should prove to be of considerable value. 
Determination of the validity of the 
assumption regarding the g; function 
must await experimental measurements 
of non-Newtonian turbulent-velocity pro- 
files. 

Equations for the turbulent-velocity 
profiles of Newtonian systems are 
frequently expressed in terms of dimen- 
sionless parameters. When one modifies 
and expands these definitions to include 


all power-law fluids, Equation (35) 
becomes 

u = +B, (36) 
where 

a = u/u* (37) 


yo = Ze = (38) 


These new proposed definitions for u* and 
y+ reduce to the familiar interpretation 
for the special case of Newtonian be- 
havior. 

Equation (36), like Equations (34) 
and (35), is assumed to hold throughout 
the turbulent core only. The laminar 
sublayer on the other hand is assumed 
sufficiently thin that the shear stress 
may be considered constant therein 
and equal to 7,. Within the laminar 
sublayer, then, the velocity varies linearly 


with y, and 
adr y 
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which may be rearranged as 
(y*)\” (39) 


Again the usual Newtonian equation 
of ut = y* for the laminar sublayer (4) 
is simply a special case of the more 
general expression given by Equation (39). 


Analysis of Unknown Functions 


Since no detailed picture of the actual 
physical mechanism of turbulence was 
used in the preceding developments, the 
theory is not capable of giving complete 
results. It should be emphasized, however, 
that this same situation exists at the 
present time even for the simpler case 
of turbulent Newtonian flow. 

The primary functions of greatest 
importance here are A;, and C,’. The 
other functions encountered, namely 
A, Bn, Cnr, and P,, can be related to 
these. Some such relationships have 
already been indicated. The function P, 
came about by integration of the general 
velocity-defect law. Now that a functional 
form has been proposed for this law, 
it is possible to evaluate P, further. 
When one employs Equation (34) as the 
fs function, the earlier integration leads to 

u* 


3 (40) 


2 \1.628 


The functions A,, B,, C,, and P, now 
have all been related to the primary 
functions and C,’. 

Two special cases regarding A:, and 
C,’ have already been mentioned, namely 


A,,(1) = 4.0 C,’(1) = —0.40 
C,0) = 


Little more can be said about C,’ prior 
to experimental investigation. Several 
facts concerning Ai,, however, can be 
established initially. Examining Equation 
(34) one obviously first observes that 
Ai, can never be negative, since the 
velocity defect is always positive and 
log — is always negative (or zero). Second 
the velocity defect should become zero 
at all € for limiting case of n’ = 0, 
whereby it is concluded that 


limit (n’A,,) = 0 

despite the fact that Ai,(0) = ©. 
Apparently A;,, approaches infinity more 
slowly than n’ approaches zero. At the 
other extreme the velocity defect must 
remain bounded as n’ increases without 
limit, a situation that leads to the 
conclusion 


A in(Q) = © 


limit (A,,) = 0 


Laminar-velocity profiles for power-law 
fluids are illustrated in Figure 1. Here 
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it is shown that as n’ decreases toward 
zero the velocity profile becomes pro- 
gressively flatter. All the corresponding 
turbulent-velocity profiles for finite values 
of n’ will be considerably flatter owing to 
the equalizing effect of turbulent momen- 
tum transfer. If it is further assumed 
that this flattening effect does not pass 
through any maximum or minimum 
point as n’ decreases toward zero, the 
turbulent velocity defect at a given 
and hence the product n’A;,, will 
decrease with decreasing n’ values. 
After the known Newtonian point has 
been selected as a reference, it is possible 
to place the following restrictions on the 
A,, function: 


Ain < 40/n’ for n’ <1 


> 4.0/n’ for n’>1 


Nonpower-Law Fluids 


The. developments of the preceding 
sections have been based on the assump- 
tion that the laminar relationship between 
shear stress and shear rate for the fluid 
under consideration can be represented 
by a simple power function. For non- 
power-law fluids the property parameters 
n and K or n’ and K’ may still be 
employed, but in this case they are 
functions of the shear stress rather than 
than true constants. The parameters 
have meaning here only when associated 
with a specific shear stress. 

In a discussion of nonpower-law fluids 
one fact should be emphasized. The 
fluid behavior is of interest only in the 
range of actual shear stresses present 
in a given flow situation. For a fluid 
flowing in a pipe or circular duct the 
shear stress acting on the fluid varies 
linearly with the radius from zero at 
the center line to a maximum value 
given by DAP/4L at the pipe wall. 
Hence for a particular flow situation 
it is entirely irrelevant if the fluid 
deviates from the power-law behavior 
only at shear stresses which are higher 
than this maximum at the pipe wall. 

Nonpower-law fluids pose no problem 
in laminar-flow situations. It has been 
shown (10, 11) that the laminar relation- 
ship f = 16/Np.’ is rigorously valid 
regardless of whether or not n’ and K’ 
are constant. When the fluid-property 
parameters are functions of the shear 
stress, it is necessary simply to evaluate 
them at the existing wall shear stress. 
For turbulent flow the problem on 
nonconstant fluid property parameters 
is more complex. However Equation (29) 
can be validated for the nonpower-law 
ease, if it is possible to select values of 
the fluid-property parameters such that 
the equation still defines the relationship 
between the wall shear stress and the 
mean velocity. Hence for the nonpower- 
law case the problem becomes one of 
establishing the shear stress at which 
the fluid-property parameters should be 
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evaluated to avoid or at least minimize 
any error in the wall shear-rate—-mean- 
velocity relationship. The following 
analysis is performed in an attempt to 
find values of the parameters which, 
when used in Equation (29), will represent 
a good approximation to the actual, but 
mathematically more complex, flow 
situation. 

Figure 2 shows a typical Newtonian 
turbulent-velocity profile (water flowing 
through a l-in. pipe at a Reynolds 
number of 20,000). It will be noted 
that in the region near the center line 
the Newtonian profile is quite flat; that 
is (du/dr) is very small. Furthermore, 
according to earlier reasoning, as 7’ 
approaches zero, the velocity profile 
becomes progressively flatter. This fact 
indicates that for pseudoplastics at 
least the mean velocity is relatively 
insensitive to any variations in n’ in 
the low shear-stress regions near the 
center of the tube; in contrast the mean 
velocity is highly dependent on the 
high-shear-rate regions near the wall. 

To develop this quantitatively one 
may consider the contribution of the 
various shear-rate regions to the mean 
velocity. The contribution of the differ- 
ential slice illustrated in Figure 2 to the 
volumetric flow rate is given by 


dQ = mr? du 


This incremental contribution to the 
volumetric flow rate is attributable to 
the shear rate occurring at r and as such 
is a measure of the dependence of the 
mean velocity on the shear rate occurring 
at a shear stress of 7,,(r/R). When one 
normalizes this point contribution and 
integrates, 


AV/V represents the fraction of V which 
would be unaccounted for if the velocity 
profile were cut off perfectly flat from 
radius all the way to the center line. 
Figure 3 is a plot of the fractional-flow 
contribution AV/V as a function of r/R 
or (r/7,,) based on the turbulent New- 
tonian velocity profile given in Figure 2. 
Figure 3 dramatically shows that the 
mean velocity is highly dependent on the 
shear rates in the very close proximity 
of the wall and is essentially independent 
of the shear rates nearer to the center 
of the tube. For example Figure 3 shows 
that the shear rates occurring at an 
r/R or t/t, less than 0.8 account for 
only 7% of the mean velocity. Therefore 
any variation in n at shear stresses less 
than 0.87,, would cause an error in only 
this 7% contribution to the mean 
velocity. Since the 7% represents the 
fraction of the mean velocity that would 
be unaccounted for if the velocity 
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profile were cut off perfectly flat for all 
7/R less than 0.8, a situation far worse 
than can be anticipated as due to 
any reasonable variation in n’, the error 
in the mean velocity due to a variation 
of the flow-behavior index in this region 
would be only a small fraction of this 
7% and entirely negligible. On the 
other hand about 74% of the mean-flow 
contribution is attributable to the shear 
rates which occur at shear stresses 
between 7,, and 0.96r,,. 

These observations lead inescapably 
to the conclusion that Equation (29) 
is an excellent approximation for pre- 
dicting the friction factor for nonpower-law 
fluids, provided the parameters are 
evaluated at the existing wall shear 
stress. Since the turbulent velocity 
profiles for many pseudoplastic fluids 
should be flatter than for the Newtonian 
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Fig. 2. Newtonian turbulent velocity distri- 
bution 


(N;, = 20,000, D = 1 in., water at 20°C.). 


developed here, the situation 
depicted by Figure 3 should be even 
more dramatic in this case. For the 
limiting case of n’ = O Figure 3 would be 
simply two straight lines coinciding with 
the coordinate axes. Conversely the 
situation will be less pronounced for 
dilatant fluids. However even in the 
dilatant case the mean velocity will be 
dependent most highly on the wall 
rate, and the same conclusions 
will probably be valid in most practical 
cases. 

It has now shown that the 
friction-factor relationships for both 
laminar and turbulent flow as given by 
Equations (31) and (29) respectively 
are valid for nonpower-law fluids, pro- 
vided the fluid-property parameters are 
evaluated at the existing wall shear 
Unfortunately the wall shear 
stress is normally the quantity being 
sought, and hence a trial-and-error 
procedure is necessitated when one is 
working with nonpower-law fluids. Equa- 


case 


shear 


been 


stress. 
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tion (29) would be used repeatedly to 
calculate the pressure drop until the 
calculated 7,, was identical to the shear 
stress at which n’ and K’ were evaluated. 
It should be emphasized, however, that 
the majority of non-Newtonian fluids 
can be represented quite well by the 
power-law model and that the remaining 
fluids seldom depart radically from this 
model. Thus in most cases there is a 
reasonably large region surrounding the 
existing wall shear stress in which n’ 
and K’ are nearly constant, and the 
convergence of the trial-and-error pro- 
cedure is rapid. A further increase in 
the rapidity of convergence is provided 
by the manner in which n’ and K’ change 
together with shear stress. If the fluid- 
property parameters vary at all with 
shear stress, they must vary in opposite 
directions. For example if »’ increases 
with increasing shear stress, then A’ 
must decrease with increasing 7. Such 
a combination of variations tends to 
cancel their effect on Ne,’, leaving the 
Reynolds number only weakly dependent 
on the shear stress at which the param- 
eters are evaluated. 

All this discussion has been aimed at 
extending the power-law friction-factor 
prediction to include nonpower-law fluids. 
It is also important to be able to extend 
the power-law results regarding turbu- 
lent-velocity profiles to nonpower-law 
systems. This should be possible, at 
least approximately, in the sense that 
velocity profiles for nonpower-law fluids 
might be constructed differentially on the 
basis of the power-law results. The 
differential form of the velocity-defect 
law, if no contribution by a g: function 
is assumed, is given by 


U, — u dé 
af =") = —naA, 


Thus the slope of the velocity-defect plot 
is a function of n and & For power-law 
fluids (nA,) is a constant independent 
of &, and this equation may be integrated 
directly to give Equation (34), the 
velocity-defect law for power-law fluids. 
With nonpower-law fluids (nA,) will be 
a function of the shear stress and hence 
of & When one denotes (nA,,) by f(§), 
the velocity-defect law for nonpower-law 
fluids may be written as 


Assumption of Strict Similarity 

veloeity-defect law 
, an assumption 
that is 


If in place of the 
as given by Equation (6 
of strict similarity is 


made, 


one obtains the following equations as 
the most important results from an 
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analysis similar to that presented here 
on the basis of the power-law model (3); 


U. = (41) 
a 
(N,.")” 
"1+ e,(2 —n’) 
Equations (41) and (42) are of the 


same form as the Blasius equations 
for Newtonian fluids (6). In this case 
the numerical values of a,, 6,, and ¢, 
respectively are approximately 0.079, 
0.25, and 1/7 for Reynolds numbers 
between 10° and 10°. 

Although the friction-factor correlation 
suggested by Equation (42) is inferior to 
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FRACTIONAL FLOW CONTRIBUTION 


Te 


Fig. 3." Newtonian fractional! 
flow contribution 
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that of Equation (29), the former has 
the advantage of expressing the friction 
factor explicitly. For certain applications, 
such as the development of heat and 
mass transfer analogies, this advantage 
may well overshadow the accompanying 
sacrifice in precision, as it has for Newton- 
ian fluids, and result in the practical 
utilization of Equation (42). The 
attractiveness of such an approximation 
is perhaps even more important with 
non-Newtonian systems. 


AV _ 


EXPERIMENTAL 


The purpose of the experimental phase 
of this investigation was to test the validity 
of the proposed theoretical developments 
and, if found valid, to evaluate the unknown 
functions and (,,’ which occur therein. 
The primary criteria for selection of experi- 
mental fluids were that they exhibit a wide 
range of non-Newtonian characteristics 
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under the turbulent experimental conditions. 
Also it was desirable that fluids representa- 
tive of both polymeric solutions and solid- 
liquid suspensions be investigated. Finally 
the validity of the theoretical analysis could 
could best be tested by considering non- 
power-law as well as power-law fluids. Owing 
to the viscosity characteristics of dilatant 
systems and the attending difficulties which 
arise in handling these fluids under condi- 
tions of high shear, the experimental 


was recycled. The flow rate was measured 
either by timing a sample collected in a 
weigh tank or by a Foxboro magnetic 
flowmeter installed in the recycle line. 
Test sections of '4-, 1-, and 2-in. (nominal) 
smooth brass pipe were employed. Calming 
or entrance lengths of about 53 pipe diam. 
preceded the first pressure tap for each test 
section, and exit lengths greater than 12 
pipe diam. followed the last pressure tap 
before any type of geometric discontinuity 


their dissipation prior to the entry of the 
test. sections. Water was used as the pres- 
sure-transmitting medium in the lines 
connecting the pressure taps to the manom- 
eters. Bourdon gauges and two sets of 
manometers employing fluids of different 
densities provided pressure-drop measure- 
ments over a wide range (0.02 to 160. lb./ 
sq. in.). For each test fluid a few points 
were taken in the laminar-flow region to 
check the rheological data and to permit 


systems were restricted to pseudoplastic was encountered. Pressure taps were establishment of the point of turbulence 
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Fig. 5. Friction factor plot of Newtonian data used to 


fluids. In view of the far greater industrial 
importance of pseudoplastie fluids in com- 
parison with dilatant systems, this restric- 
tion does not constitute a serious limitation. 

Aqueous solutions of Carbopol 934 and 
sodium carboxymethycellulose served to 
represent polymeric solutions, while slurries 
oi Attasol, an attapulgite clay, represented 
the class of solid-liquid suspensions. Four 
concentrations of Carbopol, three of Attasol, 
and two of carboxymethycellulose (CMC) 
were studied. In addition, data were taken 
with two Newtonian fluids, water and a 
sugar solution, to test the equipment and 
experimental technique. 

Fluid was pumped from an agitated 
storage tank through one of three hori- 
zontal test sections, after which the fluid 


Vol. 5, No. 2 


check experimental accuracy. 


formed by small holes carefully drilled 
through the walls and rounded 
slightly on the inside by means of a fine 
file to remove any burs. To verify uni- 
formity of the pressure gradient each test 
section was divided evenly into subsections, 
the 14- and l-in. pipes having three sub- 
sections constituting their test sections and 
the 2-in. pipe having two. The pressure 
drop could be measured across any of these 
subsections individually or across the whole 
of the test sections. To establish further 
that the pressure-gradient measurements 
were free from the abnormalities which 
prevail near an entrance, three pressure 
taps were located within the calming section 
of the 14-in. pipe. With these it was intended 
to trace the entrance effects and verify 


pipe 
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apparatus and experimental procedure is 
available (3). 

Typical viscometric data for one of the 
test fluids are shown in Figure 4. Only two 
of the non-Newtonian fluids studied truly 
contormed to the power-law model over 
the entire range of shear stresses wherein 
measurements were made. Several addi- 
tional fluids however approached power-law 
behavior very within restricted 
regions of shear Generally the 
polymeric solutions tended more toward 
power-law behavior than did the clay 
suspensions. 


closely 


stress. 


Results 


The experimental Newtonian results 
relating the friction factor and Reynolds 
number are plotted in Figure 5 in the 
form of a conventional friction-factor 
diagram. This figure shows that the 
Newtonian data of this investigation 
are in excellent agreement with the 
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established Newtonian relationships for 
all three flow regions, laminar, transition, 
and turbulent. Hence it was concluded 
that the equipment and techniques used 
in this study were entirely satisfactory, 
yielding accurate and reliable data. 
The turbulent Newtonian data are 
plotted in Figure 6 in terms of the 
correlating groups of the von Karman 
equation 1/1/f and log [Nx Vf]. 
Again the good agreement between the 
data and the established relationship is 
evident. 

Experimental data taken with the 
non-Newtonian systems covered the 
range of variables outlined approximately 
in Table 1. Figure 7 shows friction-factor 
data typical of the experimental results 
for these non-Newtonian systems. Perhaps 
the most striking feature about Figure 7 
is that the turbulent  friction-factor 
data lie below the Newtonian curve 
and above an extension of the laminar 
relationship. From the discussions re- 
garding the special cases of Newtonian 
and ultimate pseudoplastic behavior, 
it is to be expected that friction factors 
for all pseudoplastic systems will fall 
within this general region. Hence, 
qualitatively at least, Figure 7 supports 
the earlier theoretical considerations. 
Second, the friction-factor diagram clear- 
ly shows a definite transition region 
between laminar and turbulent flow 
which extends over a range of Reynolds 
numbers comparable to the extent of 
the Newtonian transition region. Accord- 
ing to Figure 7 the onset of turbulence 
occurred at a Reynolds number slightly 
larger than the accepted Newtonian 
value of 2,100. 

To test the validity of the theoretically 
predicted friction-factor correlation, plots 
of vs. log are much 
more informative than the ordinary 
friction-factor diagrams shown in Figure 
7. Figure 8 shows the turbulent data 
of Figure 7 plotted in terms of the 


present data. Of the non-Newtonian 
fluids tested, four agreed sufficiently 
well with the power-law model to permit 
evaluation of the A:, function in this 
manner. 

The theoretical considerations that 
A;, approaches infinity as n’ goes to 
zero and approaches zero as n’ goes to 


data at an n’ of 0.726, it will be noted 
that separate and _ slightly different 
values of Ai, are shown in Figure 9 
at this flow-behavior index for each of 
the three pipe diameters. The individual 
values of Ai, here were established by the 
separate consideration of the data ob- 
tained from each of the different pipes 
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Fig. 7. Typical non-Newtonian friction factor results. 
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Fig. 8. Turbulent data from Figure 7 plotted in terms of the correlation variables. 


TABLE 1, RANGE OF EXPERIMENTAL VARIABLES FOR NON-NEWTONIAN SYSTEMS 


point values of n’ 
(in | in. pipe) 


Fluid Range n’ Range Np,’: 5,000 10,000 20,000 
0.5% Carbopol 670- 6.000 0.43-0.56 0.54 
0.4% Carbopol 720-11.000 0.51-0.58 0.54 0.57 
0.3% Carbopol 750-19 .000 0.62 0.62 0.62 
0.2% Carbopol 610-36 .000 0.73 0.73 0.73 0.73 
15 % Attasol 540-11,000  0.28-0.44 0.38 0.43 
13. % Attasol 740-22,000  0.26-0.57 0.42 0.49 0.56 
11.8% Attaso] 830-21.000  0.22-0.68 0.40 0.60 0.68 


correlation variables. It is evident that 
the points do fall on a straight line as 
predicted, the slope being -1;,. Because 
of the requirement that n’ be constant 
throughout the range of experimental 
measurements, this test could be applied 
only to the power-law portion of the 
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infinity suggest that a logarithmic plot 
of Ai, vs. n’ might be fruitful in determin- 
ing the form of the A;, function. Figure 
9 is such a logarithmic plot showing all 
the experimental points of the A), 
function. Although a single correlating 
line was indicated in Figure 8 for the 
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and application of least-square techniques 
thereto. Similarly, by fitting separate 
least-squares lines through the Newtonian 
data of Figure 6 for each of the three 
pipes, slightly different values of Ai, (/) 
were obtained. It was not the purpose 
of the present Newtonian data to test 
the validity of the von Karman equation 
and its coefficients. Rather it is accepted 
herein that the coefficients of Equation 
(30) are reliable for the Newtonian case. 
However for purposes of comparison with 
the non-Newtonian measurements it 
was informative to perform this evaluation 
of Ai, (1) independently based on the 
present Newtonian data. Since it is 
well established for Newtonian fluids 
that no extraneous diameter effects 
exist, it is conclided that the indicated 
non-Newtonian diameter discrepancies 
in A;, do not constitute a real effect. 
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Generally the experimental data for the 
l-in. pipe covered a wider range of the 
correlation variables from which A,, was 
determined, and therefore the results for 
this pipe probably represent better 
values than for the other two pipes. 

The line shown in Figure 9 passing 
through the data was determined by 
the method of least squares after placing 
on it the requirement that it must pass 
through the point A:,(1) = 4.0. The 
equation of this line is given by 


4.0 
Aim = (43) 
| 
Ain? 4.0/1 
172 inch pipe 
0.9} —O = 
O- | inch pipe 
2 inch pipe 
0:8 
| 
0.6 
-4 -3 -2 
logn 


Fig. 9. The A,, function: variance with the 
flow behavior index n’. 
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Fig. 10. Dependence of the C,’ function 
on 


Besides passing through the known 
Newtonian point, the expression proposed 
for the A,, function satisfies all the 
theoretical restrictions discussed earlier, 
namely, 


A,,(n’) = 0 
A,,(0) = ~ 
A,,(©) = 0 
n’A,,(0) = 0 
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Ai, < 4.0/n’ (forn’ < 1.0) 


Ay, > 4.0/n’ (forn’ > 1.0) 
Hence although the proposed A:, function 
must be considered as empirical, it is 
entirely compatible with all the known 
theoretical prerequisites. 

The C,’ results calculated by using 
the Ai, values given by Equation (48) 
are shown in Figure 10. The wide scatter 
of the data shown here can be attributed 
to the inaccuracies encountered in deter- 
mining C,,’, a small number, by the 
subtraction of one large number from 
another. Although such an operation 
makes it difficult to obtain accurate 
values of C,’, it should be remembered 
that by the same token the relationship 
between the friction factor and Reynolds 
number is quite insensitive to the C,’ 
function. Hence a high degree of precision 
is not required in this quantity for the 
purpose of pressure-loss prediction, at 
least in the n’ range investigated here. 
Again, the discrepancies between data 
for the various pipe sizes are about the 
same for both the Newtonian and 
non-Newtonian points. Also the differ- 
ences are not consistent in their direction, 
and it is concluded that no real additional 
diameter effect exists. 

There is no justification at the present 
time for placing anything other than a 
straight line through the data points of 


—0.40 
Equation (46) satisfies the Newtonian 
situation and the one theoretical con- 
dition imposed upon C,’ earlier, namely 
that C,’ approach negative infinity as 
n’ goes to zero. 

The final proposed friction-factor 
correlation is obtained by replacing the 
general functions A;, and C,,’ of Equation 
(29) with their specific forms as given 
by Equations (43) and (44) respectively. 


0.40 


The A;, and C,’ functions and Equation 
(45) were established by using only that 
portion of the experimental data cor- 
responding to power-law fluids or very 
close approximations thereof. It is 
difficult to test the compliance of the 
data for nonpower-law fluids with the 
theoretical hypotheses. For example, 
nonpower-law data cannot be tested by 
a plot such as Figure 8, since the flow- 
behavior index is not constant. Even 
presentation of these data in terms of 
the familiar friction-factor diagram is 
of little significance because of the 
changing values of mn’ with Reynolds 
numbers. Further, if the flow-behavior 


C,’ = (44) 


(45) 
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Fig. 11. Comparison of experimental friction factors with those predicted. 


Figure 10. The line shown in this figure 
was located by the method of least 
squares by incorporating the requirement 
that it pass through the accepted 
Newtonian point C,’(1) = —0.40. The 
equation of this line is 
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index is a function of shear stress, its 
value at a given Reynolds number will 
be different for the three pipe sizes, and 
the friction-factor data for the various 
pipe diameters would not even coincide. 
Earlier it was predicted that Equation 
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Fig. 12. Final friction factor design chart for Newtonian and non-Newtonian fluids. 


(29) or now Equation (45) will be appli- 
cable to nonpower-law fluids, provided 
that the fluid-property parameters are 
evaluated at the wall shear stress. 
Perhaps the best way to test this hypothe- 
sis and concomitantly to use the 
nonpower-law data to check the proposed 
A;, and C,’ functions is to compare the 
experimental friction factor for the 
nonpower-law fluids with those predicted 
by Equation (45). By means of experi- 
mental Reynolds numbers and_ the 
appropriate  flow-behavior indexes, 
Equation (45) has been solved for the 
friction factor corresponding to each 
turbulent non-Newtonian test made 
during this investigation. By including 
in such a comparison the power-law 
fluids on which A;, and C,’ were based, 
the accuracy of Equation (45) may 
be investigated. Figure 11 is a_ plot 
Of ferpt'1. fprea, Showing these results 
for the non-Newtonian tests only. 
Excellent agreement is found between 
the predicted and experimental friction 
factors. The points of Figure 11 cover a 
range of the flow-behavior index from 
0.36 to 0.73 and of the Reynolds number 
from 2,900 to 36,000. (The highest 
Reynolds numbers correspond also to 
the highest values of n’.) Results for the 
nonpower-law fluids (primarily the clay 
suspensions) show equal agreement with 
the predicted friction factors, as do the 
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power-law fluids on the basis of which 
the correlating equation was developed. 
Hence it is proved that, as predicted, 
Equation (45) is applicable to nonpower- 
law as well as power-law systems, 
provided the fluid-property parameters 
are evaluated at the existing wall shear 
stress. Also the conformity of the non- 
power-law fluids to Equation (45) serves 
serves indirectly to support the validity 
of the proposed Ai, and C,’ functions. 
The data of Figure 11 are grouped into 
three ranges of n’ to illustrate the absence 
of an effect of the flow-behavior index 
on the degree of agreement. The 146 
points shown in Figure 11 represent al} 
the turbulent non-Newtonian experiments 
of this investigation. The maximum 
deviation of an experimental friction 
factor from the value predicted by 
Equation (45) is 8.5%, and the mean 
absolute deviation is 1.9%. Sixty-nine 
per cent of the deviations lie within the 
standard deviation of 2.4%, an indication 
that the deviations of the experimental] 
points from those predicted conform to 
a statistically normal distribution. 

The main objective of this study is the 
friction-factor-Reynolds-number corre- 
lation given by Equation (45). Since this 
equation cannot be solved for f explicitly, 
a graphical presentation of the equation 
will be found convenient for future use. 
Figure 12 is a friction-factor plot based 
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on Equation (45) in the turbulent region. 
The solid lines of this figure indicate the 
region in which experimental data were 
taken, whereas the dashed lines represent 
modest extrapolations by use of Equation 
(45). 


DISCUSSION 
Friction-Factor Correlation 


The validity of the theoretical relation- 
ship developed in this work between the 
friction factor and the generalized 
Reynolds number has been established 
for polymeric solutions, solid-liquid sus- 
pensions, power-law, and nonpower-law 
fluids alike. Equation (45) has been 
shown to agree very well with the 
experimental data covering a range of 
flow-behavior indexes from 0.36 to 1.0. 
The extrapolations of Figure 12 extend 
this region of n’ to from 0.2 to 2.0, and 
it is believed that such moderate extrap- 
olations are entirely permissible. Caution 
should be observed, however, in extrap- 
olating Equation (45) to values of 1’ 
greatly removed from the experimental 
range. For very highly dilatant fluids 
the assumption of a negligible thickness 
of the laminar sublayer which is incor- 
porated into Equation (7) may fail. On 
the other hand, when vn’ becomes 
extremely smali, for example 0.001, 
the C,’ function becomes a significant 
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part of the quantity (1/f)! and may well 
require more accurate evaluation than 
‘an be obtained by extrapolation accord- 
ing to Equation (44). Actually however 
it is to be expected that turbulent-flow 
problems involving flow-behavior indexes 
outside the range of Figure 12 will be 
exceedingly rare, and therefore that 
Figure 12 will be adequate in nearly all 
practical eases. Extrapolationsto Reynolds 
numbers higher than the experimental 
range at a given value of n’ should be 
quite permissible, since all the assumptions 
involved in the theoretical development 
of Equation (45) become even more 
valid as the Reynolds number is increased. 

For the non-Newtonian systems studied 
in this investigation (n’ less than unity) 
the onset of turbulence always occurred 
at Reynolds numbers slightly greater 
than those for Newtonian fluids. Further- 
more the data showed some evidence 
that the Reynolds number corresponding 
to the onset of turbulence increases 
slowly with decreasing values of the 
flow-behavior index. For example with 
an n of 0.726 Figure 7 indicates the 
start of the transition region at a Reynolds 
number of about 2,700, whereas for an 
n’ of 0.38 the onset of turbulence was 
observed at a Reynolds number of 
about 3,100. Unfortunately the effect 
was not clear-cut, since the experimental 
data close to the onset of turbulence 
exhibited sufficient scatter to prohibit 
a precise definition of the transition 
region. Of necessity the transition-region 
portions of the friction-factor curves of 
Figure 12 were located somewhat arbi- 
trarily but in general accordance with 
the experimental observations. 

An interesting point arises regarding 
the case of ultimate pseudoplasticity 
(n’ = 0). It was reasoned earlier that 
laminar- and turbulent-velocity profiles 
for this situation would be identical 
and that as a result the turbulent fric- 
tion-factor-Reynolds-number correlation 
would simply be an extension of the 
laminar relationship. In view of the 
apparent increase of the critical Reynolds 
number with decreasing n’, indicated by 
the present results, however, a question 
arises as to whether or not a turbulent- 
flow condition could ever be attained 
for this case. With a perfectly flat 
laminar-velocity profile the flow instabil- 
ity frequently attributed to the influence 
of a velocity gradient is absent. Every- 
where within a tube except at the wall 
itself the stability parameter of Rouse 
(14) would be zero, an indication of 
complete stability. Directly at the tube 
wall the stability parameter becomes 
indeterminate. If turbulence were to 
begin just at the tube wall, which in 
itself is a questionable notion, it is not 
clear that propagation would ensue 
throughout the tube. 

An additional non-Newtonian system 
heretofore unmentioned was studied 
which did not behave in the same manner 
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Fig. 13. Friction factor results for anomalous fluid. 


as the other experimental! fluids. Figure 
13 shows series of friction-factor 
measurements taken with a 0.38% aque- 
ous solution of carboxymethycellulose 
‘CMC). The friction factor here follows 
much more closely an extension of the 
laminar line than do the data for the 
other fluids, and a pronounced diameter 
effect is evident. These observations 
plus others that will not be pursued 
here all indicated that the abnormalities 
manifested by the CMC data are the 
result of some type of pseudostable 
laminar- or transitional-flow condition, 
and that fully developed turbulent-flow 
was never achieved with these fluids. 
On the other hand the flow situation 
obviously deviated from purely laminar 
motion. It would appear that CMC 
solutions possess some abnormal ability 
to suppress the formation and propagation 
of turbulence. The physical mechanisms 
responsible for the peculiar behavior of 
these fluids are not known at the present 
time, although several possible explana- 
tions may be cited (3), of which 
viscoelasticity appears to be the most 
probable. That the CMC system repre- 
sents the abnormal non-Newtonian case 
seems certain from a consideration of 
other available turbulent data for a 
variety of fluid systems (11). In no 
instance have prior data been reported 
which resemble the CMC results of 
this investigation; in all cases a definite 
break from laminar flow occurred at 
values of the generalized Reynolds 
number only slightly greater than 2,100, 
as in the present study. When one notes 
that the prior-art data on well-developed 
turbulent flow are entirely for slurries, 
it appears that the correlation presented 
here is of primary value for such systems. 
Accordingly this correlation is recom- 
mended for use with slurries, but it 
may also be used for polymeric material 
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provided at least one experimental 
measurement, under turbulent conditions, 
is available to determine whether the 
fluid in question falls into the same 
category as slurries and the Carbopol 
(polymeric) solution or into the category 
of CMC. If such a single measurement 


is not available, the present design 
chart may still be used as the best 


available approximation, since it will 
always be either correct or, if in error, 
conservative. 

The simplest explanation for the 
observed difference between the behavior 
of CMC on the one hand and of Carbopol 
and slurries on the other is that one or 
more additional and as yet undefined 
physical properties are of significance 
in the case of CMC and other polymer 
solutions which may later be shown to 
fall into the same category as CMC. If 
one were to develop a design chart 
such as is given in Figure 12 by using 
CMC solutions of various concentrations, 
the results would obviously be different 
from those of Figure 12, even though they 
might be self-consistent. Since the magni- 
tudes of the unknown but necessary 
physical properties are not available, 
such a chart would be of little or no value 
for use with other fluids; it would 
obviously be inapplicable to slurries, 
but more important it would also be 
inapplicable to other fluids of the general 
nature of CMC unless they fortuitously 
possessed exactly the same value of the 
unknown parameters as does CMC. In 
view of this rather small probability 
such a design chart would not be of 
proved utility except for use with CMC. 
It is unfortunate that this situation has 
arisen in another study (16) in which 
CMC was the only fluid used having 
a flow-behavior index below 0.70. Since 
the difference between the friction 
factors for a Newtonian fluid and one 
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with an n’ of 0.70 is less than 25% 
(Figure 12), while Shaver’s (16) accuracy 
was stated to be only + 12%, it is 
clear that the one part of Shaver’s 
study which possibly does not contain 
complications, owing to CMC-like behay- 
ior, does not serve to predict the trend 
of friction factors as a function of n’ 
with better than  order-of-magnitude 
accuracy. 


Prior-Art Correlation Methods 


Earlier workers have almost unani- 
mously adopted the apparent thesis 
(although not always stated explicitly) 
that the shear rates occurring under 
turbulent conditions are high enough 
to effect constancy of viscosity and 
permit correlation of pressure-loss—flow- 
rate data by standard Newtonian 
procedures. In essence such studies were 
not concerned at all with the actual 
turbulent behavior of non-Newtonian 
fluids but simply the turbulent behavior 
of Newtonian systems, which under 
different circumstances would exhibit 
non-Newtonian characteristics. The main 
difference between several approaches 
proposed in the past has been in defining 
what value should be used as the constant 
viscosity. The three primary approaches 
of the prior art have been based on the 
use of the viscosity of the dispersion 
medium (2), a limiting viscosity at 
infinite shear (/, 2/, 22), and a turbulent 
viscosity established from sample pressure- 
loss measurements taken on the given 
fluid under actual turbulent conditions 
(1, 19). 

Portions of the data from the present 
investigation have been treated according 
to these prior-art schemes to test the 
reliability of these three procedures (8). 
The turbulent viscosities were found 
to be 1.3 to 5.3 times larger than. the 
limiting viscosities at infinite shear and 
from three to fourteen times as large 
as the viscosity of the dispersion medium. 
Obviously both of the first two design 
methods are of very limited values. 
The turbulent viscosities were also 
found to be variables rather than con- 
stants as suggested by the prior art. 
In fact they varied as much as three- 
fold over a fivefold range of Reynolds 
numbers. 

The most extensive correlation of 
early data treated all the consistent 
non-Newtonian data then available in 
the literature (11). The results were 
presented as a plot of friction factor vs. 
Nr.’. This plot showed the end of the 
stable, laminar flow region occurring 
at a Reynolds number of 2,100 to 3,000, 
followed by a broad region extending to 
Nr.’ = 70,000, in which the friction 
factor was nearly constant. It is very 
probable that most of the fluids involved 
were changing from non-Newtonian to 
Newtonian character at the shear stresses 
prevalent in the apparent transition 
region and that this rheological change 
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Fig. 14. Typical predicted velocity profiles. 
All curves are calculated for the same aver- 
age velocity. 


was responsible for the constancy of 
the friction factor at Reynolds numbers 
above 2,100 rather than an actual 
transition phenomenon. The results of 
the present investigation confirm this 
premise. Figure 12 illustrates that for 
fluids with flow-behavior indexes that 
increase from some low value toward 
unity, results identical to those observed 
by Metzner and Reed are to be expected. 
Thus while their method of correlation 
represented a considerable improvement 
over the methods discussed, limitations 
of the available data prevented develop- 
ment of a truly precise design procedure. 
Comprehensive discussions of other 
(less important) early studies of turbu- 
lence in non-Newtonian systems are 
available in references 3 and 11. 


Velocity Profiles 


If one assumes the g: function to be 
zero, it was predicted from theory that 
the turbulent-velocity defect for power- 
law non-Newtonians is given by Equation 
(84). When Equations (34) and (45) 
are combined, this predicted velocity- 


defect law becomes 


Un 


(46) 


> 
= 5.66(n’)””* log 


The integrated form of the velocity-defect 


law corresponding to Equation (40) 
becomes by similar substitution 
U, — V 
P, = 3.686(n’)"** (47) 
Although Equations (46) and (47) 


both indicate the flattening influence 
of a decreasing flow-behavior index on 
the turbulent-velocity profile, this effect 
may be appreciated more fully by an 
examination of the velocity profile 
itself rather than the velocity defect. 
Figure 14 shows a predicted turbulent- 
velocity profile based on a set of conditions 
representing one of the actual experimen- 
tal points. Such a profile is readily 
calculated by using Equations (8), (45), 
(46), and (47). Included for comparison 
are the laminar-velocity profile for a 
fluid having the same properties and a 
turbulent Newtonian profile correspond- 
ing to the same Reynolds number and 
mean velocity. The pronounced flattening 
of the laminar profile on transition from 
laminar to turbulent flow owing to the 
turbulent transfer of momentum is 
obvious at once. It is worth noting that 
although pseudoplastic fluids have laminar 
profiles which are flat relative to the 
parabolic velocity distribution character- 
istic of Newtonian laminar motion, the 
laminar profile for n’ = 0.377 is still 
considerably less flat than the turbulent 
Newtonian profile. 

It has been shown that for power-law 
fluids the velocity profiles may also be 
expressed. in terms of generalized ut 
and y* functions. Equation (36) expresses 
the relationship between these dimension- 
less quantities within the turbulent 
core. When the general A, and B, 
functions are replaced with their proposed 
functional forms, Equation (36) becomes 
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Fig. 15. Generalized (ut — y*) velocity profile plot for non-Newtonian as well as New- 
tonian fluids. 
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Fig. 16. The 6, function in the relation 


2.458 
(n ’) 75 


E 960 + 1.255n’ 


— 1.628n’ log (3 4)| (48) 


With any given value of n’ Equation (48) 
simplifies greatly and loses its prodigious 
appearance. For example for the Newton- 
ian case Equation (48) reduces to 


u” = 5.66 log y* + 5.1 (49) 


Direct velocity-profile measurements on 
Newtonian fluids have yielded the 
equations (74) 


5.75 log (50) 
= 5.75 logy® + 5.5 (51) 


The differences between Equations (49) 
and (51) and Equations (46) and (48) 
for the Newtonian case are small. The 
slight discrepancies in the comparative 
coefficients arise from the fact that 
frictional pressure-loss measurements 
have been used to establish the coefficients 
in Equations (46) through (49), whereas 
direct velocity-profile measurements were 
used in the case of Equations (50) and 
(51). Any small real differences here are 
perhaps ascribable to slight inaccuracies 
encountered during the development, 
such as the neglect of the laminar 
sublayer when one is integrating for 
the mean velocity or the slight inaccuracy 
of the velocity-defect equation at the 
center line. Again it is noted that 
Equations (46) and (48) cannot be 
perfect, since they do not predict a zero 
shear rate at the center line of the tube. 
However in view of the adequacy and 
widespread acceptance of the correspond- 
ing Newtonian Equations (50) and 
(51), which suffer the same objection, 
this discrepaney is not considered to 
constitute a major inconsistency under 
all conditions. However careful examina- 
tion of Figure 14 shows that the error 
introduced appears to increase with 
decreasing values of n’; that is, the 
region near the center line in which 
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Fig. 17. The a, function in the relation 
a, 
j= 


the turbulent equations predict a steeper 
profile rather than one which is flatter 
than the corresponding laminar profile 
has been increased in breadth for the 
non-Newtonian case. This makes the 
theoretically predicted turbulent-velocity 
profiles for non-Newtonian fluids an 
extremely tentative proposition until 
checked by direct experimental measure- 
ments. The only available experimental 
velocity profiles appear to be in the 
unpublished thesis of Shaver (16). Since 
it is believed that his data may possibly 
be influenced by unmeasured complica- 
tions owing to fluid elasticity or another 
similar effect, there appear to be no 
experimental measurements of proved 
applicability with which the present 
predictions may be verified or rejected 
at this time. 

Equation (48) is shown plotted for 
several values of the flow-behavior 
index in Figure 15. A plot of Equation 
(51) is also included for comparison. 
Within the laminar sublayer Equation 
(39) becomes valid replacing Equation 


(36). Curves representing Equation (39) 
for the corresponding values of n’ are 
also shown in Figure 15. It is likely 
that some type of buffer or transition 
region separates and causes a gradual 
merging of the laminar sublayer and 
turbulent core rather than the abrupt 
transition indicated by the intersections 
of Figure 15. Velocity-profile measure- 
ments with Newtonian fluids have 
certainly indicated the presence of such 
a buffer region (5, 15). However the 
question of the existence and extent of 
a buffer region with non-Newtonian 
fluids must await suitable measurements 
on velocity profiles themselves. 


Blasius Type of Approximation 


It was indicated earlier that Equation 
(42), a simple expression resembling 
the equation proposed by Blasius for 
Newtonian liquids, might be used for 
non-Newtonian fluids to provide an 
approximation of the friction factor 
within a limited range of Reynolds 
numbers. Figures 16 and 17 post the 
best values of b, and a, over the Reynolds 
number range from 3,000 to 100,000 
as obtained by fitting straight lines to 
the curves of Figure 12. Figure 18 shows 
the turbulent friction-factor lines pre- 
dicted by Equation (42), based on the 
smoothed a, and 6, functions as given 
in Figures 16 and 17 respectively. For 
comparison the corresponding curves 
predicted by Equation (45) are included. 


Contraction Effects 


When a fluid is allowed to flow through 
a sharp-edged entrance or sudden con- 
traction, a finite length of flow path is 
required thereafter before a fully developed 
velocity profile is attained. To trace the 
extent of entrance or contraction effects 
a sharp-edged contraction from 114- to 
14-in. standard pipe was installed at 
the entrance to the calming section of 
the 14-in. pipe. Three pressure taps 
were placed in the calming section 
downstream from the contraction, so 
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Fig. 18. Comparison of approximate and theoretical equations for the friction factor. 
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that the pressure gradient might be 
traced back from the test section to 
within 5.6 diam. of the point of contrac- 
tion. 

Figure 19 illustrates a typical pressure 
gradient following the contraction, when 
laminar flow prevailed. The excessive 
pressure loss, immediatley evident near 
the contraction, appears to be dissipated 
completely at about 45 diam. down- 
stream, after which a linear pressure 
gradient was established. There was 
some indication that the distance over 
which the contraction influence was 
felt increased slightly with increasing 
velocity or Reynolds numbers, but the 
data were inadequate to establish any 
quantitative relationship. In no case 
however did the laminar entrance length 
extend appreciably beyond the 53 diam. 
allowed in this work as a calming section. 

Owing to eddy momentum transport 
it is to be expected that turbulent 
entrance lengths will be considerably less 
than for the laminar case at correspond- 


ing Reynolds numbers. Experimental 
data have verified this hypothesis. 


The entrance lengths under turbulent 
conditions were so short that their 
determination was almost impossible. 
Generally it can be said that all observed 
turbulent entrance lengths were 
than 15 diam. and appeared to be 
independent of the velocity or Reynolds 
number. These entrance length results 
qualitatively agree with similar Newto- 
nian measurements and are of comparable 
magnitude or somewhat shorter. Since 
the non-Newtonian velocity profiles for 
fluids having an n’ of less than unity are 
always less sharp than in the correspond- 
ing Newtonian case, it appears reasonable 
from a theoretical point of view that a 
shorter distance should be required to 
establish the final profile, other factors 
being constant. It should be noted that 
entrance lengths determined from excess 
pressure losses in the region of a con- 
traction are generally smaller than those 
required to develop completely the 
velocity profile, since the final velocity 
distribution is attained earlier in the 
vicinity of the wall, which determines the 
pressure gradient, than at the center line 
of the tube. 

By extrapolating the excess pressure 
curves back to zero length, as is shown in 
Figure 19, it is possible to arrive at the 
excess pressure loss which is dissipated 
within the smaller pipe. Such an excess 
pressure loss is not equivalent to the 
total contraction loss, since it does not 
include the portions of the kinetic 
energy change and additional fluid 
friction which take place in the jarger 
pipe prior to the point of contraction. 
Figure 20 is a plot of the experimentally 
determined laminar excess pressure losses 
including kinetic energy effects deter- 
mined in this manner as a function of the 
mean velocity. It can be seen that all the 
data are correlated quite well by a line 


less 


Page 202 


PRESSURE - PSI 


| 0.3% CARBOPOL 
LO, n'= 0.617 
| V=15.12 ft/sec. 
18 
i6 


| | 
LINEAR PRESSURE GRADIENT—” 


40 80 120 
DIAMETERS FROM ENTRANCE 


Fig. 19. Typical pressure gradient down- 
stream from an abrupt contraction. 


LEGEND n | 

@0.7% CMC 51-53 —— 

| (0.5% CARBOPOL .46-.49 __| 
©0.4% CARBOPOL 52-.54 


40.3% CARBOPOL 0.617 
(0.2% CARBOPOL 0.726 
LJ 


a 
' 
7@ 
Al] 
CN 0.44 
-@ c 
wW 
WwW 
Lo 
4 
|| 
ol 
0.01 A 
| 10 


VELCCITY IN SMALLER PIPE, ft/sec. 


Fig. 20. Laminar contraction losses. 


corresponding to 0.44 velocity heads and 
that no significant effect of the flow- 
behavior index is apparent. No contraction 
losses were obtained for the tests 
corresponding to turbulent conditions, 
since the accompanying entrance lengths 
were too short to permit the necessary 
extrapolation with even a moderate 
degree of accuracy. However there were 
very strong indications that turbulent 
contraction losses correspond to consider- 
ably fewer velocity heads than do 
laminar contraction losses, which is in 
qualitative agreement with the finding 
of Weltmann and Keller (2/). 

MeMillen (8) measured laminar-con- 
traction pressure losses in exactly the 
same manner as was used in the present 
study and following contractions» com- 
parable to those used here. His results 
showed losses from four to ten velocity 
heads and indicated that the losses 
increased with the 1.5 power of the 
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mean velocity rather than as the square. 
The large discrepancy between - such 
findings and the others mentioned is 
obvious and possibly is due to the high 
viscoelasticity of MeMillen’s fluid. 
When rheological properties were cal- 
culated from measurements with the 
capillary-tube viscometer, an entrance 
correction of 1.5 pV2/g, was arbitrarily 
assumed for lack of more accurately 
defined procedures. For the vast majority 
of data this ‘correction was entirely 
negligible. Only at the highest shear 
rates did the correction term become 
appreciable. Employing capillary tubes 
of several diameters so that the linear 
velocities were different at the same 
shear stress made it possible to examine 
the appropriateness of the assumed 
entrance correction. Nearly all the 
data indicated that the correction of 
1.5 pV2/g, was too large. Although the 
actual entrance losses could not be 
established precisely from these observa- 
tions, it appeared that a correction 
closer to 1.0 pV2/g, or the Newtonian 
correction of 1.12 pV2/g, would have 
been nearer to the fact for all the fluids 
of this investigation. Such a conclusion 
supports the findings of Toms (/7) and 
Weltmann and Keller (2/). This capillary 
correction includes the entire kinetic 
energy and frictional effects encountered 
at an essentially infinite reduction in 
cross section, which certainly should be 
larger than those at the 2.56:1-diam. 
reduction employed as the pipeline 
contraction. Consequently the laminar- 
contraction losses for the pipeline 
contraction should be expected to be 
less than two velocity heads, which again 
agrees qualitatively with the experimental 
findings after allowance is made for 
upstream losses in the pipeline apparatus. 


SUMMARY AND CONCLUSIONS 


The present work represents the first 
theoretical attack in the area of turbulent 
non-Newtonian flow and has yielded a 
completely new concept of the attending 
relationship between the pressure loss 
and average flow rate based solely on 
fundamental fluid properties. The turbu- 
lent resistance law resulting from this 
analysis resembles the well-known equa- 
tion of von Karman for Newtonian 
fluids but represents a generalization 
thereof which is applicable to Newtonian 
and non-Newtonian fluid systems alike, 
irrespective of any arbitrary rheological 
classifications. To be rigorous the rela- 
tionship is restricted to nonelastic, 
time-independent fluids, which represent 
the simplest and fortunately the most 
common case of flow behavior. The 
latter restriction of time independency 
however, is of little engineering impor- 
tance, since it is probable that design 
calculations with “such fluids would be 
based on the limiting cases of zero and 
infinite times of shear, representing 
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start-up and steady state conditions. 
These limiting cases may be treated 
individuaily as if time effects were absent. 

The friction-factor relationship given 
by the theoretical analysis is 


NF = Ail log [N Re (f)' ] + 


The Ai, and C,’ functions required 
experimental determination, just as in 
the case of earlier theoretical analyses 
developed for the simpler special case 
of Newtonian behavior. 

All the fully turbulent experimental 


data supported the validity of the 
theoretical analysis. The A, and C,’ 
functions were established primarily 


irom data taken with polymeric solutions. 
Subsequent comparison between predicted 
and experimental friction factors for 
clay suspensions, however, showed equal- 
ly good agreement. The final equation 


V1/f = 


4.0 
log [N Re f 


correlated all the turbulent non-Newto- 
nian data for both the slurries and the 
nonelastic gels (some 146 points) with 
a mean deviation of 1.9%. Correlation 
of these data by the empirical prior-art 
methods showed much poorer agreement 
and indicated that the prior-art pro- 
cedures become progressively worse as 
the intensity of the non-Newtonian 
characteristics increase. For fluid systems 
with flow-behavior indexes that are 
functions of the shear stress it has been 
shown that n»’ should be evaluated at 
the existing wall shear stress for use in 
the proposed relationship. friction- 
jactor expression approximating the 
theoretical equation for Reynolds num- 
bers less than 100,000, but which expresses 
the friction factor explicitly, has also 
been developed. 

Transition from laminar to turbulent 
flow with non-Newtonian systems was 
found to take place within a Reynolds 
number range comparable to the extent 
of the Newtonian transition region. The 
lower critical Reynolds number cor- 
responding to the onset of turbulence 
appeared to increase slightly with de- 
creasing values of the flow-behavior 
index. At n’ equal to 0.38 the onset of 
turbulence was observed at a Reynolds 
number of about 3,100. 

The theoretical analysis of the present 
work has permitted the prediction of 
non-Newtonian turbulent velocity pro- 
files, for which no published literature 
exists. Although no velocity profiles 
were actually measured, comparison 
of this work with the accepted Newtonian 
relationships indicates that these pre- 
dictions should be reasonably valid. 
Generalizations of familiar u+ and yt 
velocity-profile parameters have been 
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proposed which extend their utility 
to non-Newtonian systems. 

Pressure-loss measurements taken near 
a sudden contraction have provided 
information, although somewhat limited, 
on the tube lengths over which an 
entrance effect is observable with non- 
Newtonian fluids and the magnitude 
of entrance or contraction losses. 

These conclusions are based on data 
taken with one type of polymeric gel 
and with slurries. Preliminary measure- 
ments on another gel system showed 
turbulence to be strongly suppressed, 
perhaps owing to elasticity effects, 
which have not been considered in the 
present analysis. The present results 
may however be used as an approximation 
for such fluids; while the predicted 
friction factors may be in error, they 
will be conservative. 

The need for further work lies primarily 
in characterization of such more complex 
gels and extension of the present approach 
to such systems, measurement of velocity 
profiles to verify the theoretical predic- 
tions made herein, and application of 
this knowledge of the mechanics of 
turbulence in non-Newtonian systems to 
problems in areas such as fluid agitation 
and heat and mass transfer. 
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NOTATION 


a, = dimensionless function of flow- 
behavior index for Blasius type 
of approximation, defined by 
Equation (42) 

A, = dimensionless function of flow- 
behavior index (constant at any 
given value of n) 


A;, = dimensionless function of flow- 
behavior index 
b, |= dimensionless function of flow- 


behavior index for Blasius type 
of approximation, defined by 
Equation (42) 

B, = dimensionless function of flow- 
behavior index 

C,, = dimensionless function of flow- 
behavior index, defined by Equa- 
tion (21) 

C,’ = dimensionless function of flow- 

behavior index, defined by Equa- 

tion (29) 

internal diameter of pipe or tube 

dimensionless function of flow- 

behavior index for assumption 

of strict similarity 

E, = dimensionless function of flow- 

behavior index 

Fanning friction factor (dimen- 

sionless), also used to designate 

an unspecified function when 


dS 
Il 


= 
Il 
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Greek 
6 


followed by series of variables 
in parentheses 

= dimensional conversion factor, 

32.17 (lb.-mass/lb.-force) (ft./ 

sec.?) 

general function of & and the 

flow-behavior index defined by 

Equation (19) 

turbulent constant appearing in 

theoretical relationships for New- 

tonian fluids 

fluid consistency index defined 

by Equation (1) 

= fluid consistency index defined 

by Equation (24) 

length of pipe or tube 

flow-behavior index (dimension- 

less), defined by Equation (1) 

flow-behavior index (dimension- 

less), defined by Equation (23) 

= conventional Reynolds number 

(dimensionless), DV p/u 

generalized Reynolds number 

(dimensionless), defined by Equa- 

tion (28) 

Reynolds number (dimension- 

less), defined by Equation (22) 

= dimensionless function of flow- 
behavior index, defined by Equa- 
tion (7) 

= pressure drop, AP/L, pressure 
gradient 

= volumetric flow rate 

= radial distance from center of 
tube 

= internal radius of pipe or tube 

local velocity at r (or y) 

friction or shear velocity, equal 


Il 


ll 


toV 

= dimensionless velocity-profile 

parameter, defined by Equation 

(37) 

maximum (center line) 

velocity in tube 

= mean linear velocity 

= distance from tube wall, equal 
to (R — r) 

= dimensionless velocity-profile 
parameter, defined by Equation 
(38) 

= dimensionless group defined by 
Equation (4) 


ll 


linear 


Letters 


= value of y at the intersection of 
the laminar sublayer and transi- 
tion zone 

= value of y at the intersection of 
the transition zone and the 
turbulent core 

= viscosity of a Newtonian fluid 

= dimensionless location parameter, 
equal to y/R 

= value of slightly larger than \/R 

= density 

= shear stress, equal to (r AP/2L) 

within round tube 

shear stress at inner wall of tube 

(D AP/4L) 

grouping of terms forming 

denominator of the generalized 

Reynolds number, y = 
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Characteristics of Transition Flow 
Between Parallel Plates 


G. A. WHAN and R. R. ROTHFUS 


Carnegie Institute of Technology, Pittsburgh, Pennsylvania 


Measurements of pressure drop and mean local fluid velocities have been made in a 
smooth rectangular duct of large aspect ratio. Data have been taken on the steady, iso- 
thermal flow of water at room temperature in the viscous, transition, and lower turbulent 
ranges of flow. Impact probes were installed in the center of the stream, where flow between 
infinitely broad parallel plates was closely approximated. The limits of the transition range 
are discussed, and mean local fluid velocities are correlated. Comparison is made with 


transitional behavior in smooth tubes. 


The present investigation was under- 
taken to gain information about the 
characteristics of steady, isothermal, 
fluid flow between smooth, parallel, flat 
plates. Attention was centered on the 
region of laminar-turbulent transition, 
although data were obtained in the 
viscous and lower turbulent ranges as 
well. The test fluid was water at room 
temperature flowing at Reynolds numbers 
between 865 and 40,190. Measurements 
of temporal mean local fluid velocities 
were made by means of a calibrated 
impact probe, and these data were 
supplemented by corresponding measure- 
ments of the pressure drop caused by 
fluid friction. Forty-six velocity profiles 
were obtained to‘furnish a comprehensive 
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picture of their dependence on _ the 
Reynolds number. 

Since it was impossible to deal with 
infinitely broad plates, these were approxi- 
mated by the long sides of a 0.70- by 
14-in. rectangular conduit, 20 ft. in hori- 
zontal length, formed from brass plates 
and equipped with a bell-shaped entrance. 
The 20:1 aspect ratio of the duct per- 
mitted the experimental data to be 
compared with published information in 
the fully turbulent range. 

Several investigations, such as those 
of Laufer (3), Skinner (10), and Watten- 
dorf and Kuethe (1/3), have been made 
to determine the velocity distribution 
for air flowing in fully turbulent motion 
between parallel plates. More recently 
Sage and coworkers (2, 4) have obtained 
several excellent velocity profiles in the 
lower turbulent region. Their apparatus 
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was much like that used in the present 
experiments. Schlinger and Sage (8) have 
presented a correlation of available 
velocity data for parallel plates. Using 
the date of Sage and coworkers as their 
basis, Rothfus and Monrad (6) have 
developed a means of correlating parallel- 
plate velocity profiles with those obtained 
in smooth tubes under fully turbulent 
conditions. Rothfus and coworkers (4) 
have presented simplified methods of 
calculating velocity profiles and pressure 
drops based on the Rothfus and Monrad 
correlation. The fully turbulent range of 
flow can therefore be handled reasonably 
well with respect to fluid friction and 
the distribution of mean local velocities, 
provided the calming length is sufficient 
to make entrance effects negligible. 

In the fully viscous range of flow the 
Navier-Stokes equations of motion can 
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Fig. 1. Fanning friction factors for smooth parallel plates; comparison with smooth-tube 
correlation is shown. 


be integrated without difficulty to obtain 
the shearing-stress distribution and veloc- 
ity distribution as well as the pressure 
loss due to friction (7a). The well-known 
results of this procedure are summarized 
in the following equations: 


Local shearing stress 


rg. = 


Local fluid velocity 


APGe 7? 
(2by—y) (2) 


Frictional pressure drop 


Ap (3) 


These equations are based on the 
assumptions of steady, fully developed 
viscous motion, zero fluid velocity at the 
boundaries, constant density and vis- 
cosity, and infinitely broad plates. 

When one deals with noncircular ducts, 
it is customary to use a Reynolds number 
based on the bulk average linear velocity 
of the fluid and the hydraulic radius of 
the conduit. For a rectangular duct 
having a long side of length 2a and a 
short side of length 2b the Reynolds 
number is 


4(4ab)Vp  4bVp 
2(2a + 
(2a (1 4 


Np (4) 


As the aspect ratio a/b increases without 
limit, thus approaching the case of 
infinitely broad parallel plates, the 
Reynolds number becomes 
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4bV p 


(5) 

Regardless of the prevailing type of 
flow the pressure drop due to fluid friction 
can be represented by means of the Fan- 
ning equation: 


an — 
g. D. 


Comparison of Equations (3), (5), and 
(6) shows immediately that for the case 
of entirely viscous flow between broad 
parallel plates 


(6) 


f 24/(Ne.)r (7) 


On the other hand when such flow is fully 
turbulent, the method of hydraulic radius 
predicts that 


f = 0.079/(Nr.)r (8) 


at Reynolds numbers between the upper 
end of the transition range and 100,000. 
The latter equation is based on the Blasius 
friction-factor expression for smooth 
tubes (/), which correlates tubular data 
at Reynolds numbers between 4,000 and 
100,000. 

The conditions of pressure drop and 
velocity distribution on each side of the 
transition region can therefore be pre- 
dicted accurately enough for most pur- 
poses. Data taken within the transition 
range should extrapolate to these limits, 
and the boundaries of the transition zone 
should prove to be more or less success- 
fully defined on this basis. 


EXPERIMENTAL EQUIPMENT 

Generally the equipment provided for 
the flow of water at room temperature from 
a large constant-head tank to a centrifugal 
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pump, a surge tank, a bell-shaped entry, 
a test section, a discharge plenum, and 
thence back to the supply tank. Part of the 
discharge from the pump could be recycled 
directly back to the supply tank to control 
the flow rate in the test section. The surge 
tank was protected from pump vibrations 
by a 1-ft. length of flexible tubing in its 
feed line. The surge tank and test section 
were mounted on a heavy angle-iron frame 
which was cushioned against vibrations 
from the floor. 

The test section was fitted with a smooth 
tapered entry of sheet brass, constructed 
of brass plates separated by side blocks; 
the plates were butt-jointed and braced 
with machined brass strip and angle iron 
to preserve exact alignment of their junc- 
tions. The test section was 20 ft. long. 

Five static pressure taps were situated 
along the center line of the broad upper 
side of the test section. The velocity profiles 
were obtained by means of two impact 
probes situated on and near the center line 
of the broad upper side of the duct, a 
distance of 3 ft. from the discharge end. 
An aluminum feed mechanism permitted 
the position of the impact opening to be 
determined within 0.001 in. The impact 
probes were formed from stainless steel 
hypodermic-needle tubing having an 0.058- 
in. O.D. and an 0.009-in. wall thickness. 
One of the probes was situated on the 
center line of the channel and the other 114 
in. off the center line. This permitted verifi- 
cation of the opinion expressed by Sage and 
his associates that the velocity profile along 
the broad side of such a duct is essentially 
flat over the middle 3 in. 

The manometers used to measure pressure 
differences were of the ordinary vertical U- 
tube type. To magnify the readings mono- 
chlorobenzene and monofluorobenzene were 
used as the manometer fluids, thus yielding 
multiplications of approximately 10 and 
40 respectively. 

The temperature of the water flowing in 
the system was measured at the inlet and 
outlet ends of the test section by mercury- 
in-glass thermometers. Since the pumps 
heated the water slightly, cold tap water 
was bled into the system from time to 
time to adjust the temperature. The water 
temperature was maintained within 0.5°C. 
of the room temperature to assure essen- 
tially isothermal flow. 


EXPERIMENTAL PROCEDURE 


The test section was aligned with the 
aid of a transit theodolite and leveled to 
within 0.02 in. over the entire 20 ft. of 
test length. 

Average linear fluid velocities over the 
middle portion of the conduit were obtained 
through integration of the experimental 
velocity profiles in every case. The position 
of the opening in the impact probe was 
verified by the determination of both the 
point of maximum local velocity and the 
symmetry of the stream. Most of the re- 
ported profiles were measured over the 
upper half of the duct, but at least one 
point wgs checked on the other side of the 
center line in each run. The impact probes 
were calibrated by the method of Stanton, 
Marshall, and Bryant (17). 

The static pressure differences between 
successive pairs of taps were obtained, and 
the pressure gradient over the longest 
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Fig. 2. Effect of Reynolds number on ratio of average to maximum velocity 
between parallel plates; comparison with smooth-tube correlation is shown. 


distance free from entrance effects was used 
in each case to determine the friction factor. 

Velocity measurements were taken after 
the flow rate had been set and the equip- 
ment allowed to run for at least 1 hr. 
Fifteen to thirty minutes was typically 
allowed at each point before the pressure 
differential across the probe was read. 
After each profile had been obtained, the 
maximum point was checked, and at least 
one point on the opposite side of the center 
line was measured to verify the symmetry 
of flow. Room and water temperatures 
were observed and recorded at the time 
each point velocity was measured. 


EXPERIMENTAL RESULTS AND TREATMENT OF 
DATA 


The Fanning friction factors were 
calculated from the static pressure data 
by means of Equation (6), with the 
equivalent diameter taken as four times 
the half-clearance. The Reynolds number 
was calculated by means of Equation (5), 
and the resulting correlation is sum- 
marized in Figure 1. For comparison the 
viscous relationship shown in Equation 
(7) and the hydraulic-radius pfediction 
shown in Equation (8) are drawn on the 
same coordinates. 

The ratio of average to maximum 
velocity is shown as a function of Reyn- 
olds number in Figure 2. In every case 


Page 206 


the maximum velocity is a single experi- 
mental point, and the bulk average 


velocity is obtained by means of integra- 
tion under the measured velocity profile. 

The data shown in Figures 1 and 2 can 
be combined to yield consistent values of 
the friction velocity parameter at the 
center of the stream. This is readily 
apparent from the defining equation, 
namely 


In addition the center-line value of the 
friction distance parameter can also be 
obtained immediately, since by definition 


(9) 


Vf/2 


p 


Ym (10) 


The resulting graph of w,,*+ against y,,* 
is shown in Figure 3. Each point repre- 
sents a combination of experimental 
V/um and friction-factor values. 

The nature of the velocity profiles in 
the transition zone between viscous flow 
and full turbulence is such that a corre- . 
lation of the u+, y+ type cannot be used 
conveniently for interpolation. A corre- 
lation of the ratio u/u, as a function of 
Reynolds number at constant values of 
the distance ratio y/b however can be 
interpolated readily. The experimental 
velocity data were therefore smoothed 
and correlated as shown in Figure 5. To 
illustrate the magnitude of agreement 
between the original data and the final 
results curves obtained by cross plotting 
Figure 5 at constant Reynolds numbers 
are included in Figure 4. 

The experimental results summarized 
in Figures 1, 3, and 5 can be used in the 
following manner to obtain local velocities 
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Fig. 3. Relationship between friction-velocity parameter and friction-distance parameter 
at center of stream flowing between parallel plates; comparison with smooth-tube corre- 
lation is shown. 


A.1.Ch.E. Journal 


June, 1959 


10 
09 TPARALLEL “PLATES 
\ 
\ 


egra- 
‘ofile. 
2 can 
les of 

the 
adily 
tion, 


(9) 


f the 
be 
‘ition 


(10) 
epre- 
ental 


es in 
flow 


orre- 


used 
orre- 
on. of 
es of 
n be 
2ntal 
thed 
To 
nent 
final 
tting 
ibers 


rized 
the 
‘ities 


10 ~ 
| | | | | | y 
08s 
2 SYMBOL|REYNOLDS NO 
5 ry O 2053 
S 04- = 2865 
> ® 3244 
9 3901 
03 O 5671 H 
@ 11,630 
0.1 63 04 GS "Ga 10 


POSITION RATIO- YA, 


Fig. 4. Velocity profiles for flow between parallel plates. (Solid lines are take 
from the smoothed correlation shown in Figure 5. Circles show original data.) 


at a given Reynolds number. First the 
friction factor is read from Figure 1. 
Second the friction velocity is obtained 
from the equation u, = VV The 
parameter u,,* is read from Figure 3 at 
the value of y,,+ obtained from Equation 
(10). The center-line velocity is then 
calculated from the relationship u,, = 
Um Uy, and the local velocity is obtained 
from the u/u,, values in Figure 5. 


DISCUSSION OF RESULTS 


The Fanning friction factors show 
substantial agreement with the theoretical 
relationship in viscous flow and the 
hydraulic-radius prediction in full tur- 
bulence. Total agreement can hardly be 
expected, since the test duct is rectangular 
and unmeasured-edge effects influence 
the over-all pressure drop to some extent. 
The data in the fully turbulent range 
closely reproduce the results of Sage and 
his associates. The transition range 
appears to extend from a Reynolds 
number of 2,700 to about 3,300 with some 
evidence of persistence as high as 6,000. 
There is little or no evidence of any 
departure from the viscous-flow relation- 
ship at Reynolds numbers below 2,700. 
Smooth tubes on the other hand exhibit 
a small but definite upward divergence 
from the laminar line in the region 
between 1,200 and 2,100 Reynolds 
number. The dip in Figure 1 however has 
almost the same depth as for smooth 
tubes, and the minimum point is marked 
by the same value of the friction factor. 

Figure 2 indicates that the center-line 
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velocity data are consistent with the 
critical Reynolds number shown by the 
static pressure data in Figure 1. The 
scattering of points appears to be 
unrelated to the direction from which 
the critical Reynolds number is ap- 
proached. The smooth-tube line in Figure 
2 is based on the data of Senecal and 
Rothfus (9). 

Rothfus and Monrad (6) have shown 
that coincident velocity profiles occur in 
smooth tubes and parallel plates when 


(1) the flow is fully viscous or fully 
turbulent, (2) the radius of the tube is 
equal to the half-clearance between the 
plates, (3) the skin frictions are equal, 
and (4) the fluid properties are the same 
in both conduits. Under such restraints 
up* = up* and yrt = ypt. It follows 
immediately that the same equalities 
must hold at the center line of the 
stream; therefore graphs of u,,+ against 
ym* for each configuration should be 
coincident when drawn on the same set 
of coordinates. 

The parallel-plate data of Figure 3 
have been supplemented with a line for 
smooth tubes which is based for the most 
part on the experimental results of Senecal 
and Rothfus (9). It is apparent that the 
two curves are coincident at y,,* values 
less than 45. The latter value represents 
the critical Reynolds number of 2,700 
for parallel plates by virtue of Equaton 
(10). It is also apparent that the curves 
merge very gradually at the upper end 
of the transition zone, and so the point 
of actual correspondence cannot be 
stated accurately. At y,* = 140, how- 
ever, the deviation is only about 4%, 
which is within the combined error of the 
contributory experiments. This point 
corresponds to a Reynolds number of 
§.800 in the parallel-plate case and a 
Reynolds number of 4,000 in the smooth 
tube. 

Several conclusions can therefore be 
reached through examining Figure 3. 
First the degree of correspondence be- 
tween the velocity profiles for tubes and 
parallel plates is a weak function of the 
Reynolds number in the fully turbulent 
range. Second the correspondence is 
greatest at high Reynolds numbers. 
Third from the practical standpoint the 
method of Rothfus and Monrad can be 
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Fig. 5. Correlation of mean local velocities in flow between smooth parallel plates. 
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used at Reynolds numbers down to the 
point where the equivalent tube enters 
transition flow. Fourth the condition of 
corresponding velocities cannot be used 
successfully when either conduit is in the 
transition range. Figure 3 of course deals 
only with the center line of the stream, 
but the measured velocity profiles support 
the stated conclusions. 

The behavior of the center-line veloc- 
ities in the transition range supports the 
view that local velocities for parallel 
plates are best correlated in the simple 
form 


Figure 5 is a picture of this equation 
which emphasizes the effect of a Reyn- 
olds number on the velocity profile while 
permitting rather easy interpolation 
among even values of the distance ratio. 
For comparison the corresponding corre- 
lation for smooth tubes has been prepared 
from the data of Senecal and Rothfus 
and is shown in Figure 6. 

It is apparent that both parallel plates 
and smooth tubes exhibit much the same 
behavior in the transition range. The 
effect of casting off the first large dis- 
turbance eddies at the critical Reynolds 
number is immediately reflected by the 
velocity profiles in both cases. It should be 
noted that the velocity ratios at inter- 
mediate values of the distance ratio seem 
to be more greatly disturbed than those 
near the wall and near the center of the 
stream. Once the critical point is passed 
and the frequency of the disturbance 
eddies increases with increased Reynolds 
number, the parallel-plate profile ap- 
proaches its fully turbulent pattern more 
gradually than does the smooth-tube 
profile. The velocity pattern therefore 
supports the frictional data in showing 
that the transition zone extends over a 
longer Reynolds-number range in the 
case of parallel plates than in the case of 
smooth tubes. 

Figures 5 and 6 can be used as working 
graphs for the calculation of mean local 
velocitiés. They should be viewed as 
purely empirical except in the fully 
viscous region, although they are also 
consistent with accepted notions about 
fully turbulent flow. In the transition 
zone, which is the local point of the 
present investigation, there is no adequate 
basis for treating the data other than 
empirically at this time. 

The relationship between the friction 
factors shown in Figure 1 and those for 
concentric annuli of various diameter 
ratios has been discussed in a recent 
paper by Walker, Whan, and Rothfus 
(12). 
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Fig. 6. Correlation of mean local velocities in flow through smooth tubes. 


at Carnegie Institute of Technology. 
Original data and calibrations are presented 
in the thesis, which is available on inter- 
library loan from Carnegie Institute of 
Technology, Pittsburgh 13, Pennsylvania. 


NOTATION 

a = half of long side of rectangular 
duct, ft. 

b = half of short side of rectangular 


duct or half-clearance between 
infinitely broad parallel plates, ft. 

D, = equivalent diameter of conduit 
equal to four times the cross- 
sectional area divided by the 
wetted perimeter, ft. 


f = Fanning friction factor, dimen- 
sionless 
g- = conversion factor in Newton’s 


second law of motion equal to 
32.2 (lb.-mass) (ft.) /(lb.-force) 
(sec.?) 

LZ = length of conduit over which Ap 
is measured, ft. 

Nr. = Reynolds number 
D,Vp/p, dimensionless 


equal to 


Ap = pressure drop due to friction, lb.- 
force/sq. ft. 
To radius of tube, ft. 


u = mean local fluid velocity, ft./sec. 


Uy friction velocity equal to V 
V f/2, ft./sec. 

u* = friction velocity parameter equal 
to u/u,, dimensionless 

Um = center-line velocity 

V = bulk average linear fluid velocity, 
ft./sec. 

y = normal distance from wall to 
point of measurement in the fluid, 
ft. 

y* = friction-distance parameter equal 


to yu,p/u, dimensionless 


Greek Letters 


fluid viscosity, Ib.-mass/(sec.) (ft.) 
p fluid density, lb.-mass/cu. ft. 


il 
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7 = mean local shearing stress, lb.- 
force/sq. ft. 

@ = function 

Subscripts: 

F = parallel plates 

m = maximum or center-line value 

P = smooth tubes 
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Treatment of Thermodynamic Data for 
Homogeneous Binary Systems 


H. C. VAN NESS and R. V. MRAZEK 


This paper describes general methods for the treatment of binary data which are both 
precise and convenient. In particular a new and accurate graphical method of determining 


partial molal quantities is presented. 


The basic equations applicable to 
homogeneous binary solutions are given 
in Table 1. In these equations G repre- 
sents any molal (or unit mass) property 
of a homogeneous binary system. AG 
represents the property change resulting 
from mixing the pure components at 
constant temperature and pressure to 
form 1 mole (or a unit mass) of the solu- 


tion. The notation AGs, and AG, to 
represent partial property changes re- 
sulting from mixing has not been widely 
used but seems convenient. 

The derivation of Equation (5) is given 
in most advanced thermodynamics texts. 
Equations (7) and (8) follow directly 
from Equations (5) and (6) after differ- 
entiation at constant temperature and 
pressure. Equations (7) and (8) represent 
the form of the Gibbs-Duhem equation 
valid for systems at constant temperature 
and pressure. The generality of this equa- 
tion in its applicability to many different 
properties has sometimes been over- 
looked. 

Equations (4), (6), and (8) are valid 
for the excess properties of mixing as 
well as for the property changes them- 
selves. An excess partial molal property 
of a component in solution is defined as 
the difference between the true partial 
property and the partial property the 
component would have in an ideal solu- 
tion at the same temperature, pressure, 
and composition; that is, 

Similarly 


AG,* = AG; a 


and 
AG* = AG — 


When the property is volume, internal 
energy, enthalpy, residual volume, com- 
pressibility factor, or heat capacity, 
= G,; and = 0. Hence 


AG,- = AG; and AG® = AG 


Thus the excess properties do not repre- 
sent new functions for these quantities. 
The excess properties, however, are 


__ H. C. Van Ness is Visiting Fulbright Lecturer at 
King’s College, University of Durham, England, 
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AcE — I, 

1.0 
Xp 


Fig. 1. Graphical procedure for determin- 
ing partial properties. 


distinct quantities for the entropy and 
free energy. Thus 


AS 
AA*® = AA — RT2z; Ing; 
AF* = AF — nz; 
Yet another useful function can be 
obtained from the Gibbs free energy (4): 
AF* 
RT 
Comparison of Equation (9) with Equa- 
tion (4) shows Iny, and Inyg to be re- 
lated to AF#/RT exactly as and 
AGz are related to AG. Table 2 presents 
a summary of the functions which are of 


interest. 
The well-known method of tangent 


AS® In 2; 


I 


= 2%, + (9) 


Rensselaer Polytechnic Institute, Troy, New York 


intercepts for the calculation of partial 
quantities is subject to considerable error 
because of the inherent uncertainty of 
the graphical techniques. A new method 
is presented here which greatly reduces 
this uncertainty. This method makes 
use of the plot of AG” vs. x4, which 
has been used inereasingly -in - recent 
years for the simple presentation of data; 
its new use is illustrated in Figure 1. 
The partial properties are shown to be 
related to the intercepts J) and J; as 


follows: 
( ac’) 
but 
( a") (4 
42 
_ dx 4 
Lat 
Therefore 
Tarp 
(2 ac’) | 


With a little algebraic manipulation this 
reduces to 


TaBLe 1. Bastc Equations ror Binary Systems aT Constant AND p 


va + 1 (1) 

G=2,G,+2:G, + AG (2) 

G + (3) AG 

a 

Gz =G-— AG» 
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= 4(Ga — Gs) + — 4) 
= AG. Xp AG; 


AG + (1 | (6) 


= 1 — (7) dx 4 — ax 4 (8) 
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1 AG® 
AG? + ral ) = 
Thus 
L 
Similarly 


In the limit as x4 approaches zero, vg 
approaches unity, and AG”/x4x, ap- 
proaches Jo. Thus by Equation (10) 

lim AG,? = (1)(2%o — Ip) = Ip (12) 
z4a-0 

In the limit as x4 approaches unity, 
AG® /x 4%, approaches J). 


By Equation (11) 
lim AG,” = (1)(2/, — I,) = J, (18) 


The same derivation could be presented 
in terms of either G or AG as well as 
; however and (ex- 


cept for the cases where AG = AG#*) 
approach infinity at both a, = 0 and 
x, = 1, and the method breaks down. 


This is not true of AG? which re- 
mains finite. This does not impose a 
practical limitation on the method, be- 
cause data can always be easily con- 
verted to excess values. 

At first thought it might seem that 
the determination of AG4” and AG,” by 
the method just described would be sub- 
ject to errors of the same order as the 
usual method of tangent intercepts, be- 
cause it too requires the graphical de- 
termination of the intercepts of tangents 
drawn to a curve; however this is not 
the case. The difference lies in the fact 
that the opposite intercepts come into 
play in the two cases. On the usual plot 
of AG vs. a4 the intercept at 74 = 1 
is used to determine AG4; whereas on 
the plot of AG”/x,x7, the intercept at 
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Fig. 2. Integral heat of mixing for the 
cyclohexane-benzene system: O, (5) 
A, (2) 


x4 = 0 is employed. This is particularly 
well exemplified in the determination of 
the limiting values of AG,” at 7, = 0 
and AG,” at xz = 0, that is, the partial 
properties at infinite dilution. These 
values are almost impossible to obtain 
accurately from the usual plot because 
of the long extrapolations required, but 
they are simply the intercepts of the 
curve of Vs. at = 0 
and x4 = 1, as indicated by Equations 
(12) and (18). 

The intercepts of the tangents drawn 
to the AG®/rx,4x, curve are of course 
subject to the normal errors involved in 
drawing tangents. However the uncer- 
tainty of an intercept increases as the 
distance of the point of tangency from 
the intercept increases, and it is clear 
from Equations (10) and (11) that the 
greater this distance, the smaller the 
number by which the intercept is multi- 
plied. Since the multiplying factor x? 
decreases as the uncertainty in J in- 
creases, the uncertainty in the AG” values 
remains small. 

Another advantage of drawing the 
AG¥/x4Xp plot is that it is a very sensi- 
tive indication of the precision of the 
data. If the data are of poor quality, 
this is usually obvious from the graph; 
if the data are reasonably good, this plot 
provides an excellent means of smoothing 


TABLE 2. SUMMARY OF PROPERTIES 


Property 


Volume (v) 

Residual volume (a) 
Compressibility factor (z) 
Internal energy (EF) 

Enthalpy (#) 

Heat capacity (C, or C,) 
Entropy (S) 

Helmholtz free energy (4) 

Gibbs free energy (F) 

Excess entropy (S”) 

Excess Helmholtz free energy (A) 
Excess Gibbs free energy (F*”) 
Function defined by Equation (9) 
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AG AG; 
Av = Av= Av; = 
Aa = —Av 
Az = pAv/RT 
AE = AEE AE; = AE; 
AH = AHE AH; = AH,= 
AC, = AC,F AC,; = 
AS AS; 
AA AA; 
AF AF; 
ASE AS, 
AAE 
AFE 
AFE/RT In 7; 
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them. In addition this plot shows at a 
glance whether sufficient data have been 
taken to allow the determination of 
partial properties with accuracy over 
the entire composition range. 

These points are well illustrated by 
the data for the heats of mixing (AH = 
AH®) of the cyclohexane-benzene system. 
The data of Schnaible (4, 6) at 25°C. will 
be compared with those of Brown, 
Mathieson, and Thynne (/) at 20°C. 
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Fig. 3. The cyclohexane-benzene system: 
@) 
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Fig. 4. Partial molal heats of mixing for 
the cyclohexane-benzene system: O, (9) 
A, (2) 
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This small temperature difference should 
have an insignificant effect on the data. 
Both sets of data are shown on Figure 2, 
a plot of AH vs. ¢¢,z,, and on Figure 3, 
a plot of VS. The 
data of Schnaible for this uncomplicated 
system are of obvious superiority, and 
the sensitivity of Figure 3 in showing 
inadequacies in the data is evident. 


Values of AH; for both components have 
been determined from Figure 3 by the 
method described for both curves shown. 
The partial molal heats of mixing (also 
called differential heats of mixing and 
partial relative enthalpies) so determine:| 
are shown in Figure 4. 

For highly nonideal systems, for 
example methanol-benzene, plots of 
VS. 24 May exhibit marked 
curvature. This curvature reduces the 
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Fig. 5. The methanol-benzene system (5). 
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Fig. 6. Area test for thermodynamic con- 
sistency. 
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precision with which slopes can be drawn 
and makes the extrapolation of the curve 
to the edges of the diagram uncertain. 
It is advantageous in such cases to plot 
he reciprocal function, x47,/AG” vs. 
x4, as this often results in a much more 
nearly linear curve. The data for the 
methanol-benzene system plotted both 
ways are shown in Figure 5. The partial 
quantities are readily determined from 
the reciprocal plot by 


(14) 
LAG* 

= “alt (15) 


analogous to the derivations of Equations 
(10) and (11), and all the advantages 
previously described are retained. Here 
of course Jy and J; are the intercepts on 
a plot of x4rzp/AG* vs. x4. 

Equations (7) and (8), the Gibbs- 
Duhem relationships for binary systems 
at constant temperature and _ pressure, 
are applicable to any of the properties 
isted in Table 2. This form of the Gibbs- 
Duhem equation is sometimes called the 
slope test, because it relates the slopes of 
curves of G4 and Gps or AG, and AG, vs. 
x4 at each value of x4. In addition to the 
slope test there is an area test, which is 
directly applicable to data for AG4 and 
AG. This test has been presented in the 
literature for the special case of Iny; data 
only. It is more convenient than the 
slope test but not so stringent and follows 
lirectly from Equation (8), which may 
be written 
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Fig. 7. Independently measured partial 
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nethylethylketone system as reported by 
Donald and Ridgway (2). 
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The two terms of this equation (on the 
left and right sides) represent the shaded 
areas shown on Figure 6. Integration 
from r4 = 0 tox, = 1 will give the total 
areas under the two curves, and these 
must be equal for the area test to be 
satisfied. This result depends on the 
fact that the AG, and AG» curves start 
at zero at x4 = 1 and 0 respectively. The 
mathematical expression for the area 
test is 


1 


AG dx. 


“0 


AG, dx, = (16) 
0 


which may also be written 
1 
[ GG. -26,)de.=0 (17) 


The easiest way to compare the two 
areas of Equation (16) is to determine 
the average ordinate for each curve by 
the graphical equivalent of Simpson’s 
rule. It is also possible to plot the differ- 
ences of the ordinates of the two curves 
vs. x4. According to Equation (17) the 
area under this curve should be zero. As 
applied to Iny; values, (AG, — AGz) 
becomes In y4/yg. This particular plot 
was proposed independently by Hering- 
ton (3) and by Redlich and Kister (4). 

There would seem to be little point in 
drawing this latter plot in most cases, 
because the area test can just as easily 
be made on the former plot (Figure 6) 
and examined for at least qualitative 
agreement with the slope test. It should 
be noted that the area test will auto- 
matically be met when the slope test is 
satisfied at all values of x4. However the 
reverse is not true. It is entirely possible 
to have data which satisfy the area test, 
but not the slope test, and so it is not 
generally sufficient merely to adjust the 
curve of (AG4 — AGz) vs. x4 to achieve 
zero area. There is no sure method of 
adjusting an inconsistent set of inde- 


pendently measured AG, and AG; values 
to get correct results. 

If the original data are a set of AG 
values, the Gibbs-Duhem equation as- 
sures thermodynamic consistency for the 
partial quantities, provided that the 
calculations are accurate. No objective 
test for the accuracy of such data is 
known. The two sets of results presented 
in Figure 3 illustrate this point. The 
partial molal heats of mixing calculated 
from both curves are shown in Figure 4. 
Both sets of data lead to thermody- 
namically consistent sets of results, which 
show merely the excellence of the pro- 
cedure proposed for the calculation of 
partial quantities. 

The measurements made by Donald 
and Ridgway (2) of the differential (or 
partial molal) heats of mixing for the 
cyclohexane-methylethylketone system 
provide an excellent example of the test- 
ing of data by the Gibbs-Duhem equa- 
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tion. The independently measured values 
of AH; for these components are plotted 
vs. mole fraction of cyclohexane in Figure 
7. The area test shows them to be incon- 
sistent and hence of uncertain accuracy. 
This test should always be applied to 
data of this sort. 


NOTATION 


fi 


Il 


fugacity of pure 7 at the 7 and p of 
the solution 
f; = fugacity of component 7 in solution 


G an extensive property of a binary 
system on a mole basis 


The Molecular 


This survey presents a rather qualita- 
tive description of the present knowledge 
of liquid structure. The physical picture 
of this structure, which has been drawn 
from the interpretation of experimental 
data will be employed to explain and 
justify the theoretical methods necessary 
in the development of a more quantita- 
tively reliable description of the liquid. 

Understanding of liquids is much less 
complete than of the other states of 
matter..In the case of liquids there would 
appear to be no obvious element of 
simplicity comparable to the scarcity of 
molecular encounters in gases or of the 
small amplitudes of the thermal motions 
and high degree:.of spatial ordering in 
solids. Despite these difficulties an under- 
standing of the liquid state is gradually 
emerging, and although knowledge is still 
far from complete, a qualitative and in 
some cases almost quantitative explana- 
tion of liquid behavior is within reach. 

Simple nonassociated liquids of spheri- 
cal, structureless molecules will be dis- 
cussed. The interaction of two molecules 
will in this case depend only upon the 
distance between their centers. These 
interactions, together with the thermal 
motions of the molecules, are responsible 
for the changes in the physical state of 
matter that occur when the density and 
temperature are varied. Indeed it is the 
object of this survey clearly to describe 
the roles played by these two factors in 
the establishment of the detailed molec- 
ular structure of liquids. 

In principle a precise description of 
the intermolecular forces can be deter- 
mined by direct quantum mechanical 
calculations; however in all but the 
simplest cases the success of this approach 
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G; = an extensive property of pure 7 on 
a mole basis 

Io = an intercept at x4 = 0 

I, = an intercept at x4 = 1 

x; = mole fraction of component 7 in 
solution 

7: = activity coefficient of component + 
in solution = f;/x;f; 

A = designates a property change as a 
result of mixing at constant 7’ and p 

E = an excess property (superscript) 

— placed over the symbol for an ex- 
tensive property designates the 
molal property in solution, that is, 
the partial molal property 
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Structure of Liquids 


JOHN S. DAHLER 


Aeronautical Research Laboratory, Wright Air Development Center 


has been severely limited by mathe- 
matical difficulties. Therefore the inter- 
actions of most molecular species are 
actually obtained not from rigorous 
quantum mechanical arguments but from 
the semiempirical analysis of experi- 
mental data. An excellent account of 
these methods is included in the recent 
treatise of Hirschfelder, Curtiss, and 
Bird (1). Despite the many limitations, 
such methods give a fairly complete 
description of the intermolecular forces. 
Thus it is found that for small separations 
of the molecules these forces are of a 
strongly repulsive nature, suggesting the 
existence of a hard molecular core. When 
the intermolecular separation increases 
beyond the diameter of this rigid core, 
the forces between the two molecules 
become weakly attractive and tend 
rapidly to zero. 

In liquids one is not usually concerned 
with the interaction of a single pair of 
molecules but rather with the potential 
energy of a molecule due to its simul- 
taneous interactions with several of its 
neighbors. The total force upon such a 
molecule is assumed given by the vector 
sum of its individual and separate inter- 
actions with the others. Although the 
validity of this assumption is certainly 
suspect, very little information is pres- 
ently available concerning the affects of 
nonadditive intermolecular forces upon 
the behavior of liquids. Moreover it is 
probably safe to say that the other ap- 
proximations included in the existing 
theories of liquids are more serious in 
their consequencies. 


A DESCRIPTION OF LIQUID STRUCTURE 


A precise microscopic description for 
the state of a liquid would include a 
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complete specification of the positions 
and motions for all the molecules. This 
description is not only complicated, but 
is wholly lacking in operational signifi- 
cance. One does not experimentally ob- 
serve the behavior of separate molecules 
in the liquid but instead observes the 
heat capacity, thermal conductivity, 
viscosity, etc. Since these properties bear 
only a statistical relationship to the 
molecular-scale description of the liquid, 
real significance can be associated only 
with the average or most probable be- 
havior of the molecules and not with a 
detailed specification of their individual 
motions. In principle this information 
can be determined directly from the 
methods of statistical mechanics; how- 
ever in practice the success of the 
statistical approach will depend very 
largely upon the ability to ascribe a 
simple and at the same time realistic 
description to the average behavior of 
the molecules. Therefore attention is 
directed toward a qualitative description 
of liquid structure and the characteri- 
zation of the molecular-scale processes 
responsible for the observed macroscopic 
properties of the liquid. 

In the absence of a direct experimental 
procedure for obtaining this information 
one must construct a model of the liquid 
upon the basis of intuitive arguments, its 
success being judged by its ability to ac- 
count for the physical properties of the 
liquid. The rules for constructing this 
model have changed very little since they 
were first announced in 19387 by Eyring 
and Hirschfelder (2). 

In the search for a clue to the structure 
of liquids no single source of information 
has proved so valuable as the analysis 
of X-ray diffraction experiments. In these 
experiments one allows a monochromatic 
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beam of X rays to fall upon the liquid 
and then measures the intensity of the 
scattered radiation as a function of the 
angle between the primary and secondary 
beams. The arrangement of the electrons 
in the liquid somewhat resembles a dif- 
fraction grating from which the X rays 
are scattered or deflected. More cor- 
rectly this arrangement actually corre- 
sponds to two diffraction gratings, one 
with a spacing characterized by the 
distribution of the electrons within the 
individual molecules and another with 
the coarser spacing provided by the 
separations between neighboring mole- 
cules in the liquid. One may interpret the 
observed scattering of X rays by the 
liquid as the superposition of two sepa- 
rate interference patterns, one pertaining 
to the spatial arrangement of the mole- 
cules and the other to their internal 
electronic structures. Experimentally this 
decomposition of the diffraction pattern 
into its component parts can be accom- 
plished by separate measurements upon 
the dilute vapor and the liquid itself. 
Thus as the density of the vapor is 
diminished, there will be a corresponding 
decrease in the interference of X rays 
scattered by different molecules. In the 
limit of infinite molecular dilution this 
sort of interference is completely absent, 
and the intensity of the scattered radi- 
ation depends upon the internal structure 
of the particular molecular species pre- 
sent and upon the yariable, s = (2/)) sin 
(8/2). Therefore by measurements upon 
the dilute vapor one can directly obtain 
that contribution to the diffraction pat- 
tern of a liquid which arises from the 
internal structures of the molecules. 
The spatial arrangement or mutual 
disposition of the molecules may be 
formally described by the pair distri- 
bution function, defined as the proba- 
bility that the distance between two 
molecules has the magnitude r. An 
alternative interpretation of this function 
is provided by the observation that 
2rn)(r)r2 dr gives the number of 
molecular pairs per unit volume whose 
separations lie between r and r + dr. 
In terms of this function the intensity 
of radiation scattered by the liquid can 
be written as J(s) = Jo(s)-E(s), where 


Eis) = 1 +n" [ [In (r) — n?] 
(1) 


dr 


sr 


In the limit of infinite dilution, corre- 
lations among the positions of the mole- 
cules vanish, and the pair distribution 
function approaches n? as a limit. The 
factor E(s) then tends to a value of 
unity, and the experimental scattering 
is fully described by .Jo(s). In liquids E(s) 
exhibits considerable departure from 
unity, an indication that the pair distri- 
bution function is no longer given by its 
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limiting value. This much can be im- 
mediately deduced from (1), but a direct 
evaluation of the pair distribution func- 
tion from experimental determinations 
of E(s) is desired. A way to accomplish 
this was first suggested by Debye, who 
found that by Fourier inversion of (1) 
the pair distribution function could be 
related to the experimental scattering 
data according to the relationship 


(2) 
— 1]s sin (er) ds 
0 
Therefore by numerical integration of 
(2) one can construct the pair distri- 


bution function from the experimental 
values of E(s). Curves of the radial distri- 


shows that the location of the first peak 
in g(r) practically coincides with that 
for the solid. Furthermore the very 
existence of these pronounced first peaks 
in g(r) proves that a certain amount of 
local or short-range order persists even 
in the liquid. The broad and rather 
diffuse appearances of these peaks show 
that this local order is by no means so 
well defined as it is in the solid phase. A 
further distinction between the local 
structures of liquids and solids is to be 
found in the actual number of neighbors 
surrounding a particular molecule. By 
measuring the areas beneath the various 
peaks of g(r), Eisenstein and Gingrich 
have calculated the occupancy of the 
first two shells of neighbors in liquid 
argon. Their results, obtained by meas- 
urements upon the curves of Figure 1, 


bution function g(r) = n(r)/n? ob- are presented in Table 1. 
TaBLe 1 
First peak First peak Second peak Second peak 
il distance, A occupancy distance, A occupancy 
(erystal) 3.82 12 5.4 (6) 
84.4 3.79 10.5 5.3 
91.8 3.79 7 4.7 4 
144.1 3.8 (4.2) 5.4 
149.3 4.5 6 
(vapor) 4.1 2 


tained in this manner are given in Figure 
1. These curves describe the radial dis- 
position of neighbors about a typical 
molecule in the liquid. The peaks in 
g(r) indicate the most probable locations 
of these neighbors, and the integral 
2xn’g(r)r? dr gives the number lying 
within a spherical shell of radii 7: and rz 
about the central molecule. 

The indistinctness of all but the first 
of these peaks testifies to the absence 
in liquids of the long-range order or 
regularity characteristic of crystalline 
solids. Of course it is just the loss of this 
long-range order which is associated with 
the process of melting. The transition 
from the highly ordered arrangement in 
the solid to the less rigid, fluid structure 
of the liquid results from the disrupting 
effect of the molecular motions, since as 
the temperature of the solid rises past 
its melting point, the intermolecular 
forces responsible for the rigidity of the 
crystalline lattice must give way before 
the increasingly violent thermal motions 
of the molecules. Fusion occurs when the 
molecules occasionally acquire sufficient 
thermal energy to overcome the confining 
field of their neighbors and wander away 
from their former locations in the crystal- 
line lattice. 

Despite the translational freedom ac 
quired upon melting, a molecule in the 
liquid will still find its motions severely 
restricted by the presence of neighboring 
molecules. The density of a solid and its 
melt usually differ so little that the mean 
distance between molecules must remain 
almost unchanged upon fusion. Figure 1 
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These data illustrate that even near 
the melting point (84°K.) the occupancy 
of the shells is somewhat less than in 
the solid. As the temperature is further 
elevated, the number of neighbors de- 
creases progressively until, at the critical 
point (151°K.), the first shell is scarcely 
half full. Consequently the translational 
motions of the molecules will be less 
and less hindered as the temperature of 
the liquid rises. This accounts for the 
characteristic increase in the fluidity of 
liquids, which always accompanies a rise 
in temperature. 

It seems quite unlikely that in liquids 
the geometrical disposition of the neigh- 
boring molecules should retain much evi- 
dence of the intricate lattice structure of 
the solid. In fact one may safely assume 
that the grosser molecular motions in 
the liquid will obliterate these finer 
geometrical features and give rise to a 
more or less spherically symmetrical 
distribution of neighbors about the 
central molecule. 

This discussion suggests a cell-like de- 
scription for the structure of the liquid. 
Thus for short intervals of time one may 
picture a molecule as trapped within a 
sort of shell-like arrangement of its 
neighbors. The thermal motions of the 
molecule will then be temporarily limited 
to oscillations about the center of the 
cell or cage to which it is confined. 
Of course the molecules are moving far 
too rapidly for this local structure to 
persist over the intervals of time re- 
quired for the usual performance of 
experimental observations. The cellular 
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Fig. 1. Experimental curves of the radial 
distribution function in liquid argon. 
Curves are functions of the reduced 
distance r* = r/o, where o = 3.42 A. 
(33, 34). The vertical traces give the loca- 
tions of the neighbors in solid argon. 


description of liquids is therefore intro- 
duced only in the hope of providing a 
simple explanation for the average 
motions of the molecules and is not in- 
tended as a static description of the 
liquid structure. Thus the utility of this 
description will depend upon whether 
the cellular structure can maintain its 
identity over periods of time which are 
significantly longer than the interval 
between successive collisions of a mole- 
cule with its neighbors. (In liquids this 
interval is about 10-2 to 10-" sec.) At 
first thought it might be imagined that 
each collision of the central molecule 
with one of its neighbors would result in 
the destruction of the local structure. 
This conclusion must be modified how- 
ever because of the lagging response of 
the neighbors to the rapidly changing 
position of the central molecule. To find 
the cause for this viscous retardation of 
the molecular motions one need only 
observe that each neighbor to a particular 
molecule is itself surrounded by neighbors 
of its own. Therefore the dislodgment of 
a molecule from its position in a shell of 
neighbors is strongly resisted by the 
restraining actions of these other mole- 
cules. In this way the collective behavior 
of the molecular motions tends to stabi- 
lize briefly the cellular structure of the 
liquid. A major disruption of this local 
order will then occur only when a mole- 
cule finally accumulates, by repeated 
collisions with its neighbors, a sufficient 
excess of kinetic energy to overcome fully 
their confining influences. On the mole- 
cular scale of time mentioned above 
such a catastrophic event should occur 
rather infrequently, and even when it 
does the escaping molecule can proceed 
but a short distance through the liquid 
before its excéss energy is lost and it 
once again lies trapped within a new 
shell of neighboring molecules. 

From this discussion one sees that the 
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wanderings of the molecules, as they 
move from cell to cell throughout the 
liquid, closely resemble the random 
motions of Brownian particles. The 
validity of this conclusion has been 
established by the detailed theoretical 
analysis of Kirkwood (3), who, proceed- 
ing from a fundamental statistical ap- 
proach, was able to show that the average 
motions of a molecule in the liquid are 
indeed governed by precisely the same 
dynamical equations that describe the 
Brownian motions of colloidal particles. 
He then demonstrated that this de- 
scription of the molecular motions can 
be transformed into a theoretical method 
of obtaining the transport coefficients 
in liquids, that is the viscosity, thermal 
conductivity, and diffusion coefficients. 
It should be mentioned, that the essential 
success of this approach lends further 
support to this simple picture of the 
molecular-scale processes in liquids. 

A simpler and less refined theory of 
irreversible processes in liquids has been 
suggested by Eyring (4). In his develop- 
ment the transport coefficients are calcu- 
lated by a more direct appeal to the 
cellular structure of the liquid. As a 
brief illustration of Eyring’s scheme the 
viscous flow resulting from the imposition 
of an external shear upon the fluid will 
be considered. In adjusting their motions 
to this shearing force the molecules must 
flow past one another. However a par- 
ticular molecule can join in this flow 
only if it possesses an energy sufficient to 
escape from its cell of neighbors. From 
simple statistical arguments it is known 
that the probability that a molecule will 
have this much energy will be pro- 
portional to the Boltzmann factor, 
exp (—E/kT). This factor is in turn 
proportional to the actual number of 
molecules participating in the flow and 
hence to the fluidity of the liquid. Thus 
the resistance of the liquid to the im- 
pressed shear (the viscosity of the liquid) 
will vary as exp (H/kT). Experimentally 
it is found that the viscosity of most 
liquids is well represented by the empirical 
Andrade equation » = A-exp (B/T), 
and so the qualitative realism of Eyring’s 
simple arguments seems assured. The 
quantitative success of this theory does 
of-course depend upon the accuracy with 


‘which one can predict the coefficients 


occurring in Andrade’s equation. Al- 
though no truly satisfactory means of 
performing these calculations have yet 
been discovered, the qualitative pre- 
dictions of this theory do offer strong 
evidence in favor of the cellular descrip- 
tion for the liquid. 

The remainder of this survey will be 
devoted to the determination of the 
thermodynamical behavior of liquids. For 
this purpose one is more interested in the 
average arrangements and environments 
of the molecules than in their grosser 
motions through the liquid. Thus the 
brief and rather infrequent transits of 
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the molecules from one cell to another 
should have very little influence upon the 
description of the average arrangement 
of the molecules in the liquid. To be sure 
the disorder arising from these random 
flights is responsible for the rather large 
entropy of the liquid, but in calculating 
the internal energy and equation of state 
one should be able to ignore these gross 
molecular displacements and limit his 
attention to the average potential energy 
of a molecule ¢onfined within its shell of 
neighbors. 


THE THEORY OF LIQUIDS 


In the previous section it was illus- 
trated that the extent to which the indi- 
vidual molecules participate in the 
transfer of momentum, heat, and mass 
through the liquid will depend upon the 
average spatial arrangement of neighbors 
about these molecules. Thus any funda- 
mental approach to transport phe- 
nomena should be based upon or include 
a complete description of the loca 
structure in the liquid. The nonequi- 
librium conditions giving rise to trans- 
port phenomena result in distortions 
of this molecular structure, thereby 
introducing complications not present 
at thermodynamical and mechanical equi- 
librium. Accordingly it seems practical 
first to investigate the undistorted struc- 
ture of a liquid at equilibrium, not only 
as a first step in the study of transport 
phenomena but also as a means of calcu- 
lating the thermodynamical properties 
and equation of state for the liquid. Thus 
the remainder of the paper is a summary 
of the theoretical methods which have 
been developed to characterize the struc- 
ture of liquids in equilibrium. These 
theoretical schemes fall into two cate- 
gories: the first a direct attempt to calcu- 
late the pair distribution function and 
the other a more intuitive approach based 
upon previous cellular description of the 
liquid. 

Both the thermal motions of the mole- 
cules and their interactions will certainly 
contribute to the thermodynamical de- 
scription of the liquid. The effects stem- 
ming directly from the thermal motions 
are however so simple to calculate that 
one need really be concerned solely 
with the structural or configurational 
contributions arising from the molecular 
interactions. Thus from elementary con- 
siderations one knows that the average 
kinetic energy of a molecule will be 3k7/2 
and that the thermal motions alone pro- 
vide a contribution of nkT' to the static 
pressure of the liquid; the effects of ther- 
mal motions upon the other thermody- 
namical properties can be easily derived. 


The method of the pair distribution function 
and the superposition principle 

From the previous definition of n‘?)(r) 
it follows that the average potential 
energy of a molecule is given by 
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g(r)n (r) dr 
0 


(These arguments are subject to the 
assumption of pair-additive molecular 
interactions mentioned in the intro- 
ductory remarks.) Consequently the 
thermodynamical internal energy per 
molecule may be written as 


u = 3kT/2 + g(r) g(r)r’ dr (3) 
0 

In a similar manner the virial theorem of 

mechanics can be transformed into the 

equation of state 


p = nkT — 


dg(r) 3 


(4) 


These two relationships, together with 
a similar expression for the chemical 
potential, provide a complete description 
of the thermodynamical behavior of the 
liquid in terms of the radial distribution 
function and the potential of the inter- 
molecular forces. From this it might be 
concluded that the experimentally de- 
termined curves for g(r) could be used to 
calculate the thermodynamical proper- 
ties of the liquid. In practice this pro- 
cedure is not too satisfactory, since the 
experimental measurements fail to possess 
the high degree of accuracy required for 
quantitative calculations. 

An alternative scheme, involving the 
theoretical evaluation of g(r), is one 
of the most ambitious and formidible 
objectives of the theory of liquids. [The 
requirements placed upon a quantitative 
theory of the radial distribution function 
are likely to be quite stringent since 
calculations based upon (3) and (4) are 
rather sensitive to minor variations in 
g(r).| The development of such an exact 
theory has been prevented by enormous 
mathematical difficulties. Although exact 
integral equations for the pair distribution 


x 


Fig. 2. A geometrical representation of 
the spatial configuration for three molecules. 
Molecule 3 has been chosen to lie at the 
origin of a Cartesian coordinate frame; 
the other two molecules are located on the 
Surface of two spheres of radii 7,3 and 123. 
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function can be derived, these equations 
also involve (riz, Tis, 723), the generali- 
zation of the pair distribution function to 
the case of three molecules; that is, n‘® 
is the probability that three molecules 
will be so located that their separations 
are given by rie, fiz, and 723. In turn the 
integral equation for n‘ includes the 
distribution function for a set of four 
molecules, etc., ad infinitum. An exact 
solution of this set of coupled integral 
equations is of course completely out of 
the question, and some approximate 
means of terminating the sequence must 
be invoked. The only approximation of 
this sort that has received serious atten- 
tion is the so-called ‘‘super-position 
principle,” which asserts that 


(3)/. 
1135 


n 


2)( 


When this relationship is substituted 
into the equation coupling n“ and n™, an 
ordinary integral equation for the pair 
distribution function is obtained. How- 
ever owing to the approximations in- 
volved in (5) the precise manner in which 
this substitution is to be effected cannot 
be uniquely specified. Thus use of the 
superposition principle has led to two 
different equations for the pair distri- 
bution function, one proposed by Kirk- 
wood (5) and the other by Born, Green, 
and Yvon (6, 7). The two equations can 
be solved by numerical methods and 
their results used for the calculation of 
the thermodynamical properties of the 
liquid. The differences in the predictions 
of the two methods will then provide a 
crude measure of the error produced by 
the superposition principle. Extensive 
calculations based upon these equations 
have been carried out by Kirkwood and 
coworkers. 

If the distance between molecules 1 and 
2 is assigned the value 712, one may then 
ask for the probability that a third 
molecule is so located that its separations 
from the first two are given by 7; and 
Yo3, respectively. This conditional proba- 
bility may be constructed from a knowl- 
edge of n‘*) and n°) and written in the 
form 713, A 
geometrical illustration of the situation 
is provided by Figure 2, where the third 
molecule has been pictured as lying at 
the center of two concentric spheres of 
radii and 

According to the superposition princi- 
ple one should assign equal probabilities 
to all arrangements of the three mole- 
cules, for which the first lies anywhere 
upon the sphere of radius ri; and the 
second anywhere upon the sphere of 
radius 72;. More precisely the conditional 
probability defined above is assumed to 
be independent of the value for ri. and 
given by the product of n°)(r13;)/n? and 
n)(72;). This assumption is completely 
equivalent to replacing the conditional 
probability by its average over all ar- 
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rangements of the molecules for which 
the distances r;; and rz; are held fixed. 

In the case of dilute gases this is a 
valid approximation, and its use leads to 
correct values for the second and third 
virial coefficients. Although this correct 
limiting behavior certainly lends an air 
of respectability to the approximation, 
it does not indicate the general validity 
of the superposition principle. Indeed 
direct calculations of the thermody- 
namical properties and equation of state 
for the liquid based upon this principle 
provide virtually the only means pres- 
ently available for testing its validity. A 
rough estimate of its limit of applica- 
bility can be inferred however from the 
observation that the predicted expres- 
sions for the fourth and _ higher-order 
virial coefficients are only approximately 
correct. 

Kirkwood, Maun, and Alder (8) have 
calculated the radial distribution function 
and the thermodynamical properties for 
a liquid composed of rigid spheres. Their 
results for the equation of state are 
shown in Figure 3, where vp = o3/7/2 is 
the specific volume at closest packing of 
the spheres. The predictions of the 
Kirkwood and of the Born, Green, Yvon 
theories are scarcely distinguishable at 
the low densities for which the super- 
position principle is known to be valid; 
at higher densities the agreement is less 
satisfactory. 

They found that at v/ve = 1.24 (or at 
v/vo = 1.48 for the Born, Green, Yvon 
theory) an abrupt change occurred in the 
analytical behavior of the radial distri- 
bution function. Kirkwood, Maun, and 
Alder interpreted this transition as evi- 
dence of a high-density limit of stability 
for the liquid phase. If this conclusion is 
correct, then for higher densities a erystal- 
line phase should be more stable than the 
liquid. During the past few years there 
has been wide-spread disagreement con- 
cerning the physical significance of these 
results and the capability of a fluid of 
rigid spheres to ervstallize. On the one 
side it has been argued that the phase 
transition predicted by the theory is of 
no real significance and occurs only be- 
cause of the approximate nature of the 
superposition principle. However recent 
evidence indicates that such a transition 
really does occur. Thus by employing the 
Monte Carlo method (to be described 
later in the text) Wood and Jacobson (9) 
have experimentally confirmed the exist- 
ence of a high-density phase transition in 
a fluid of rigid spheres. Their results, 
which are substantiated by the independ- 
ent researches of Alder and Wainwright 
(10), indicate that there is a sharp dis- 
continuity in the isotherms at a reduced 
volume of about v/vo = 1.5 (see Figure 4). 

Calculations based upon a more realis- 
tic choice for the intermolecular forces 
have been performed by Kirkwood, 
Levinson, and Alder (11), who assumed 
that the interaction energy was given by 
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g(r) = 4e[(o/r) (o/r) |; r (6) 
+ 
which for separations greater than the 
hard-core diameter reduces to the familiar 
Lennard-Jones 12-6 law. In Figure 5 the 
results of their calculations are com- 
pared with the experimentally determined 
radial distribution function in liquid 
argon. 

In Figure 6 the experimentally deter- 
mined equation of state for argon is 
compared with the theoretical predictions 
of Kirkwood, Levinson, and Alder. Al- 
though the agreement at low density is 
fairly good, it becomes very unsatis- 
factory at high densities. This behavior 
may well reflect the inadequacy of the 
superposition principle. 

The qualitative successes of these 
calculations lead to the conclusion that, 
despite its many limitations, the principle 
of superposition gives a surprisingly 
realistic picture of the local molecular 
arrangement in liquids. This provides 
ample incentive for further investigations 
directed toward the discovery of an 
approximation which would retain the 
qualitative realism of the superposition 
principle and, at the same time, admit a 
higher degree of quantitative success. 
Although progress along these lines has 
been limited, the recent studies of Mazur 
and Oppenheim (12) may well result in 
such a discovery. 

From this discussion one sees that the 
method of the radial distribution function 
is a formal mathematical approach to the 
theory of liquids, deriving little benefit 
from the qualitative considerations pre- 
sented at the beginning of this survey. 
This suggests that in the absence of a 
thoroughly satisfactory theory of the 
radial distribution function efforts should 
be directed toward the development of a 
theory based upon a more direct appeal 
to an intuitive model for the liquid. This 
conclusion undoubtedly accounts for the 
numerous attempts in recent years to 
work improvements upon the so-called 
“cell” or ‘free-volume”’ theories of the 
liquid phase. 


The cell theory of liquids 


The cell theory of liquids stems from 
the pioneering studies of Eyring and 


Uy = 3NkT/2 + | [ by 
V dV Jv 


= 3NkT/2 + kT°(d In Qy/8T)y 


Hirschfelder. Their investigations to- 
gether with those of Lennard-Jones and 
Devonshire revealed that a fairly satis- 
factory theory could be developed from 
the simple and qualitative picture of 
liquid structure presented earlier in 
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this survey. However these early studies 
were based almost solely upon intuitive 
reasoning, and so it was not until 1950 
that a rigorous mathematical justification 
of the cell theory was established. This 
important achievement by Kirkwood (13) 
has been instrumental in reviving interest 
in the cell theory of liquids. Thus during 
the past 6 or 7 years there have been 
several significant advances in the de- 
velopment of this method. 

Since the modern adaptations of the 
cell method are all little more than 
elaborations upon Kirkwood’s original 
approach, a brief review of his analysis 
will be given. To establish the relation- 
ship between this theoretical develop- 
ment and the previous qualitative argu- 
ments it becomes necessary to transform 
the intuitive description of liquid struc- 
ture into a mathematical representation. 
As a first step in this direction a more 
quantitative description of the prob- 
ability of a particular arrangement 
of the molecules in the liquid is estab- 
lished by associating with each molecular 
configuration the corresponding value for 

N 


i=1 j7#i=1 


the total potential energy of the NV mole- 
cules. The probability of a molecular 
configuration will then be proportional 
to the Boltzmann factor Wy = exp 
(—®y/kT) that is associated with that 
particular spatial arrangement. Hence 
the most probable dispositions of the 
molecules are those for which the total 
potential energy lies near its minimum 
value. 

Now it is a further consequence of the 
statistical mechanics that each molecular 
configuration contributes to the thermo- 
dynamical description of the liquid only 
in proportion to its probability of oc- 
currence. Thus the average potential 
energy will be given by 


dr, dt. +++ dry 
viv Jv 


It then follows that the thermodynamical 
internal energy may be written as 


where 


dt. +++ dry 


(8) 
is the so-called “configuration integral.” 
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Fig. 3. Equation of state for rigid spheres: 

A, Kirkwood theory; B, Born, Green, 

Yvon theory; C, Lennard-Jones and 

Devonshire cell theory; D, Monte Carlo; 

E, cell-cluster theory (double-cell approx- 
imation). 


By similar considerations it can be estab- 
lished that the other thermodynamical 
properties are functions of this same 
configuration integral; for instance the 
Helmholtz free energy or the work func- 
tion is related to Qy in the manner 


Ay = 3NkT/2 In (h?/2amkT) 
— kT In Qy 


From this relationship one sees that the 
equation of state has the form 


p = —(0Ay/dV)¢ 
= kT(d In Qy/0V) 


These results illustrate the importance 
of Qy in determining the thermody- 
namical properties of the liquid. If one 
should succeed in calculating this con- 
figuration integral, he would then possess 
a completely rigorous theory of the 
liquid. (Of course this would also be true 
if an exact value for the pair distribution 
function discussed previously could have 
been obtained.) Actually to perform the 
3N-fold integration of Equation (8) is of 
course an impossible task, and one must 
therefore content himself with an approxi- 
mate evaluation of this complicated 
integral. It is in the performance of this 
approximate calculation that the previous 
qualitative description of liquid structure 
can be of immense value. Thus one may 
hope to characterize intuitively those 
molecular arrangements that will make 
significant contributions to the con- 
figuration integral and to disregard 
those of minor importance. 

Were the liquid frozen, then, since each 
molecule would be constrained to lie near 


(9) 


(10) 
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Fig. 4. Equation of state for rigid spheres. 

The unlabeled solid curve represents 

Alder and Wainwright’s 108-molecule re- 

sults; +, their 32 molecule results. @ and 

A respectively represent the Wood and 

Jacobson and the Rosenbluth and Rosen- 
bluth Monte Carlo results. 


a particular site of the crystalline lattice, 
the volume of the system could be 
divided into N identical cells so arranged 
that the center of each is located at 
a site of the lattice. As the crystal is 
permitted to melt, one should expect 
that the local structure will retain a 
portion of its original identity, although 
to be sure the arrangement of neighbor- 
ing molecules will lose much of its former 
rigiditv. The more statistically favored 
arrangements of the molecules will cer- 
tainly be those for which each cell is oc- 
cupied by a single molecule. However 
one cannot completely exclude those con- 
figurations for which one or more cells 
are multiply occupied. It is the essence 
of Kirkwood’s method to order these 
various arrangements according to their 
relative importance in determining the 
average structure of the liquid. 

If the N cells are labeled A;, Ao, --- , Ay, 
each integration involved in Equation 
(8) can be written as a sum of integrals 
extending over the individual cells; for 
example 

N 


[ dr; = > / dr; 
Jv hi=l 


The configuration integral may then be 
written as the sum of N* terms corre- 
sponding to the N™ different ways of 
placing NV molecules in N cells. 


hi=l he 


dt, +++ dry 
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Each term in this multiple summation 
may be characterized by the number of 
molecules assigned to the individual cells. 
Thus a typical term is labeled Qy(m, 
m2, ** my). Since the total number of 
molecules is N, each set of occupation 
numbers {m} = (m, m2, --* , my) will 
be subject to the condition N = >°; m,. 
Furthermore because the molecules are 
indistinguishable from one another, there 
will generally be several terms in (11), 
each of which corresponds to the same set 
of occupation numbers. In fact it is not 
difficult to show that for a given set 
™, M2, ** my there will be precisely 
m;'!e quivalent terms in (11). 
Consequently one may rewrite this ex- 
pression 


im} 


Qy => 
m;!) (12) 
“a,” 
where 
= Q,(1,1,---,) . 
and 
i: 
m} t (14) 


*Qv(m,, Me, my)/Qu? 


The function Qy describes the most 
important contribution to the configura- 
tion integral, namely the molecular ar- 
rangement for which each cell is singly 
occupied. The term o” represents the 
effects due to the other less probable 
configurations of the molecules. At very 
high densities the repulsive forces be- 
tween the molecules eliminate the possi- 
bility of multiply occupied cells, and so 
only the configuration {m} = (1, 1, -- 1) 
can contribute to the summation in (14). 
In this limit ¢ becomes equal to unity. 
On the other hand in the limit of infinite 
dilution the cells grow so large that all 
occupancies occur with equal probability. 
Furthermore in this limit each of the 


entropy. It is therefore quite obvious 
that ¢ provides an index to the degree of 
order present in the system. Since it 
was this same molecular disorder which 
was previously associated with the 
Brownian motions of the molecules, it 
follows that ¢ will also describe the ease 
with which the molecules move from cell 
to cell within the liquid. 

¢ is a slowly varying function of 
density, rising monotonically from a 
value of unity in the crystal to a value 
e = 2.7 at infinite molecular dilution; 
moreover, @ probably will have an 
equally weak dependence upon the tem- 
perature. Therefore this function should 
be of little importance in determining 
the equation of state or the internal 
energy of the liquid. [From Equations 
(7) and (10) one sees that p and Uy 
depend only upon the derivatives of ¢ 
with respect to density and temperature.] 
One may thus conclude that it is Qy™ 
which will be principally responsible for 
these properties of the liquid. This con- 
clusion provides a theoretical justifi- 
cation for the previous characterization 
of the most probable molecular arrange- 
ments in the liquid. Except in the calcu- 
lation of the entropy one may confine 
his attention to those configurations for 
which each cell is singly occupied. It is 
only when the entropy is calculated that 
the possibility of multiply occupied cells 
must be considered. At liquid densities 
one is almost certain that there will be 
little contribution to the summation in 
(14) from cells that are more than doubly 
occupied. Owing to this simplification the 
calculation of & for liquids is by no means 
an impossible task. Although no truly 
adequate calculations have yet been per- 
formed, the exploratory work of Pople 
(14) has been very useful in obtaining a 
qualitative estimate for the behavior of 
¢. By employing several approximations 
he found that for a liquid composed of 
rigid sphere molecules this factor de- 
pends upon density in the manner shown 
by Table 2. 


Tas_e 2. Tue Density DEPENDENCE OF THE DISORDER PARAMETER IN A LIQuID 
or SPHERES 


v/Uo 1.000 4.887 7.761 
(1.000) ‘1.04 1.34 
Qy(m, mez, ++ my) separately approaches 


a value of v”. Therefore 


a= * =e 
{m} i 
and ¢ has the limiting value of e. 

The contribution of ¢ to the entropy 
of the liquid is given by Nk Ing. In the 
limit of high density the molecules are 
rigidly confined within their cells, and 
this entropy contribution vanishes. At 
infinite dilution, however, the molecules 
are completely free to lie anywhere within 
their container, and ¢ makes a contri- 
bution of Nk = R e.u./mole to the 
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10.0 15.0 20.0 + 
1.57 1.86 1.99 (2.414) 


It should be mentioned that in place 
of the correct value e = 2.7 these calcu- 
lations predict a low density limit of 
& = 2.414. This error is not very signifi- 
cant however and simply reflects the 
neglect of cells which are occupied by 
three or more molecules. It is much more 
interesting to see that ¢ remains very 
near unity until the specific volume be- 
comes about five times that for the close- 
packed lattice. Thus Pople concluded 
that the entropy contribution Nk Ine 
will be practically zero for the liquid. It 
seems quite probable that a similar be- 
havior would be observed for more realis- 
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tic choices of the intermolecular forces. 
In the absence of any contrary proof one 
may accept this conclusion and assume 
that ¢ maintains an almost constant 
value of unity throughout the entire 
range of liquid densities. 

To calculate Qy™ one must carry out 
the integration of Equation (8) subject 
to the condition that each cell contains 
but one molecule. To perform this caleu- 
lation exactly would be almost as difficult 
as the direct evaluation of the con- 
figuration integral itself. However one is 
guided by symmetry arguments and 
intuitive reasoning to envision a rather 
simple picture of the situation. Since each 
molecule is subject to precisely the same 
environmental conditions, a description 
of the situation within one particular cell 
should be equally applicable to any other. 
Although this is not meant to imply that 
the positions of molecules in adjacent 
cells are independent of one another, it 
does suggest the probability distribution 
may be chosen to be the same in each cell 
of the liquid. The simplest, but by no 
means the only way in which this state- 
ment can be mathematically formulated 
is to assume that the probability distri- 
bution function inside the ith cell de- 
pends only upon the coordinates of the 
molecule confined within it. Thus Kirk- 
wood suggested that the probability 
distribution function within a cell be 
represented by a function which depends 
only upon the vector displacement of a 
molecule from the center of its cell. Since 
each molecule lies within a single cell, 
this function must satisfy the normali- 
zation condition f, s(r) dr = 1. This 
assumption closely resembles the super- 
position principle. Thus the probability 
for the indicated configuration of mole- 
cules 1 and 2 should be proportional to 
n) (12); however this probability is taken 
to be s(r)-s(r2). As in the case of the 
superposition principle the adequacy of 
such an approximation can be. judged 
only by its success in accounting for the 
observed physical properties of the liquid. 

In accordance with this approximation 
the average potential energy of molecule 
1 due to its interactions with all the others 


is 


= dr, (15) 


Furthermore all the thermodynamical 
properties can be expressed as integrals 
of s(r), that is as functionals of s(r). For 
instance the configurational contributions 
to the entropy and internal energy are 


YN 


—Nk s(r) Ins(t) dr 
JA 


Uy? = (N/2) / s(n) ®(t) dr 
(17) 
= T) 
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where terms involving ¢ have not been 
included. 

To calculate the values of these thermo- 
dynamical properties one must first pre- 
scribe the function s(r). The better the 
choice of this function, the better will 
be the resulting description of the liquid. 
However since correlations among the 


that derived by the method of the 
pair distribution function. Although the 
shapes of the curves are similar in the 
two cases, the cell theory predicts larger 
values for the compressibility factor 


pv/kT. 
If the molecular interactions are of the 
harmonic type ¢(r) = A + Br?, the 


solution to (18) is 


| exp > (R;; dr; 

JA; 


positions of the molecules have been 
neglected, no choice of this function can 
ever give an exact description of the 
molecular arrangement characterizing the 
equilibrium state of the liquid. Thus each 
function s(r) must necessarily describe 
a nonequilibrium state of the system, and 
from the principles of thermodynamics 
one knows that the degree to which a 
particular state of the system departs 
from equilibrium is reflected by the 
corresponding value for the Helmholtz 
free energy. The nearer the system lies 
to thermodynamical equilibrium, the 
lower will be the associated value of this 
free energy. Therefore the optimum 
choice for the distribution function should 
be that for which the Helmholtz free 
energy is a minimum. When this mini- 
malization is actually carried out, one 
finds that the optimum function is given 
by the solution to the integral equation, 


s(r) = v, ‘exp (—Y(r)/kT) (18) 


where ¥(r) = ®(r) — U,(v, T) and 2, is 
defined by 


[exp dr (19 
A 


Until very recently solutions for the 
integral Equation (18) had been demon- 
strated in only two instances: jor rigid 
spheres and for molecules bound to one 
another by harmonic forces. In the case 
of rigid spheres, each of diameter o, if 
the lattice chosen for the calculations is 
taken to be the face-centered cubic ar- 
rangement, the unit cells will be dodeca- 
hedrons of v, and the distance between 
neighboring sites will be do, where 
ds = V2. Wood (15) has shown 
that the solution to the integral equation 
may then be written as 


s(r) = vo”, if r lies within A’ 


0, if r lies outside A’ (20) 


where A’ is a dodecahedron of altitude 


(do — o/2). V, is then just the volume of 
this smaller dodecahedron, and the 
equation of state is given by 


This equation of state has been plotted 
in Figure 3, where it is compared with 
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This distribution function is a Gaussian 
of the type which is associated with the 
situation in crystalline solids, and thus 
despite its relative simplicity it should 
be of little significance in the studies of 
the liquid. To obtain results of some 
consequence Equation (18) must be 
solved for a more realistic choice of the 
interaction potential. 

In accordance with the Kirkwood 
version of the cell theory a molecule will 
be surrounded by its neighbors in the 
manner illustrated by Figure 7a; that is, 
this method implies that the local geo- 
metrical structure in the liquid is the 
same as that in a crystal. However it 
has been mentioned previously that there 
is no evidence for such a lattice structure 
in liquids, and in fact the previous 
qualitative arguments suggest that the 
average arrangement of the neighbors 
would form an almost spherical shell 
about a molecule. Thus the large ampli- 
tudes of the thermal motions in a liquid 
would smear the arrangement of neigh- 
bors into a structure resembling that of 
Figure 70. 

On the basis of this argument there 
would seem to be an excellent physical 
justification for suppressing the depend- 
ence of s(r) and ®(r) upon the lattice 
geometry. Accordingly it is reasonable 
to assume that the cell-distribution func- 
tion depends only upon the value of the 
radial coordinate r = |r|. Furthermore the 
physical description of the situation 
strongly suggests that the average poten- 
tial field within a cell should be defined as 
the angle-averaged value of ®(r), that is 
by the function 


= 
“ 
0 0 


Other definitions for the average cell 
potential have been considered by Dahler, 
Hirschfelder, and Thacher (16). 

Employing the same arguments as 
before, one finds that the optimum 
spherically symmetrized cell-distribution 
function is given by the solution of the 
integral equation 


s(r) = exp (—V(r)/KT) (24) 


where ¥(r) is completely analogous to 
y(r), and the spherical free volume is 
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exp (—¥(r)/kT)r? dr (25) 


The volume of this spherical cell is usually 
somewhat less than the specific volume, 
since otherwise adjacent cells will overlap 
one another. In accordance with these 
definitions (23) is given explicitly by 


n=1 


a ) 
/ 2 / 
. [ [ | n (26) 
JO v0 dd 


6, sin 6, dr, d6, d6, 


Figure 8 provides an illustration of the 
coordinates involved in these multiple 
integrations. 

For rigid spheres the solution to this 
new integral equation retains the form 
given by (20), where A’ is here a sphere of 
radius (dg — o)/2. Although the value 
for the free volume is larger by a factor 
of 1.35 than in previous considerations 
the equation of state is unchanged. 

For the harmonic interaction g(r) = 
A’ + B'(r — a)? the cell-distribution 
function is given by the simple Gaussian 
s(r) = ob exp (—Cr?/kT), where 


= exp (—Cr°/kT)r° dr 
0 


and C depends only upon do, a, and B. 
All the thermodynamical properties may 
therefore be expressed in terms of the 
tabulated incomplete gamma function. 
For a more realistic choice of the inter- 
molecular forces Equation (24) must be 
solved by numerical methods. At the 
time of this writing extensive calculations 
based upon the Lennard-Jones 12-4 


= exp 


interaction [Equation (6)] are nearing 
completion (17). To simplify these calcu- 
lations it has been assumed that one may 
neglect the second and further remover 
shells of neighbors in-determining the celi 
distribution function. The effect of this 
approximation is to confine the motions 
of the molecules to the vicinity of their 
lattice sites somewhat more than would 
otherwise be the case. The validity ot 
this last assertion is confirmed by the 
observation that the second and further 
removed neighbors always lie separated 
from the central molecule by distances 
in excess of the range for the repulsive 
interactions. Although this same assump- 
tion can not be employed in the calcu- 
lation of the internal energy and of the 
equation of state, the contributions to 
these quantities that arise from the 
second and further removed shells do not 
depend so critically upon the exact form 
of s(r). Therefore one is presumably 
justified in using less rigorous methods 
to evaluate these contributions (32, 17). 
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These calculations have revealed that 
the theoretical isotherms for pv/kT vs. v 
consistently lie below the experimental 
curves, and although the differences be- 
tween theory and experiment are con- 
siderably lessened by the introduction of 
holes or empty cells, the final results are 
by no means so satisfactory as one should 
like. It is believed that a thorough analy- 
sis and interpretation of these results will 
lead to a better understanding of the cell 
theories and suggest means for their 
improvement. 

Early theories based upon the cell 
model involved no such elaborate calcu- 
lations as those outlined above. Instead 
they employed various approximations 
to estimate the behavior of the cell 
distribution function and of the potential 
feld within a cell. An outstanding feature 
of Kirkwood’s approach is the relation- 
ship it reveals between these approxi- 
mations and the solutions to the integral 
Equation (24). For instance the method 
of Lennard-Jones and Devonshire (18) 
corresponds to a very unsymmetrical 
approximation in which the neighbors are 
treated on a different par from the mole- 
eules within the cells. Thus in their 
calculation of the cell potential the 
neighbors were assumed to lie upon the 
surface of a spherical shell of radius dy = 
|, and so Equation (26) was replaced 
hy the approximate expression 
= (4/2) 


V(r — sin 6, d6, 


(27) 


Inserting this approximation into Equa- 
tions (24) and (25), one obtains the 
Lennard-Jones and Devonshire estimate 
for the cell distribution function, 


exp 2? dex 


j (28) 

This may be considered as the first 
step in an iterative solution to Equation 
(24). The next step in this procedure 
would be to recalculate the cell potential 
by inserting s(r);7p into Equation (26) 
and thereby obtaining a second approxi- 
mation to the cell distribution function. 
Higher-order approximations are simply 
obtained by successive repetitions of this 
process. In fact it is just this sort of 
scheme which has been employed in the 
numerical solution of the integral equa- 
tion (17). 

Despite the approximate nature of the 
Lennard-Jones and Devonshire method 
it has been remarkably successful in 
predicting the qualitative behavior of 
liquids. For rigid spheres the LJD cell 
distribution function is of the form given 
by Equation (20). However the free 
volume is now much larger than in either 
of the previous calculations, being eight 
times greater than the value predicted 
by the exact solution of Equation (24). 
The equation of state is unaffected by 
this difference and given by (21). In their 
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original presentation Lennard-Jones and 
Devonshire applied this method to the 
12-6 interaction, and a considerable ex- 
tension of their calculations has since 
been conducted by Wentorf, Buehler, 
Hirschfelder, and Curtiss (19). The equa- 
tion of state is included in Figure 6, but 
another, more useful illustration is pro- 
vided by Figure 10. Generally it is found 
that at very high densities the Lennard- 
Jones and Devonshire theory is more 
successful than that of the superposition 
principle; however at low densities the 
cell model becomes physically unrealistic 
and the predictions of this theory become 
very unsatisfactory. It is just at these 
low densities that the method of the 
superposition principle has proved most 
successful, and so the two schemes have 
a sort of complementary relationship to 
one another. 

As yet no theory has been devised 
which is truly applicable over the entire 
range of liquid and vapor densities. 
Although numerous extensions of the cell 
method have been proposed in an effort 
to achieve such a theory, the results have 
not been outstanding. Nevertheless these 
schemes have been very instructive in 
providing a superior theoretical descrip- 
tion of the liquid itself. Most significant 
among these advances is the development 
of the so-called “‘hole theory.”’ From the 
evidence provided by the experimentally 
determined radial-distribution function 
one knows that the number of nearest 
neighbors to a molecule is progressively 
lessened as the density of the liquid 
decreases. However the average distance 
from the central molecule to these neigh- 
bors changes very little with variations 
in the density. When this information is 
compared with the picture provided by 
the cell theory of Kirkwood, attention 
may be confined in the range of liquid 
densities to those configurations for which 
each cell is singly occupied. As the density 
of the liquid is decreased, the size of these 
cells and hence the distance from the 
central molecule to its neighbors steadily 
increases. However the actual number of 
neighbors remains unaltered and is taken 
to the coordination number of the crystal- 
line lattice. Thus in contrast to the experi- 
mental evidence of Fivure 1 (and Table 1) 
the cell theory predicts that with decreas- 
ing density the curves of g(r) should 
exhibit a progressive radial displacement 
and that the area under the first peak 
(and all the others) should remain un- 
altered.* 

To correct this unrealistic behavior 
Eyring and Cernuschi (20) introduced 
“holes,” or unoccupied cells, into their 
description of the liquid. According to 
their model, an expansion of the liquid 
produces an increase in the number of 
these holes but leaves the volume of an 


*The precise mathematical relationship between 
g(r) and the cell-distribution function has recently 
been established (21). Calculations based upon this 
relationship are in agreement with the qualitative 
description of the situation presented in this paper. 
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individual cell almost unaltered. Thus 
the volume of a cell is taken to be w = 
V/L = xv, where x = N/L. If one em- 
ploys the spherical approximation pre- 
viously discussed, the radius of a cell 
will be ro’ = (x)!/5ro. 

Thus while the cell theory depends 
upon the production of multiply occupied 
cells to account for the increased disorder 
at low densities, the hole theory explains 
this disorder in terms of an increased 
number of cells. There is of course an 
intrinsic disorder associated with the 
L!/N\(L — N)! different ways in which 
the N molecules may be distributed 
among the L > N cells. In the absence 
of holes only one such arrangement is 
possible, but with increasing dilution 
more holes appear and the number of 
possible arrangements approaches a limit- 
ing value of e’.* Thus the factor L!/N! 
(L — N)! rises monotonically from a 
value of unity in the crystal (no holes) 
to a value of e” in the limit of infinite 
dilution (infinite number of holes). Al- 
though this is precisely the behavior of 
the function ¢”, occuring in the theory 
of Kirkwood, there is certainly no reason 
for these two quantities to be equal over 
the entire density range. 

Mayer and Careri (22) have shown 
how this hole model of the liquid can be 
combined with Kirkwood’s method of 
determining the cell-distribution func- 
tion. Using their approach one can derive 
an integral equation for the cell distri- 
bution function that has precisely the 
same form as Equation (24). Of course 
this function, the cell potential, and the 
free volume will now exhibit a para- 
metric dependence upon the number of 
holes present in the liquid. The analytical 
nature of this dependence is very simple 
however, and the results of this hole 
theory are obtained from Equations (24), 
(25), and (26) by replacing the absolute 
temperature by and the specific 
volume by the cell volume w = av. 
Thus at first it would appear that the 
introduction of holes necessitates no 
calculations beyond those already in- 
volved in the ordinary cell theory. 
Actually several complications arise. The 
dependence of y upon the number of 
holes must be determined. If the holes 
and molecules were distributed randomly 
among the cells, then y would be equal 
to x = N/L. However this is not the 
case, since just as in a binary solution 
there will be different a priori proba- 
bilities for the cells neighboring a mole- 
cule to be occupied by other molecules 
or by holes. This same problem is en- 
countered in the study of all physical 
systems which exhibit so-called ‘order- 
disorder phenomena,” and although no 
exact solution of this problem has yet 
been found, several satisfactory approxi- 


*From Stirling’s approximation m! = (m/e)™ 
it follows that L!/N!(L — N)! = (1 + 1/y)%», 
where y = (1 — x)/x and x = N/L. Then since 
limy.. (1+ 1/y)¥ = e, the validity of this asser- 
tion is established. 
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mation schemes are available (23, 24, 26). 
There remains only the problem of 
choosing the correct number of holes. 


g(X*) 


X 


Fig. 5. A comparison of experimental and 

theoretical radial distribution functions for 

liquid argon at 91.8°K. and 1.8 atm. The 

experimental values are those of Eisenstein 
and Gingrich. 
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Fig. 6. A comparison of experimental and 

theoretical equations of state for argon 

at 273°K.: A, experimental values of 

(35), B, radial distribution function method; 
C, cell theory (11). 


From the same arguments that led to 
the definition of the optimum cell distri- 
bution function one sees that the opti- 
mum number of holes (for a particular 
choice of the temperature and density) 
will be that for which the Helmholtz 
free energy is a minimum. This minimum 
value of the free energy A = U — TS 
will result from the complicated inter- 
play between the energy and entropy, 
both of which increase monotonically 
with the number of holes admitted into 
the liquid. Most attempts to carry out 
this minimalization have been accom- 
panied by such drastic approximations 
for the dependence of the free volume 
upon L that the results have been very 
limited in their utility. However Levine, 
Mayer, and Aroeste (24) have recently 
described a, systematic procedure to be 
employed in the calculation of the opti- 
mum number of holes. Use of this new 
scheme to minimize the free energy re- 
sults in a formulation of the hole theory 
which is free from the approximations 
employed in earlier investigations and 
therefore calculations based upon the 
hole theory may now be conducted in a 
much more rigorous manner. 

Another recent development in the 
theory of liquids is the cell-cluster method 
of deBoer (26). According to this scheme 
correlations between the positions of 
two (or more) molecules may be taken 
into account by the introduction of 
clusters of two (or more) neighboring 
cells, whose volumes are then collectively 
shared by the molecules within them. 
At very high densities the larger cell 
clusters will be of little importance and 
the method reduces to the usual cell 
theory. However a decrease in the density 
of the liquid will be accompanied by the 
breakdown of the boundaries or par- 
titions between neighboring cells, and 
the molecules will acquire more freedom 
as larger clusters make their appearance. 
Thus the cluster theory provides a very 
realistic mechanism to account for the 
increased molecular disorder that ac- 
companies dilution of the liquid. 

In its most general form this theory is 
completely rigorous, but it is probably 
impractical to include the effects of 
clusters larger than those composed of 
two cells. At high density this limitation 


(a) 


(b) 


Fig. 7. A schematic representation for the distribution of neighbors 

about a cell in a two-dimensional hexagonal lattice. The location 

of the central site is labeled by 1; those of the neighbors by 2, 3, . .,7 

These contours illustrate the arrangement of the neighboring 

molecules in (a) the crystalline form and (b) the smeared or angle- 
averaged approximation. 
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will not be too serious, since the theory 
is constructed in such a manner that 
the larger clusters are significant only 
when the molecular disorder becomes 
quite pronounced. In fact clusters of 
two cells should introduce corrections 
comparable to those arising from the 
doubly occupied cells in Kirkwood’s 
theory. There are however great differ- 
ences between the usual cell theory and 
deBoer’s formulation of the cell-cluster 
method. For example when clusters of 
two or more cells are neglected, his theory 
reduces directly to that of Lennard- 
Jones and Devonshire. Thus the double- 
cell contributions provide the only means 
by which this method can improve upon 
a rather crude first approximation, that 
is the Lennard-Jones and Devonshire 
theory. Although these double cells do 
provide an adequate estimate of the 
entropy of the liquid (27, 28), they are 
by no means so successful in explaining 
the equation of state. Thus from Figure 
3 one sees that the inclusion of double 
cells actually leads to an equation of 
state for rigid spheres which is less satis- 
factory than that of the simple LJD 
method. (It will subsequently be shown 
that the Monte Carlo isotherm of Figure 3 
is the most realistic.) This suggests that 
the principal drawback of the cell-cluster 
theory is its reliance upon a rather unreal- 
istic first approximation. Thus one really 
should employ the best possible cell theory 
as a starting point for the cluster method. 
One step along this path has been taken 
by Dahler and Cohen (29), who general- 
ized the cell-cluster theory to include the 
possibility of holes. However a more 
general theory would include Mayer and 
Careri’s method of the cell distribution 
function (for a liquid with holes) as its 
first approximation and then describe 
the molecular disorder in terms of 
deBoer’s clusters. Although such a de- 
velopment has been demonstrated, no 
numerical tests have yet been conducted. 
This lack of numerical verification really 
characterizes the present status of all 
developments based upon the cluster 
method. During the next few years 
calculations based upon these schemes 
should gradually become available, and 
then a truly comprehensive appraisal of 
the cluster theory will be possible. 

This survey has touched upon a variety 
of theories for the liquid state, but, 
except for the calculations based upon 
the superposition principle and those 
using the Lennard-Jones and Devonshire 
approximation, none have been subjected 
to an adequate numerical test. Although 
the hole and cell-cluster methods hold 
considerable promise, their true worth 
will depend upon their ability to predict 
the thermodynamical behavior of the 
liquid. Within the next few years great 
activity is expected in the performance 
of numerical calculations designed to 
provide tests for these theories. [The 
investigations of (17) constitute such an 
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endeavor.] However all the schemes dis- 
cussed contain two sources of error: the 
mathematical approximations involved 
in the calculation of the configuration 
integral and the physical assumption 


Fig. 8. Coordinates involved in the cal- 
culation of the cell potential-energy field. 
(For a face-centered cubic lattice |R,,. = 


n dy.) 

10° — = 

—— Monte Carlo 
Cell Theory of L-J &0 

10" | Maun, Alder) 

(pv/kT)-! 

10 
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2 — + 
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Fig. 9. A log-log plot of (pv/RT) — 1 vs. 
(v/vo) — 1 for hard spheres. vy = o3/+/2 
is the volume per molecule at the closest 
possible packing. The solid line is the 
result of the Monte Carlo method as 
compared with the Lennard-Jones and 
Devonshire theory (dashed line) and the 
superposition theory of Kirkwood (dot- 
dashed line). 


Fig. 10. Compressibility factor vs. reduced 


volume. The horizontal bars represent 
the positions of the Monte Carlo average 
values. The vertical extent of these symbols 
indicates the uncertainty due to the approx- 
imate treatment of second and/or further 
removed neighbors. The solid curves 
represent the measurements of (35, 36) 
on argon. The triangles indicate results 
obtained by the superposition method. 
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that the interactions among the molecules 
may be represented by various empirical 
laws such as that of the Lennard-Jones 
12-6 potential. Therefore in comparing 
these theories with experimental meas- 
urements one is always confronted with 
uncertainty about the origin of the ob- 
served discrepancies. Of course this un- 
certainty could be resolved if one could 
perform experiments upon a liquid com- 
posed of rigid spheres or of molecules 
which actually interact according to the 
12-6 law. Such experiments can indeed 
be performed by a numerical procedure 
known as the Monte Carlo method. For 
an accurate and detailed description of 
this method one should refer to the 
original papers on the subject. However 
it is possible to illustrate the more 
essential elements of the procedure by 
considering the situation in a fluid of 
rigid spheres. For this purpose one can 
consider a box containing a collection of 
N billiard balls numbered 1, 2, -- N. A 
computing machine is then instructed to 
move the first from its original position 
to a new location within the box. The 
magnitude and direction of this displace- 
ment are chosen by the machine in a 
random manner, hence the name Monte 
Carlo. If the molecule is prevented from 
lying in its new position by the presence 
of another, the machine is then told to 
replace it in its original location; other- 
wise the move is allowed. In either event 
the machine then plays this same game 
with a second molecule and so on, until 
each has been considered. If this process 
is repeated a sufficient number of times, 
the spatial distribution of the mole- 
cules within the box approaches that of 
thermodynamical equilibrium (30). Thus 
using a sample of 256 spheres Rosenbluth 
and Rosenbluth (31) ascertained that 
equilibrium was established after each 
molecule had been moved a total of 
one hundred times. By examining the 
surrounding of each molecule they were 
then able to construct the radial-distri- 
bution function as the average descrip- 
tion of the molecular environments. 
Once g(r) had been determined at a 
particular density and temperature, the 
corresponding values for the compressi- 
bility factor, internal energy, and other 
thermodynamical properties could be 
calculated from the equations given 
earlier. Thus by repeating the Monte 
Carlo calculations at a number of den- 
sities Rosenbluth and Rosenbluth were 
able to construct the equation of state 
shown in Figures 3 and 9. At high den- 
sities the predictions of the L.JD method 
agree rather well with these results. In 
this same region there is a great dis- 
parity between the Monte Carlo calcu- 
lations and those based upon the super- 
position principle. At low densities how- 
ever the situation is reversed and the 
superposition theory becomes more satis- 
factory than that of Lennard-Jones and 
Devonshire. 
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Although these initial investigations 
gave no evidence of a discontinuous phase 
transition from solid to liquid, the radial- 
distribution function did exhibit a ‘‘clear 
evolution with increasing volume from 
a crystalline structure to a liquid type 
structure with the transition being com- 
pletely at about v/vo = 1.5.” It was also 
found that the lattice breakdown at 
v/vo = 1.5 marked the density at which 
molecules were first observed to slip past 
one another and escape from their im- 
mediate neighbors in the liquid, that is 
the onset of fluid behavior. Recently 
this problem has been reexamined by 
Alder and Wainwright (10) and by Wood 
and Jacobson (9), who find that for 
densities near v/vo = 1.5 the configuration 
states of the fluid described by g(r) may 
be separated into two different classes, 
one characterized by a relatively free 
diffusion of the molecules and another 
for which diffusion is very restricted. 
Transitions between these two classes 
rarely occur; for example during calcu- 
lation periods (JB 704) as long as 10 
to 30 hr. only zero to three such transi- 
tions may be observed. This behavior 
leads to the conclusion that over a 
narrow range of densities near v/vo = 1.5 
the radial-distribution function is double 
valued, a conclusion which implies the 
coexistence of two distinct physical 
phases. By adopting this interpretation 
of their results Wood and Jacobson 
were able to construct the discontinuous 
isotherm shown in Figure 4. Therefore 
the existence of the phase transformation 
theoretically predicted by Kirkwood, 
Maun, and Alder has been confirmed by 
the Monte Carlo experiments. Since most 
theories of crystallization rely heavily 
upon the presence of attractive inter- 
molecular forces, an explanation of the 
results for rigid spheres would seem to 
require the discovery of an alternative 
mechanism for this process; no such 
mechanism has yet received wide ac- 
ceptance. 

The Monte Carlo method is of course 
applicable to cases other than those of 
rigid spheres. Thus Wood and Parker (32) 
have recently used this technique to 
study the thermodynamical behavior of 
a fluid whose molecules interact accord- 
ing to the Lennard-Jones 12-6 law.* 
They find that at low densities (Figure 
10) there is excellent agreement between 
the Monte Carlo calculations and the 
predictions of the superposition method. 
For higher densities this agreement is 
less satisfactory however, and instead 
it is the theory of Lennard-Jones and 
Devonshire which more closely resembles 
the Monte Carlo results. 

It is significant that at high densities 
neither theory nor the Monte Carlo 


“The calculations of Wood and Parker were 
carried out for a reduced temperature of T* = 
T ¢€ = 2.74, which in the case of Argon corresponds 
» about 55°C. Accordingly the reduced temperature 


a > critical point should have a value of approxi- 
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method agrees very well with the few 
experimental p-v-7’ data that are pres- 
ently available. (The existing data are 
for Argon.) Although this fact may 
simply evidence the inadequacy of the 
12-6 potential, it could also reflect the 
existence of nonadditive molecular inter- 
actions in the real fluid. However this 
is all merely speculation, and before any 
definite conclusions can be drawn one 
must probably await the accumulation 
of more accurate experimental infor- 
mation at high densities. 


NOTATION 

A,B = coefficients 

dr; = differential element of volume 
for ith molecule 

E = energy 

g(r) = radial distribution function 

h = Planck’s constant 

Jo{s) = intensity of Y radiation 

L = total number of cells 

m = mass of molecule 

m; = number of molecules lying in 


ith cell 
n = number density of molecules 
n®(r) = pair distribution factor 


r = vector displacement 

To = radius of spherical cell to which 
molecule is confined 

R,; = vector directed from ith to jth 
lattice sites 

s = cell distribution function 

s(r) = probability distribution func- 
tion within a cell 

v = specific volume 

Vy = free volume 

V = total volume of liquid 

Subscript 

n = any one of c, molecules lying in 


the nth shell of neighbors to 
the central molecule 


Greek Letters 


oY = fraction of occupied cells neigh- 
boring an occupied cell 

x = dodecahedron of altitude (dy — 
a)/ 2 

6,@ = polar angles of vector r 

r = wavelength of impinging X rays 

o = hard-core diameter 

= disorder parameter 

6 = angle between primary and 
secondary beams 

g(r) = interaction energy of two mole- 
cules separated by a distance * 


LITERATURE CITED 


1. Hirschfelder, J. O., C. F. Curtiss, and 
R. B. Bird, ‘Molecular Theory of 
Gases and Liquids,’ John Wiley. 
New York (1954). 

2. Eyring, Henry, and J. O. Hirschfelder, 
J. Phys. Chem., 41, 249 (1937); J. ©. 
Hirschfelder, J. Chem. Ed., 16, 546 
(1939). 

3. Kirkwood, J. G., J.,Chem. Phys., 14, 
180 (1946). 


A.1.Ch.E. Journal 


4, Eyring, Henry, zbid., 4, 283 (1936); 
see also J. F. Kincaid, Henry Eyring, 
and A. E. Stearn, Chem. Revs., 28, 
301 (1941). 

. Kirkwood, J. G., J. Chem. Phys., 3 
300 (1935). 

. Born, Max, and H. 8. Green, Proc. Roy. 
Soc. (London), A188, 10 (1946). 

7. Yvon, J., Actualités scientifiques et 
industrielles,’ Hermann & C*, Paris 
1935). 

8. Kirkwood, J. G., E. IK. Maun, and 
B. J. Adler, J. Chem. Phys., 18, 1040 
(1950). 

9. Wood, W. W., and J. D. 
ibid., 27, 1207 (1957). 

10. Alder, B. J., and T. E. 
ibid., 27, 1208 (1957). 

11. Kirkwood, J. G., V. A. Lewinson, and 
B. J. Alder, ‘bid., 20, 929 (1952) 

12. Oppenheim, Irwin, and Peter Mazur, 
Physica, 23, 197, 216 (1957). 

13. Kirkwood, J. G., J. Chem. Phys., 18, 
380 (1950). 

14. Pople, J. A., Phil. MWag., 42, 459 (1951). 

15. Wood, W. W., J. Chem. Phys., 20, 
1334 (1952). 

16. Dahler, J. S., J. O. Hirschfelder, and 
H. C. Thacher, Jr., ibid., 25, 249 (1956). 

17. Dahler, J. S., and J. O. Hirschfelder, 
J. Chem. Phys., to be published. 

18. Lennard-Jones, J. E., and A. F. Devon- 
shire, Proc. Roy. Soc. (London), A163, 
53 (1937). 

19. Wentrof, R. H., R. J. Buehler, J. 0. 
Hirschfelder, and C. F. Curtiss, J. 
Chem. Phys., 18, 1481 (1950). 

20. Cernuschi, F., and Henry 
ibid., 7, 547 (1939). 

21. Dahler, J. S., ibid., 29, 1082 (1958). 

22. Mayer, J. E., and Giorgio Careri, 7bid., 
20, 1001 (1952); also see J. E. Mayer, 
Ann. Rev. Phys. Chem., 1, 175 (1950). 

23. Hill, T. L., “Statistical mechanics,” 
chap. 7, McGraw-Hill, New York 
1956). 

24. Hijmans, Jaap, and Jan  deBoer, 
Physica, 21, 471, 485, 499 (1955); also 
see Michio Kurata, Ryoichi Kikuchi, 
and Tatsuro Watari, J. Chem. Phys., 
21, 434 (1953). 

25. Levine, H. B., J. E. Mayer, and H. 
Aroeste, ibid., 26, 201, 207 (1957). 

26. deBoer, Jan, Physica, 20, 655 (1954). 

27. Salsburg, Z. W., E. G. D. Cohen, 
Jan deBoer, ibid., 21, 137 (1955) 

28. Salsburg, Z. W., B. C. Rethmeier, and 
E. G. D. Cohen, ibid., 23, 407 (1957). 

29. Dahler, J. S., and E. G. D, Cohen, 
ibid., to be published. 

30. Metropolis, Nicholas, M. N. Rosen- 
bluth, A. W. Rosenbluth, A. H. Teller, 
and Edward Teller, J. Chem. Phys., 21, 
1087 (1953). 

31. Rosenbluth, M. N., and A. W. 
Rosenbluth, zbid., 22, 881 (1954). 

32. Wood, W. W., and F. R&. Parker, 
ibid., 27, 720 (1957). 

33. deBoer, Jan, Repis. Progr. in Phys., 12, 
305 (1949). 

34. Eisenstein, A., and N. 8S. Gingrich, 
Phys. Rev., 62, 261 (1942). 

35. Michels, A., Hub. Wijker, and Hk. 
Wijker, Physica, 15, 627 (1949) 

36. Bridgman, P. W., Proc. Am. 
Arts Sci., 70, 1 (1935). 


ou 


o> 


Jacobson, 


Wainwright, 


Kyring, 


Acad. 


Presented at A.I.Ch.E. Philadelphia meeting. 
Manuscript received June 24, 1958; revision received 
August 28, 1958; paper accepted August 30, 1958. 


June, 1959 


| 
| 
| 
} n 
by 
| 
| cl 
u 
ce 
| 
| t 
f 
| d 
n 
| 
| 
l 
| t 
| 
I 
t 
) f 
| 


(1936); 
uyring, 
S., 28, 


iys., 3, 
Roy. 


ues et 
Paris 


hn, and 
3, 1040 


wright, 


yn, and 
) 
Mazur, 


and 
(1956). 
ifelder, 


Devon- 
A163, 


iss, J. 


“yring, 


1958): 
i, ibid., 
Mayer, 
(1950). 
anics,”” 


York 


le Boer, 
also 
ikuchi, 

Phys., 


054). 
Cohen, 
er, and 
1957). 
Cohen, 


Rosen- 
Teller, 
ys., 21, 


4), 

Parker, 
ys., 12, 
ingrich, 
Hk. 
) 


Acad. 


meeting. 
received 
), 1958. 


, 1959 


Chromatographic Columns Containing 
a Large Number of Theoretical Plates 


A. S. SAID 


College of Physicians and Surgeons, Columbia University, New York 


To obtain numerical answers for the concentration distribution of solute on a chromato- 
graphic column or in the effluent, tables and charts of the Poisson distribution are used. 
Their use however is limited to a small number of theoretical plates. The transformation 
of the Poisson to the normal distribution enabies the calculations to be performed for any 
number of theoretical plates through the use of the normal distribution tables. 

Equations derived previously for columns containing a large number of plates and em- 
ploying elaborate mathematical procedures and approximations have been simply deduced 
by applying a limit property of the Poisson distribution to the exact equations. 

A relationship between the Poisson and normal distribution is derived, and charts 
are drawn which allow the rapid evaluation of the Poisson in terms of the normal values. 


In accordance with the plate theory of 
chromatography a chromatographic col- 
umn is assumed to be equivalent to a 
certain number of theoretical plates with 
the eluent passing continuously, without 
mixing, through these plates, while 
equilibrium is established between the 
solute on any plate in the column and 
the solute in the eluent passing through 
the plate. The results expressing the con- 
centrations of solute at different parts of 
the column and in the effluent are in the 
forms of Poisson or Poisson-summation 
distributions (4). For the purpose of 
numerical calculations tables (3) and 
charts (1) are available which list the 
values of @,“ and P,~ for different values 
of the solution parameter and the column 
parameter, but the use of these tables and 
charts is limited to columns containing 
not more than 200 theoretical plates. In 
practice however chromatographic col- 
umns may contain many thousands of 
theoretical plates. 

Fortunately, for large values of u and 
n the Poisson distribution can be approxi- 
mated by the normal distribution, and 
the larger the values of w and n, the 
better is the approximation. It is true 
for the Poisson-summation distribution 
P.“ that if one transforms to the variable 
tand then allows wu to tend to infinity, 
P,» approaches the normal distribution 
A(t), where 


V 2r J- 
In other words 
lim P," = (1) 
Vol. 5, No. 2 


Since the maximum of the zone occurs 
at u= n, values of u of practical interest 
when n is large, also should be large 


and in the neighborhood of n. 


Applying this limit property of the 
Poisson distribution to the case of eluting 
an originally uniform zone, one finds 
that the concentration distribution or 
elution equation 


reduces to 


where 


é=(u—- n)/Vu 


= {u — (n — M)}/Vu 


and for the deposition of a zone at the 
top of a column the equation 


R, = P," 


reduces to 


AC) (3) 


Equations (2) and (3) were derived by 
Glueckauf (2), who set up the elution 
process as a partial-differential equation 
and then, by assuming a large number of 
theoretical plates, was able to reduce that 
equation to one of a standard form lead- 
ing to a solution in the form of a normal 
distribution through a series of approxi- 
mations and elaborate mathematical 
manipulations. 

The advantage of 


deducing these 


Fig. 1. Plot of Equation (4). 
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Fig. 2. Plot of Equation (5). 


relationships from the exact Poisson 
solution is clear, since aside from the 
simplicity of the derivation one can also 
test the validity of the approximation 
and determine the limits of the applica- 
bility of Equations (2) and (8). 

Since the Poisson and normal distribu- 
tions approach each other rather slowly 
and at different rates for different regions, 
these approximations are only valid for 
very large values of » and values of 
(uw — n)/Vu| < 2. On the other hand 
when the column contains a small or 
moderately large number of plates, or 
when one is dealing with regions far from 
the peak of the zone, as in the case of 
calculating the impurities owing to one 
band in another, the Poisson distribution 
can be replaced by the normal distribu- 
tion only after the inclusion of a correction 
factor. 

It is shown in the Appendix* that 
¢,“ can be rearranged and rewritten in 
the form 


dn + Vu fi (z) 


1 


r/2 


+ 


For values of u > 100 this series converges 
rapidly, and one can neglect terms 
containing f;(z) upward and 


where 


*Tabular matérial has been deposited as docu- 
ment 5876 with the American Documentation 
Institute, Photoduplication Service, Library of 
Congress, Washington 25, D. C., and may be obtained 
= $2.50 for photoprints or $1.75 for 35-mm. micro- 

m. 
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1 
| —= + — 4 
: 2° 
fi(2) = 
and 
2° 1 
he) = 75 t 


Equating f.(z) to zero, one finds that 
fs is equal to 1 + 1 [VV u fi(z) at values of 
z= +£0.87, 2.43. Actually for values of 
'z| lying between 0 and 2.5 f, can be 
represented almost accurately by the 
straight line having the equation 


=1+—=fe 
y Va 


when f, is plotted vs. 1/Vu with z as 
the parameter. 

For values of z greater than 2.5 the 
deviation from the straight line equation 
becomes appreciable and increases rapidly 
with z. 

It is also shown in the Appendix that 
P,“ can be accurately represented by the 
relation 


E(t) 
6Vu AW 


{1 
12Vu 

Instead of a correction factor, defined 

in this case as simply the ratio between 


A(t) and P,, a more useful definition will 
be used, namely 


= + 


fp A(t) for t<0 
AD for 
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+2 E(t) 
6Vu Ald 


= 
{1 for <0 


fe = 


+3... 
6Vu [L AM] 


{1 for t > 0 
12Vu 


Equating the last term to zero and 
solving for ¢ one finds that fp is equal to 
the first two terms for ¢ = 0, +7/3, 
Actually fp can be represented almost 
accurately for values of ¢ lying between 
0 and 2 by the first two terms only, and 
a plot of fp vs. Vu with ¢ held constant 
is a straight line. For values of ¢ greater 
than 2 deviations from the straight line 
equation become appreciable and increase 
rapidly with ¢. Figures 1 and 2, respec- 
tively, plot fs vs. 1/Vu with z as the 
parameter and fp vs. 1 [Vu with ¢ as the 
parameter. 


NOTATION 

A(t) = area under the normal distribu- 
tion curve of error between — © 
and 


t 
= 1/V2e | 


E(t) 


fe = Poisson-summation correction 
factor 

f-(z2) = function of z 

fs = Poisson correction factor 

n = theoretical plate number or col- 


umn parameter 

r = positive integer 

R, = concentration ratio of solute in 
eluent at plate n 

t = (u— n) 

u = solution parameter 

ar = variable 


1 
z=(u—n—})/Vu = t- — 


P u — u 
r=n 
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Two-dimensional Laminar-Flow Analysis, 


Utilizing a Doubly Refracting Liquid 


JOHN W. PRADOS and F. N. PEEBLES 


An experimental technique for the determination of velocity distributions in two-dimen- 
sional laminar flow is described. The method utilizes the optical interference patterns 
observed in flowing doubly refracting liquids when viewed by transmitted polarized light. 
The fluid shear-stress distribution may be determined from these interference patterns 
by methods similar to those employed in solid photoelasticity. Methods are presented 
for the calculation of velocity distributions from the observed stress distributions. Ex- 
periments are described in which the technique was applied to determine velocity profiles 
in parallel-walled, converging and diverging channels and for flow about a cylindrical 
obstacle. The doubly-refracting liquids employed were aqueous solutions of an organic 
dye. Independent experimental checks were obtained in most instances, and these are 
in satisfactory agreement with the calculated results. 


For many years the photoelastic tech- 
nique has been a powerful tool for experi- 
mental stress analysis in solids. This 
technique is based on the fact that 
certain substances become temporarily 
doubly refracting (that is, anisotropic to 
the passage of light) when subjected to 
shearing stresses. When a doubly refract- 
ing substance is viewed by transmitted 
light between two polarizing plates, 
visible interference patterns are pro- 
duced, which are related to the material 
dimensions and properties and to the 
shearing stresses in the specimen. The 
method has been used extensively in the 
analysis of two-dimensional stress sys- 
tems, and special techniques permit the 
analysis of certain three-dimensional sys- 
tems. A complete and readable treatment 
of photoelastic theory and practice is 
given by Frocht (8). 

An analogous phenomenon in liquids 
was reported by J. C. Maxwell in 1873 
(16) and has been the subject of extensive 
investigation since. General reviews of 
this work have been presented by Cerf 
and Scheraga (4), Peebles, Prados, and 
Honeycutt (79), Edsall (7), and others. 
In liquids the phenomenon has been 
called streaming birefringence, streaming 
double refraction, or flow double refraction. 
The last name is preferred by the present 
authors. 

By far the largest portion of the in- 
vestigations on flow double refraction 
has concerned its application to the 
study of molecular size and shape. How- 
ever, as early as 1923, Humphry (13) 
showed the possibility of using doubly 
refracting liquids as tools for the visual 
analysis of flow. 


F. N. Peebles is with Union Carbide Nuclear 
Company, Oak Ridge, Tennessee. 
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Fig. 1. Typical light interference patterns produced by flow double refraction in aqeuous 


milling yellow solutions. 


a. Flow about a cylindrical obstacle at an intermediate flow rate, circularly 


polarized light. 


Visible interference patterns are ob- 
served when a doubly refracting liquid is 
caused to flow through a transparent 
channel between polarizing plates and 
viewed by transmitted light. These pat- 
terns are composed of alternate light and 
dark bands which appear stationary in 
steady laminar flow but take on a random 
eddying motion in turbulent flow. The 
bands are of two types: isochromatics 
which are related to the magnitude of 
the maximum shearing stress in the 
liquid, and isoclinics, which are related 
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. Flow about a cylindrical obstacle at a low flow rate, plane polarized light. 
. Flow in a diverging channel at a high flow rate, circularly polarized light. 
. Flow in a diverging channel at a low flow rate, circularly polarized light. 
Flow in a converging channel at a high flow rate, plane polarized light. 

. Flow in a converging channel at a low flow rate, plane polarized light. 


to the direction of the maximum shearing 
stress. Peebles and Prados (20) have 
shown the conditions necessary to pro- 
duce light interference (and hence a 
dark band) for both the isochromatic 
and isoclinic cases. The two types of 
bands may be distinguished by the ob- 
servation of a given flow situation in both 
plane and circularly polarized light. The 
isochromatics alone appear in circularly 
polarized light, while both isochromatics 
and isoclinics appear in plane polarized 
light. 
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The intensity of the doubly refracting 
behavior is expressed in terms of the 
amount of double refraction, a measure 
of the relative velocities of light rays 
vibrating in different directions in the 
anisotropic medium. It can be shown that 
an isochromatic band appears whenever 
the amount of double refraction and fluid 
depth along the light path are such that 
the light transmitted through the liquid 
undergoes a relative retardation equal to 
an integral number of wave lengths. The 
amount of double refraction is a single- 
valued, increasing function of shear stress 
for a given doubly refracting liquid. 
Hence for a given depth of a given liquid 
there is a fixed value of shear stress as- 
sociated with each isochromatic band in 
the interference pattern. This makes 
possible a quantitative determination of 
the shear-stress distribution from the 
interference patterns in a doubly re- 
fracting liquid, provided the liquid has 
first been calibrated by the determination 
of the relationship between shear stress 
and amount of double refraction. The 
method of calibration described by 
Peebles and Prados (20) consists of sub- 
jecting the liquid to known shear stresses, 
viewing it in polarized light, and observ- 
ing the formation of the isochromatic 
bands. A similar procedure yields the 
relationship between isoclinic bands and 
stress directions. This relationship is ex- 
pressed in terms of the extinction angle, 
which relates the stress direction neces- 
sary for light extinction to the axis of 
polarization of the incident light. 

Flow double refraction provides an 
excellent qualitative way to study lami- 
nar, turbulent, or transition (unstable) 


Fig. 2. Photographs of the flow facility: 


a. flow test channel, calming box and 
optical components, b. pump and constant- 
temperature bath. 
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flows. Regions of local turbulence, vor- 
tices, boundary layers, and the like are 
clearly defined. Stroboscopic illumination 
is useful in observing turbulent flow be- 
havior. However attempts to use the 
technique for quantitative determination 
of velocity profiles have proved success- 
ful only for the case of two-dimensional 
laminar flow. Photographs of typical two- 
dimensional laminar-flow situations are 
shown in Figure 1. 


PREVIOUS INVESTIGATIONS 


Prior applications of the technique of 
flow double refraction to the analysis of 
fluid motion have been relatively few in 
comparison with the large volume of litera- 
ture dealing with flow double refraction in 
general. It is felt that some mention of 
these studies and the doubly refracting 
liquids emploved is in order at the present 
time. 

The earliest such application appears to 
have been due to Humphry (73) in 1923. 
Using a colloidal sol of vanadium pentoxide 
in water, he was able to demonstrate 
qualitatively the difference between laminar 
and turbulent flow. Further qualitative 
studies along these lines were the work of 
Leaf (14) in 1945, who employed doubly 
refracting bentonite sols in a locomotive 
fire box design, and the recent visual studies 
of Binnie (3, 4) and Lindgren (15) on the 
transition from laminar to turbulent flow 
in tubes. The last two investigators used 
aqueous sols of benzopurpurin and bentonite 
respectively. 

Attempts to obtain quantitative measure- 
ments of velocity profiles with flow double 
refraction were first made by Alcock and 
Sadron (1) in 1936. Their doubly refracting 
liquid was sesame oil, which is highly 
viscous and has a low optical sensitivity 
but is more stable over periods of time than 
the colloids previously employed. 

By far the most extensive of the quantita- 
tive investigations were those reported by 
Hauser and Dewey (6, 10, 11) between 1940 
and 1942. Using bentonite sois they made 
quantitative and qualitative studies of 
velocity profiles in two-dimensional laminar 
flow. However in the analysis of their 
results two questionable assumptions were 
made: that the isoclinies were related to 


stress direction and that the isochromatics 
were a function of the velocity gradient 
normal to the streamlines rather than the 
shearing stress in the liquid. Some calcula- 
tions presented by Rosenberg (22) and 
experimental observations made during the 
present investigation do not support these 
assumptions. 

Weller et al. (28, 29) in 1943 carried out 
some studies similar tu those of Hauser and 
Dewey using a solution of ethyl cellulose in 
a commercial solvent, Methyl Cellosolve, 
instead of bentonite. Ullyott (26) in 1947 
described work similar to that of Hauser 
and Dewey and of Weller but made no 
attempt to interpret his results quantita- 
tively. 

A careful study of fluid-flow analysis by 
the double-refraction technique was _pre- 
sented in 1952 by Rosenberg (22), who 
showed that the direction of maximum 
shear stress in fluids and the direction of 
the streamlines are not coincident except 
for the case of parallel streamlines and 
suggested a method for the analysis of a 
general two-dimensional flow situation in 
which the streamlines are not parallel. No 
experimental measurements were reported 
by Rosenberg, nor did he carry out any 
actual flow analyses, but some of his sug- 
gestions have been extended and incorpo- 
rated into the present work. 

Recent investigations of interest are 
those of Wayland (27) and of Thurston and 
Hargrove (24). Wayland studied the flow 
in the annular space between fixed and 
rotating cylinders and reported quantitative 
results for the laminar-flow region; he 
employed bentonite sols and pure ethyl 
cinnamate as doubly refracting liquids. 
Wayland was also able to demonstrate a 
correlation between the amount of double 
refraction in pure ethyl cinnamate and the 
shear stress for turbulent flow. It should be 
noted that his doubly-refracting liquid had 
an optical sensitivity considerably lower 
than that of the liquids employed in the 
present investigation, and so isochromaties 
as such did not appear. Instead a compen- 
sator was used to measure the amount of 
double refraction. Such a technique would 
be essential for studies of turbulent flow, 
since under such conditions the fringes 
break up into swirling regions of light and 
dark and no longer have a fixed location. 
The studies of Thurston and Hargrove are 
concerned with the pulsating flow of fluids 


streamline direction rather than shear- through circular orifices. Their work utilizes 
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Fig. 3. Schematic representation of the optical system. 
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an aqteous solution of milling vellow dye 
as the working fluid and is apparently the 
first recorded attempt to apply the tech- 
nique of flow double refraction to unsteady 
or pulsating flow. 


METHOD OF APPROACH 


It was felt that the flow double re- 
fraction method offered unique advant- 
ages for the analysis of complex two- 
dimensional laminar-flow situations, and 
the present work was undertaken in an 
attempt to overcome some of the previous 
litficulties and place the analysis of re- 
sults on a sounder basis. Specifically the 
objectives were twofold: the development 
of mathematical techniques for flow 
analysis from double refraction measure- 
ments based on more general assumptions 
than those previously employed, and 
the application of these techniques to 
the experimental analysis of a number of 
two-dimensional laminar-flow situations. 
It was also desired to check the experi- 
mental results by independent 
wherever possible. 

To achieve these objectives a mathe- 
matical analysis was made to relate de- 
sired flow parameters to quantities which 
could be obtained from flow double 
refraction measurements. Next an experi- 
mental study was carried out for three 
types of two-dimensional laminar flow: 
flow between parallel plates, where the 
streamlines are straight and paralle!; flow 
in convergent and divergent channels, 
where the streamlines are straight but 
not parallel; and flow about a cylindrical 
obstacle, where the streamlines are 
neither straight nor parallel. The results 
were interpreted in the light of the mathe- 
matical analysis, and use was also made 


means 


of some suggestions by Rosenberg (22 


b 


Fig. 4. Photographs of the 


flow test 

channel: a. flow test channel before 

installation of the cylindrical obstacle, 

b. deep end of channel showing flow 

diffuser vanes and cylindrical obstacle 
installed. 
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which enable one to avoid the question- 
able assumptions of former investigators. 

The doubly refracting liquid used in 
the present study was an aqueous solu- 
tion of a commercially available organic 
dye, milling yellow. Stable, satisfactory 
working solutions of this dye can be pre- 
pared with viscosities not over twenty 
times that of water. They exhibit marked 
flow double refraction in concentrations 
as low as 1.2% dve by weight. Their use 
in flow studies was first reported by 
Peebles, Garber, and Jury (18). 


MATHEMATICAL RESULTS 


It should be emphasized here that the 
present study is based on the assumption 
that the amount of double refraction at 
a point in a doubly refracting liquid in 
two-dimensional laminar flow is a single- 
valued function of the maximum shear 
stress at that point. This has been well 
justified experimentally in the case of 
photoelastic solids, but previous in- 
vestigations olving doubly refracting 
liquids have not been of such a nature as 
to confirm or deny the concept. It was 
further assumed that the extinction angle 
was a single-valued function of the maxi- 
mum shear stress at any point in a two- 
dimensional ]aminar-flow field. 

To carry out a flow analysis under these 
assumptions it is necessary to have two 
relationships: that between the maxi- 
mum shear stress and the velocity gradi- 
ent normal to the streamlines of flow and 
that between the direction of action of 
the maximum shear stress and the direc- 
tion of the streamlines. These expressions 
are developed in the Appendix* and are 
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THERMOMETER 


6= ¢@ — s arctan (2) (2) 
G, 
Equation (2) shows that the streamline 
directions coincide with the direction of 
maximum rate of deformation only for 
cases where the rate of dilation is zero; 
that is, the normal curves to the stream- 
ines are straight lines, an indication that 
the streamlines are parallel and that no 
convergence or divergence of flow is oc- 
curring. If one takes only principal values 
for the arctangent, it is seen that the 
maximum difference in these directions 
which can occur is 7/4 radians and will 
be manifested in situations where the 
rate of pure shear [(dV/dn) — (V/r)] is 
zero but the rate of dilation (— (2V/r’)) 
is not. Such a situation would be found 
along the center line of a symmetrical 
convergent or divergent channel. 
Equation (2) indicates that if the iso- 
clinic positions are determined by the 
maximum rate of deformation, as results 
of the present study suggest, they will 
be of little use in determining the stream- 
line patterns in cases where convergence 
or divergence of the flows occurs. Hence 
Equation (1) can be used to determine 
the velocity distribution only for cases 
where the streamline pattern is known 
from the channel configuration, where it 
is known that no divergence or conver- 
gence of flow occurs and the streamline 
patterns can be developed from the 
isoclinies, or where the streamline pat- 
terns can be obtaine:| from some source 
other than double refraction measure- 
ments. The use oi Equation (1) in some 
specifie situations will be illustrated. 


CALCULATION OF VELOCITY 
DISTRIBUTIONS FOR SPECIFIED CASES 


Case I: Parallel Straight Streamlines 


For laminar flow between flat plates 
the streamlines are straight and parallel. 
This situation is approximated experi- 
mentally by flow in a straight rectangular 
channel of high aspect ratio (ratio of 
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Fig. 5. Schematic representation of the fluid circulating system. 
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Fig. 6. Optical calibration curves for test solutions T-7 and T-8. 


width to depth). In this case the terms 
7/r and V/r’ vanish and the streamlines 
are determined by the channel walls. 
Equation (1) reduces to 


(3) 


From isochromatic patterns H may be 
specified throughout the field of flow. 
Equation (3) can then be integrated 
numerically or graphically along a stream 
normal to obtain the velocity distri- 
bution. Necessary boundary conditions 
are provided by the fact that V = 0 at 
the channel walls. 


Case II: Parallel Curved Streamlines 


For the case of parallel but curved 
streamlines V/r’ = 0 and @ = ¢. Hence 
the isoclinic patterns may be used to 
obtain the streamlines throughout the 
flow field. A graphical or numerical 
method will be needed to determine their 
radius of curvature at each point. Equa- 
tion (1) becomes 

On 
Having calculated r from the isoclinics 
and determined from the isochro- 
matics for each point in the field, one 
may integrate Equation (4) numerically 
to obtain the velocity distribution. Inte- 
gration is performed aJong a streamline 
normal, subject to the boundary con- 
ditions of zero velocity at the walls. 


Case Ill: Nonparallel Straight Streamlines 


Flow between the two nonparallel walls 
provides a situation in which the stream- 
lines are straight but not parallel, and 
the dilation component of the flow does 
not vanish. A good approximation to 
this case in practice is found in a sym- 
metrical convergent (divergent) section 
joining two rectangular channels of the 
same width but different depths. One 
considers that ‘the streamlines are radial 
lines emanating from the line at which 
the nonparallel walls would converge, if 
extended. 
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In the present case Equation (1) re- 
duces to 


av 4 
on 


which must be integrated numerically 
along a normal curve (here the are of a 
circle whose center is the point of con- 
vergence of the walls). H is obtained from 
the isochromatics and r’ from the channel 
configuration. The usual boundary con- 
ditions of zero velocity at the walls are 
used, and a check is provided in the fact 
that 0V/dn should vanish at the center 
of the channel for a symmetrical situation. 


Case IV: General Two-Dimensional Flow with 
Known Streamlines 


Situations may arise in which the 
streamlines are neither straight nor 
parallel but are known throughout the 
flow field from some source other than 
double-refraction measurements. One can 
obtain r and r’ by a graphical or numeri- 


cal method throughout the field and then 
apply Equation (1) directly. Numerical 
integration is performed along a stream- 
line normal, subject to the zero-velocity 
conditions at the walls. 


Case V: General Two-Di 


with Unknown Streamlines 


Flow 


Where the streamline distribution is 
unknown, Equation (1) is not suitable for 
calculation of velocity distributions. 
However a method of analyzing such 
cases has been proposed by Rosenberg 
(22). The analysis requires introduction 
of the Stokes stream function, which 
when inserted into the laminar-flow re- 
lationships yields the following equation: 

(6) 

An important property of the stream 
function should be noted at this point; 
the difference in WV values between two 
points in the field of flow is numerically 
equal to the volumetric flow rate across 
any curve connecting the points. Two 
direct consequences of this property are 
that curves of constant stream-function 
values are the streamlines themselves and 
that the stream function is constant 


along any solid boundary. Furthermore 
for the case of unidirectional flow the 
value of Y may be obtained across a flow 
channel by direct integration. 

Hence if one considers a situation in 
which the flow starts out as unidirec- 
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Fig. 7. Flow pattern photograph and plots of velocity 
gradient and velocity vs. distance for a straight channel 
of 10:1 aspect ratio: channel depth 1.250 cm., solution 


calibration T-7, 25.00°C.; 


measured discharge 18.1 


cc./sec.; calculated discharge 18.1 cc./sec. 
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tional in a straight channel, he may 
assign an arbitrary value to V along one 
of the channel boundaries and calculate 
the distribution of Y across to the other 
by integration. Having the value of ¥ 
along both channel boundaries and across 
the channel at some distance upstream 
from the region of interest, one has the 
necessary boundary conditions to begin 
a numerical solution of the second-order 
partial-differential equation (6). The 
values of HE and @ may be obtained 
throughout the field of flow from the 
isochromatic and isoclinic patterns, re- 
spectively. 

Numerical solution of Equation (6) 
requires that it first be placed in finite 
difference form. If one assumes that the 
flow field is divided up into a square 
grid of equal spacing in both z and y 
directions, the following difference equa- 
tion results: 


y+ h) V(x, h) 
= WE cos 20 


(7) 


One may start from the known values of 
WV along the boundaries and employ a 
simple iteration procedure to obtain V 
at each corner of the grid of spacing h. 
Graphical interpolation may be applied 
to determine curves of constant V 
(streamlines), and numerical differenti- 
ation will yield the velocity components 
if desired. 


APPARATUS 


The experimental apparatus consisted of 
three major subsystems: the optical system, 
the flow test channel, and the fluid circula- 
tion system. Figure 2 shows over-all views 
of the equipment. 

The optical system consisted of an 
Exakta 35-mm. single-lens reflex camera 
and standard polariscope components. The 
polariscope components were a light-source 
assembly consisting of interchangeable 
sodium vapor and tungsten lamps and a 
collimating lens, two polarizing plates 
mounted on ball-bearing rollers so that 
their axes of polarization might be varied 
at will, two quarter-wave plates mounted 
on sliding tracks to permit ready insertion 
in or removal from the light path, and a 
two-section optical bench. A 10-in. field 
of view was provided by this system. All 
optical components were mounted on two 
rigid tables, between which was placed a 
third table containing the flow test channel. 
The camera mount was a heavy platform 
fitted with a vertical rod and an adjustable 
clamp which held an adapter screwed into 
the tripod fitting of the camera; the 
arrangement of these components can be 
seen in Figures 2a and 3. 

Photographs of the flow-test channel are 
shown in Figure 4. The channel was made 
of %%-in.-thick Plexiglas and provided a 
rectangular cross section for flow. The aspect 
ratio (ratio of width to depth) was kept 
high in order to approximate more closely 
a two-dimensional flow situation. Flow 
patterns were observed through the wide 
dimension of the channel as indicated in 
Figure 2. % 


The channel consisted of two sections of 
uniform rectangular cross section, one 
measuring 12.41 by 2.545 em., the other 
12.49 by 1.250 cm. These were joined by a 
straight-walled converging section. The 
converging section was symmetrical about 
the center line of the two uniform sections, 
and the converging walls made an angle of 
5 deg. and 58 min. with the horizontal. 
Diffuser vanes were provided at each end 
of the system to spread the flow across the 
wide dimension and aid in rapid establish- 
ment of the two-dimensional velocity pro- 
files. The channel was mounted on an 
aluminum rail and attached to an upstream 
calming box and downstream return line 
with short sections of rubber radiator hose. 
The hose was secured with circular clamps, 
and the entire assembly could be moved 
back and forth along the rail. 

This test channel provided an opportunity 
for observing flow in uniform channels of 
different aspect ratios (5:1 and 10:1) and in 
straight convergent and divergent sections. 
In addition a 0.718-em. O.D. cylindrical 
rod was inserted in the 2.545-cm.—deep 
section about midway along its length. 
The rod was mounted perpendicular to the 
side walls of the channel and extended all 
the way across the flow path, thereby 
permitting a study of the two-dimensional 
flow about a cylindrical obstacle. These 
details may be observed in Figure 4. 

The prime fluid-circulation system com- 
ponents were an Aminco 16-gal. constant- 
temperature bath and a 34-hp. centrifugal 
pump. Flow lines were standard 1-in. brass 
pipe, and l-in. O.D., 34-in. I.D. Tygon 
hose. A rotameter was used for flow-rate 
measurements, and a precision thermometer 


gradient and velocity vs. distance for a straight channel 

of 5.1 aspect ratio: channel depth 2.546 cm.; solution 

calibration T-7, 24.80°C.; measured discharge 143.3 
cc./sec.; calculated discharge 142.1 cc./sec. 
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Fig. 9. Comparison of velocity profiles calculated from Equation 
(8) and obtained from flow double refraction measurements. 
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of considerable importance to the final 
photographic results, since each negative 
was enlarged to approximately 200 times 
its original area. Photographs were 
obtained for flow in shallow and deep 
straight-channel sections, in the converg- 
ing and diverging sections, and about 
the cylindrical obstacle. 

Most of the photographs of the iso- 
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Fig. 10. Photograph and developed profiles for flow 
in a diverging channel: solution calibration T-7, 24.85°C.; 
measured discharge 134.6 cc./sec.; calculated discharge 
r’ = 8.81 cm., r’ = 10.31 cm., r’ = 11.31 cm., Q = 136.4 
cc./sec., Q = 138.7 cc./sec., @ = 139.7 cc./sec. 


reading to 0.05°C. was mounted in the 
calming box just upstream from the flow 
channel. The arrangement is shown sche- 
matically in Figure 5. 

The dye solutions themselves were pre- 
pared from commercial lots of milling yellow 
NGS powder. The manner of preparation 
and optical calibration is described by 
Peebles and Prados. Viscous properties of 
the solutions were determined in a variable- 
head capillary viscometer similar in principle 
to that described by Maron, Krieger, and 
Sisko (17). A complete description of the 
viscometry technique used in the present 
investigation is given by Havewala (12). 


EXPERIMENTAL WORK 


Photographs were made of the inter- 
ference patterns over a wide range of 
flow rates for the available geometries, 
that is, straight channel flow, converging 
and diverging flow, and flow about the 
cylindrical obstacle. The optical compo- 
nents were carefully aligned before each 
run, and the fluid temperature was 
maintained at 25.00 + 0.15°C. in the 
calming box just upstream from the test 
section. Flow rate and temperature were 
recorded for each photograph taken. 

The optimum exposure time and lens 
aperture were obtained by trial and error 
for each film used. The following appeared 
to give the best results for the isochro- 
matic photographs. 


Exposure 


Film time, sec. Lens stop 
Tri-X 1.0 Between 11 and 16 
Plus X 4.0 Between 11 and 16 
Micro File 12.0 8 


The Microdol developer used produced 
a photograph of fine grain, which was 
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chromatic patterns were made with 
circularly polarized, monochromatic light, 
that is, with quarter-wave plates in 
place and the sodium vapor lamp in 
use. Some isochromatic patterns, par- 
ticularly in the convergent and divergent 
sections, were photographed with mono- 
chromatic plane-polarized light by sliding 
the quarter-wave plates out of the light 
path. In all cases the axis of polarization 
of the polarizer was vertical and that of 
the analyzer was horizontal. 

In photographing the isoclinic patterns 
it was necessary to use white light, so 
that the black isoclinics might be dis- 
tinguished from the colored isochro- 
matics. Plane-polarized light of various 
orientations was provided by rotating 
the polarizer and analyzer together, keep- 
ing them crossed all the while. Isoclinic 
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Fig. 11. Photograph and developed velocity profiles for 
flow in a converging channel: solution calibration T-7, 
24.90 C.; measured discharge 81.2 cc./sec.; calculated 
discharge r’ = 8.40 cm., r’ = 10.00 cm., r’ = 10.97 cm., 
Q = 91.5 cc./sec., @ = 91.9 cc./sec., O = 8.88 cc./sec. 


photographs were made for flow about a 
cylindrical obstacle at various orienta- 
tions of polarizer and analyzer, but at a 
single flow rate and fluid temperature. 
The polarizer and analyzer were rotated 
together in a counterclockwise direction 
(looking toward the light source). Photo- 
graphs were made at rotations of 0, 15, 
30, 45, 60, 75, 90, and —15 deg. The 
— 15- and 75-deg. patterns were identical, 
as were the 0- and 90-deg. patterns. 
Because of marked changes over a 
period of 2 weeks in the optical response 
of the solutions while they remained in 
the flow system, samples were withdrawn 
on each day that photographs were 
made. These were stored in glass bottles 
for later calibration. Previous tests had 
shown that milling yellow solutions stored 
in glass bottles underwent no measurable 
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Fig. 12. Tabulation of values of the x component of the rate of deformation and the 


stream function at the corners of the coordinate grid. 
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change: in optical or viscous properties 
during periods of at least 3 months. In 
the present study all calibrations were 
performed within 3 weeks after the photo- 
graphs were made. Optical calibration 
curves for the test solutions used are 
presented in Figure 6. 

The positions of isochromatic and iso- 
clinic bands were obtained from accurate 
measurements made from enlargements 
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Fig. 13. Steps in the development of streamlines about a cylinder: a. isochromatic photograph; 0. isoclinic photograph, 0, 90; 
c. isochromatic tracing; d. isoclinic traced from b; e. developed ‘streamlines about cylinder. 


of the flow-pattern photographs. Dis- 
tance-scale ratios were determined with 
the known distance from top to bottom 
of the channel used as a reference. A 
detailed description of the methods used 
in the measurements is given by Prados 
(21). 
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FLOW ANALYSIS FROM PHOTOGRAPHIC 
MEASUREMENTS 

The procedures used to analyze the 
photographic measurements follow. As 
these differed for the three types of 
flow studied, each will be discussed sep- 
arately. 
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Straight Parallel Flow 


The measurements taken from the 
photographs of straight parallel flow gave 
the location of each isochromatic along 
a vertical line from the top to the bottom 
of the flow channel. From the optical 
calibration curve for the test liquid a 
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rate of deformation was associated with 
each isochromatic, and hence the rate of 
deformation could be plotted vs. distance 
across the channel. Such photographs 
and plots are shown in Figures 7 and 8. 
For straight parallel flow the rates of 
deformation and velocity gradient are 
equal. Hence graphical integration of 
the curve of rate of deformation vs. 
distance was used to obtain a similar 
curve of values of velocity vs. distance 
across the channel. This unidirectional 
velocity-distribution curve was then inte- 
grated to yield the total discharge through 
the channel. The results of these calcu- 
lations for the cases illustrated in Figures 
7 and 8 are tabulated in Tables 1 and 2.* 
In addition the velocity distribution in 
the 10:1 aspect-ratio channel was com- 
pared with that calculated from viscous 
information. The results of the viscosity 
determinations showed that the test solu- 
tions used behaved as Newtonian fluids 
with viscosities of 17.1 and 26.5 centi- 
poises at rates of deformation from 2 to 
12 reciprocal sec. (the range of interest of 
the present investigation). Peebles et al. 
(19) have found that at shear stresses 
above 20 dynes/sq. cm. milling yellow 
solutions exhibit marked pseudoplas- 
ticity. They have also shown however 
that at low shear stresses the viscous 
behavior should become Newtonian, 
which is in accordance with experimental 
observation. Hence the formula for ve- 
locity distribution of a Newtonian fluid 
flowing between two parallel plates 


3Q (4) | \ 
u = dab E a (8) 


was assumed to hold for the high—aspect- 
ratio channel and was used to calculate 
the velocity profile. 

Agreement between velocities calcu- 
lated from Equation (8) and the flow 
double refraction measurements was ex- 
cellent. A comparison of the two is shown 
in Figure 9. 


Converging and Diverging Flow 


Photographic measurements of con- 
vergent and divergent flow gave the iso- 
chromatic positions along circular arcs 
centered at the hypothetical point of 
convergence of the nonparallel channel 
walls. The rate of deformation along such 
an are could be obtained from the opti- 
cal calibration curve of the test liquid, 
but here the velocity gradient was no 
longer equal to the rate of deformation. 
The velocity profile could be obtained 
however by direct numerical integration 
of Equation (5) subject to the boundary 
conditions of zero velocity at the walls. 
Integration was carried out by the 
method of Runge and Kutta as given by 
Scarborough (23). The results of such 
integrations at three locations along a 
divergent channel are shown graphically 
in Figure 10 and are tabulated in Table 3*. 


*See footnote p. 227. 
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Similar results for flow in a convergent 
channel are given in Figure 11 and 
Table 4.* 

Since flow across a closed curve in two 
dimensions is equal to the velocity compo- 
nent normal to the curve multiplied by 
the length of curve, the discharge through 
a converging or diverging channel of high 
aspect ratio can be calculated from the 
expression 


Van (9) 


Discharges calculated from Equation (9) 
are given in Figures 10 and 11. 


Flow About a Cylindrical Obstacle 


From the measured positions of the 
isochromatic and isoclinic bands one may 
determine the maximum rate of deforma- 
tion and angle made by this maximum 
rate with the horizontal from the flow 
photographs. These values were found 
at each corner of a square grid of 144 
points, 18 units along the channel by 8 
units across the channel. The value of 
the component of deformation acting in 
the positive x direction was found from 
the following relationship, which follows 
directly from Equation (34) (see Ap- 
pendix).* 


E,, = E cos 20 (10) 


The needed quantities were obtained 


*See footnote in column 1. 


Fig. 14. Flow patterns produced in a 
converging channel from plane and cir- 


cularly polarized light at comparable 
flow rates: a. plane polarized light, 
circularly polarized light. 
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from the extinction angle, isoclinic angle, 
and isochromatic fringes. The values of 
E,, obtained at the corners of the grid are 
tabulated in Figure 12. The values were 
then used in the numerical integration of 
Equation (6), which was integrated in 
difference form [Equation (7)] and re- 
quired as boundary conditions the values 
of W along the top and bottom of the 
channel and along two adjacent vertical 
grid lines upstream and two downstream 
from the obstacle. These values were 
obtained as follows. 

For undisturbed unidirectional flow 
the stream function can be calculated 
across the channel from 


(11) 
Vy) = — u dy 


Since V may be specified with reference 
to an arbitrary constant only, the value 
of Y was chosen as zero at the center of 
the channel, and other values of Y out 
to the top and bottom walls were calcu- 
lated from Equation (11). Then use was 
made of the fact that V is constant along 
streamlines and solid boundaries. This 
immediately specified V along the top and 
bottom of the channel and from sym- 
metry considerations along the center 
line of the channel and the cylinder 
boundary as well. 

The nature of Equation (7) necessi- 
tated iteration which started along both 
upstream and downstream edges of the 
grid and worked toward the middle. The 
results of the iteration process are shown 
in tabular form in Figure 12. Graphic 
interpolation was used to determine 
curves along which V has a constant 
value. These are the streamlines of flow 
about the obstacle. The photographs and 
curves of Figure 13 illustrate the steps 
in the development of these streamlines 
from the flow photographs. Calculation 
procedures and intermediate results are 
given by Prados (21). 

Unfortunately the results of the calcu- 
lation could not be checked by calculating 
the discharge, since the flow through the 
channel was already fixed by fixing the 
values of the stream function along the 
boundaries. A number of theoretical re- 
sults for flow of a viscous fluid about a 
cylinder were examined, but they were 
all developed either for the case of un- 
bounded flow (2) or for a Reynolds num- 
ber of the order of 0.1 (25). The Reynolds 
number obtained for the present situation 
was 3.81, calculated by 


_ Wp 


Nre (12) 


The viscous drag coefficient for flow 
about the cylinder was calculated as 
illustrated in the Appendix. Again check- 
ing was hampered by the lack of avail- 
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able measurements in the literature for 
flow about a cylinder in a closely bounded 
channel. The value of the viscous drag 
coefficient of 1.83 obtained from double- 
refraction measurements was compared 
with the experimental value of 2.0 given 
by Goldstein (9) for flow in an unbounded 
channel at the same Reynolds number. 
The value of 1.86 calculated from the 
expression of Bairstow et al. (2) for flow 
in a bounded channel at Reynolds num- 
bers less than 0.1 gave better agreement. 


SUMMARY OF RESULTS AND DISCUSSION 


Tables 5 and 6* summarize the agree- 
ment obtained between measured and 
calculated flow rates for the straight 
channels, converging channel, and diverg- 
ing channel. Original data, from which 
these and all other results reported in this 
paper are compiled, are given by Prados 
(21). For the straight channels the agree- 
ment between measured and calculated 
flow rates was within +7.3, —9.6%, with 
a mean square deviation of 4.22%. For 
the convergent and divergent flows agree- 
ment was within +13.2, —11.2%, with 
a mean square deviation. of 7.75%. 
Twenty-six straight-channel runs and 
fourteen converging and diverging runs 
were analyzed. Only one calculation was 
made for the flow about the cylinder. 

An examination of the interference 
patterns in a convergent or divergent 
channel by means of both plane- and 
circularly polarized light as shown in 
Figure 14 yields some extremely interest- 
ing results in support of the present 
analysis. As can be seen from Figure 
14b, the pattern given by circularly 
polarized light has no zero-order iso- 
chromatic along the center of the channel. 
If the amount of double refraction were 
dependent only upon the rate of pure 
shear, as has been suggested by some 
investigators (6, 7, 19, 29), including the 
authors, there would certainly be a zero- 
order isochromatic along the center of 
the channel, for here the rate of pure 
shear vanishes. On the other hand the 
rate of dilation does not vanish, and 
hence the total rate of deformation is 
not zero. Therefore the nonappearance 
of the zero-order isochromatic tends to 
support the conclusion that the amount 
of double refraction is a function of the 
total rate of deformation (or the maxi- 
mum shear stress) for the doubly refract- 
ing liquids employed in the present study. 

Figure 14a made in plane-polarized 
light does show a dark band along the 
center line of the channel. This might 
lead one to suppose that it is, indeed, a 
zero-order isochromatic. However since 
the isochromatic must appear in circu- 
larly polarized light as well as in plane- 
polarized light, one must conclude that 
this band is an isoclinic. When one recalls 
Equation (2) and notes that G vanishes 


*See footnote p. 227. 
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at the center of the convergent channel 
while D does not, it is seen that here 
(13) 
with the sign determined by whether the 
rate of shear approaches zero from above 
or below the center line of the channel. 
Equation (13) states that the plane of 
maximum shear stress makes an angle 
of 45 deg. with the horizontal stream- 
lines at the center of the convergent and 
divergent channels. The total maximum 
rate of deformation is quite low, however, 
and the extinction angle is approximately 
45 deg. Hence an isoclinic appears along 
the channel center line. If the optical 
orientation of the doubly refracting liquid 
were determined by the streamlines, other 
circumstances would occur. The _hori- 
zontal streamline makes an angle of 
90 deg. with the vertical plane of polari- 
zation of the incident light; the extinction 
angle is 45 deg., and hence no isoclinic 
would appear. Since the isoclinic does 
appear, it may be concluded that the 
optical orientation of the doubly refract- 
ing milling yellow solutions is determined 
by the direction of the maximum shear 
stress (or rate of deformation) rather 
than the streamline direction. 

Since the method of treating the data 
from the double-refraction measurements 
involved two integrations, it would be 
expected that any random errors in the 
measurements of the fringe locations 
themselves would tend to be averaged 
out and their effect minimized. There 
were several possible sources of error 
however which would not be so affected: 
misalignment of optical components due 
to the optical bench being made in two 
sections rather than one, difference be- 
tween the temperature indicated by the 
thermometer upstream from the test 
section and the actual temperature in 
the test section itself, personal errors in 
reading the rotameter or thermometer, 
and nonparallelism of the channel walls. 
The effect of errors from these sources 
is very difficult to estimate. An additional 
source of error was introduced into the 
converging and diverging flow calcu- 
lations by the graphical determination of 
the radius of curvature of the stream 
normal. 

Because of the lack of an adequate 
method of checking results it is difficult 
to assess the validity of the streamline 
patterns developed about the cylindrical 
obstacle. The pattern as shown in Figure 
13 satisfies one’s intuitive notion as to 
how such a flow should look. The wider 
separation of the streamlines on the 
downstream side suggests the existence 
of a stable pair of vortices directly be- 
hind the cylinder. To demonstrate these 
from flow double-refraction measure- 
ments, it would be necessary to refine 
the coordinate grid considerably, near the 
cylinder. Unfortunately the isochromatic 


A.1.Ch.E. Journal 


patterns are quite faint and distorted in 
this region, and it is doubtful that any 
consistent results could be obtained even 
if the grid were refined. 

To obtain any precise indication of 
flow next to an obstacle of this nature 
it will probably be necessary to modify 
the details of channel construction some- 
what. As pointed out by Frocht (8) for 
the case of photoelastic solids, the pro- 
duction of sharp, accurate double-re- 
fraction patterns next to solid boundaries 
requires that all corners be square and 
surfaces parallel within very close toler- 
ances. In spite of extreme care exercised 
in the construction of the Plexiglas chan- 
nels it is doubtful that the required 
tolerances could be attained, and there 
was no convenient way to check this 
internally after the channel had been 
assembled. Another difficulty arose in 
the fixing of the cylindrical obstacle in 
the channel itself. To prevent leaks a 
rather tight fit was required, and some 
small amounts of residual stress were set 
up in the Plexiglas about the cylinder 
mount. Since Plexiglas is doubly refract- 
ing when stressed, this resulted in further 
distortion of the interference pattern in 
the immediate vicinity of the cylinder. 

Another possible source of error, there- 
fore, was double refraction in the Plexi- 
glas channel walls. However, it is not 
believed that this would seriously affect 
the present results, since with the fluid 
at rest the flow channel appeared uni- 
formly dark, indicating that no appreci- 
able double refraction was occurring along 
the light path. A faint lightening of the 
field was observable within 7¢ in. of the 
cylindrical obstacle, but its effect was 
confined to a region in which no fringes 
could be clearly observed. 

In addition to these sources of error 
the isoclinic patterns were somewhat 
diffuse, and it was difficult to locate 
accurately the center line of a given iso- 
clinic curve for tracing (see Figure 13). 
This may again have been due in part to 
nonparallelism of the channel walls or to 
a slight misalignment of the optical 
components. 

In view of these difficulties it is rather 
encouraging to note the fairly close 
agreement in stream-function values at 
the meeting point for calculations started 
upstream and downstream from the 
cylinder (see Figure 12). The agreement, 
within 2%, of the drag coefficients calcu- 
lated from flow double refraction and 
the theoretical formula of Bairstow (2) 
is also encouraging, although there is 
considerable uncertainty as to the effect 
produced by the use of Bairstow’s formula 
at a Reynolds number of 3.81, which is 
considerably higher than the maximum 
value of 0.1 for which it was derived. 

It is hoped that eventually a more 
accurate check on these results can be 
made by the determination of the stream- 
line patterns for flow about a cylindrical 
obstacle by some method other than 
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from flow double-refraction measure- 
ments. Direct injection of a dark-dye or 
a stream of tiny air bubbles would enable 
one to trace out the streamline pattern 
and compare it with that obtained in the 
present work as shown in Figure 13. 


CONCLUSIONS AND RECOMMENDATIONS 


From the results of the investigation, 
the following conclusions have been 
drawn. 


1. The experimental quantities fur- 
nished by the flow double-refraction 
technique may be analyzed to yield the 
streamline and velocity distribution in a 
two-dimensional laminar-flow situation. 

2. The results of such analyses are 
quantitatively accurate within +10% 
for flow with straight, parallel streamlines 
and within +15% for flow with straight, 
nonparallel streamlines. 

3. Quantitative results may be ob- 
tained for a general two-dimensional flow 
situation involving neither straight nor 
parallel streamlines. Absolute determina- 
tion of the limits of error on these results 
will require further experimental effort. 


It is therefore felt that this technique 
will be of real use in the analysis of com- 
plex laminar-flow situations which can 
be idealized to two dimensions. The 
technique should be especially valuable 
in those situations where a measuring 
probe is undesirable, as in the narrow 
laminar boundary layers formed next to 
solid objects in a turbulent stream. 
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NOTATION 

a = distance from center to top or 
bottom of rectangular channel 

6b = width of rectangular channel 

Cp; = viscous drag coefficient for circu- 
lar cylinder 

qd = diameter of cylindrical obstacle 

D = rate of dilation in a viscous fluid 

D, = viscous drag force, exerted in the 
direction of flow, on a unit length 
of circular cylinder with axis 
normal to the flow 

E = maximum rate of deformation at 
a point in a viscous fluid 

E; = rate of deformation in a viscous 
fluid along a plane oriented at an 
angle & to the horizontal 

E,,, = rate of deformation in a viscous 
fluid along a horizontal plane 
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focal length of camera lens 
force-mass unit conversion con- 
stant 

rate of pure shear in a viscous 
fluid 

incremental distance in x and y 
coordinates for iterative solution 
of partial differential equation in 
difference form 

stream normal coordinate, dis- 
tance along a curve normal to a 
set of streamlines 

total distance from wall to wall of 
channel taken along a stream 
normal 

Reynolds number 

volumetric discharge through flow 
channel 

radius of curvature of a streamline 
radius of curvature normal to a 
set of streamlines 
streamline coordinate, distance 
along streamline 

time 

fluid velocity component in x 
direction 

mean flow velocity of fluid in a 
channel, that is, the ratio of 
volumetric discharge to channel 
cross-sectional area 

fluid velocity component in y 
direction 

fluid velocity along a streamline 
horizontal coordinate-rectangular 
Cartesian system 

vertical  coordinate-rectangular 
Cartesian system 


Greek Letters 


B 
0 


tire 


TE 


Try 


polar angle inside circular cylinder 
angle made by direction of maxi- 
mum shear stress with the hori- 
zontal in a moving viscous fluid 
fluid viscosity 

angle measured from horizontal 
made by an arbitrary direction in 
a moving viscous fluid 

ratio of circumference to the 
diameter of a circle 

fluid density 

normal stress exerted in x direc- 
tion in a moving viscous fluid 
normal stress exerted in y direc- 
tion in a moving viscous fluid 
maximum shear stress at a point 
in a moving viscous fluid 

shear stress in a moving viscous 
fluid, acting on a plane oriented at 
angle é to the horizontal 

shear stress acting in positive x 
direction on a surface facing in 
positive y direction in a moving 
viscous fluid 

angle made by a streamline with 
the horizontal 

Stokes stream function 
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Liquid-Side Mass ‘Transfer Coefficients 


in Packed Towers 


KAKUSABURO ONDA, EIZO SADA, and YASUHIRO MURASE 


The physical absorption of gas by water in a tower packed with Raschig rings has been 
investigated. The liquid-side mass transfer coefficient which was separated by dividing 
the capacity coefficient by the wetted surface area is discussed from the standpoints of 
the two-film and penetration theories. A new and simpler dimensionless group is pre- 
sented which correlates about 90% of the data reported, including the author’s own, 


within an accuracy of +20%. 


The relation of the liquid-side mass 
transfer coefficient to packed-tower per- 
formance and physical properties of the 
system is important from the standpoint 
of packed-tower designs and interesting 
from the viewpoint of the mechanism of 
mass transfer. 

Many investigators (7, 15, 20, 22) have 
been studying the relation since Sher- 
wood’s (16) experimental equation was 
reported, but up to the present time the 
results seem to be far from satisfactory. 

In this paper physical gas absorption 
by water in a tower packed with Raschig 
rings is described, and k, is discussed. 
The relation of k,;, which covers about 
90% of the data reported, including the 
authors’, within a 20% accuracy, was 
obtained. 


EXPERIMENTS AND RESULTS 

The absorption of pure carbon dioxide by 
water was studied. To ascertain the expo- 
nent of the Schmidt number, the absorption 
of pure hydrogen was also studied. Because 
the degree of purity of the gas was more 
than 99%, the gas-side resistance was 
regarded as negligible in comparison with 
the liquid-side resistance. Figure 1 is the 
flow sheet of the equipment. The packed 
tower consists of a single glass cylinder 


about 80 cm. (2.6 ft.) long, with an inside 
diameter of 6.0 cm. (2.4 in.), packed to a 
height of 30 em. (1 ft.) with 6- (14-in.), 8- 
(4%-in.) and 10-mm. (2/5-in.) ceramic 
Raschig rings. The wet packing method 
was used to pack Raschig rings. Tap water 
was introduced from the head tank into the 
tower through the thermostat. 

The distributor was constructed as 
follows: Seven glass tubes with an inside 
diameter of 4 mm. (% in.) were arranged in 
a position of an equilateral triangle. The 
lower end of each distributor tube was set 
as closely as possible on the top of the pack- 
ing to avoid upper end effects. 

The mass velocity of the liquid was 
ascertained by the measurement of the 
quantity of water flowing from the tower 
bottom per unit time. The termperatures 
at the top and bottom of the tower were 
almost the same and were maintained at 
25 + 1°C. 

To measure the end effect samples were 
taken from the lower tower end and the 
funnel which was placed immediately below 
the support plate of the packing. 

For carbon dioxide a sample of 50 ce. 
was introduced into 0.2N barium hydroxide 
solution and then back titrated with 0.1N 
hydrogen chloride solution. The end effect 
for 6-, 8-, and 10-mm. Raschig rings was 
equivalent to a packing height of 3.6, 3.5, 
and 3.1 em. respectively. 


Head tank 
Water 
Thermometer 
Distributor 
Thermostat 
Packed tower From Bomb 
Terms. Pressure 
Flowmeter Flower requ| ator 


Fig. 1. Schematic diagram of the absorption system. 
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For hydrogen a sample of 500 ce. was 
withdrawn by Swanson and Hulett’s 
method (21) and analyzed by the explosion 
method. 

As stated above, the gas used was of more 
than 99% purity, and therefore the gas-side 
resistance could be assumed to be negligible. 
The liquid-side capacity coefficient can 
consequently be computed from 


= {L/(pZ)} {in (C, 
C)/(C, 


The saturated concentration C, at 25°C. 
was taken from the International Critical 
Tables*. 

The results for carbon dioxide are shown 
in Figures 2, 3, and 4. In these cases it is 
known by previous reports (11, 16, 24) that 
the gas velocity has no relation to the 
liquid-side capacity coefficient under its 
loading point, and here it was about 
50 ~ 150 kg./(sq. m.)(hr.) [11 ~ 31 lb./ 
(sq. ft.)(hr.)]. 

To test the dumped packing method the 
tower was repacked with 6-mm. Raschig 
ring, and the capacity coefficient was 
measured. The reproducibility was good 
(Figure 2). 

The capacity coefficient increases linearly 
with the increase of liquid velocity; that is, 


k,a = (2) 


where for 6-, 8-, and 10-mm. Raschig rings 
c’ and m” were almost the same; c’ = 
0.047, and m” = 0.72. These results agree 
with those of previous investigators (16, 25). 

The results for hydrogen will be described 
later. 


(1) 


DERIVATION OF THE EQUATION OF kz 


It is obvious that k, and a depend on 
packed-tower performances and physical 


*Tabular material has been deposited as docu- 
ment 5874 with the American Documentation 
Institute, Photoduplication Service, Library of 
Congress, Washington 25, D. C., and may be obtained 
for $2.50 for photoprints er $1.75 for 35-mm. micro- 
film. 


10 
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Fig. 2. Relation of k,a vs. L in carbon 
dioxide absorption by water; @ 6-mm. 
ceramic Raschig ring repacked. 
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Fig. 3. Relation of k,a vs. L in carbon 
dioxide absorption by water, 8-mm. ceramic 
Raschig ring. 


properties of fluids in different ways, 
because the mass transfer coefficient 
depends on the diffusion coefficient and 
film thickness or contact time, but the 
contact area does not. 

To separate k, from k,a it is necessary 
to evaluate a, but at present a is a very 
obscure value. For this reason it was 
assumed that a is proportional to a,,. 
If it is possible within a reasonable error 
to correlate k, separated by a, instead 
of by a, it will be more convenient. The 
replacement of a by a, means that 
a = ka,,. This assumption has been used 
throughout the paper to separate k, from 
k,a and has proved its usefulness within 
reasonable error, at least for Raschig 
rings and water. Many investigators have 
presented the formulas for a, (Figure 5). 
Among these formulas Fujita’s (3) was 
selected because its form is more reason- 
able, and its validity for water has been 
confirmed by Hikita (6). Fujita’s formula 
is 


The total surface area for Raschig ring 
was computed from a, = 4.7/D, derived 
from Figure 6. 


Derivation of the formula from the standpoint 
of two-film theory 


Basic concept of ky 


From the dimensional analysis and the 
analogy of the heat transfer the following 
equation was proposed for the gas 
absorption in packed towers: 


» 

For this dimension of length previous 
investigators have proposed various 
lengths, for example, the tower diameter 
(7) and the diameter of a sphere having 
the same surface area as a packing (20), 
and have eliminated L’ by Galilei’s 
number (1/5, 22). The correlations with 
various variables however are not always 
good. 

This dimensionless group was inter- 
preted as follows. According to the two- 
film theory the mass transfer coefficient 
for the liquid film, is equal to D,/z; 
consequently k,/D, should bea reciprocal 
of the effective film thickness. If the 


Nu = ¢(Re)"(Se" (4) 
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Fig. 4. Relation of k,a vs. L in carbon 
dioxide absorption by water, 10-mm. 
ceramic Raschig ring. 


dimension of length in the modified 
Nusselt number is chosen as a length 
related to x, the dimensionless group 
(k,[L’|/D,) will be more reasonable. 


T 
6 
‘ 4 
7 
3 
6 IAAT 
10'2 46 1 20 


Fig. 5. Relation of a,,/a; vs. L/a,u by 
various investigators: 1. Fujita and 
Sakuma (3), la. Niwa and Hashimoto (12), 
2. Sherwood and Pigford (18), 3 and 3’ 
Shulman and DeGouff (19), 4a, 4b, 5a, 5b 
Weisman and Bonilla (26), 6 and 6’ Mayo, 
Hunter and Nash (10), 7. Pratt (14), 
8. Grimley (4), 9. van Krevelen, ef. al. 
(22), and 10. Hikita and Kataoka (6) 


divided by wetted surface area was first 
chosen as L’, and the modified Nusselt 
number became 


From this principle, operating holdup Nu’ = k,h/(D,a,) (5) 
3 
| O LS 
3 
NX! 
~ « 
Xe 
~ 2 | 
S 
10 ian” 
Sherwood Holloway /6) 
6 
2 4 6 840 
Dp(m) 
Fig. 6. Estimation of a, vs. D, by various investigators. 
Raschig - Tower 
ye" 
1%" | Holloway — | desorpts 
4H 
1S mm _| Hikite-$ | WA. 
im ers 
4 | 
T 
2 | | 
| 
10" Gi oe 1 2 <6 10 2 4 6 10° 2 4 6 10° 


(Lhe) 


Fig. 7. Relation of k,(h/a,,)/D, vs. L/(a,u); two broken lines indicate the region of +20% 
error. 
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Fig. 8. Relation of k,(u V/pga,S)/?/D, vs. L/(a,u). Keys are the same as those in Figure 7. 
Two broken lines indicate the region of +20% error. 


The operating holdup was calculated 
from the experimental equation of 
Otake (73) and a, was calculated from 
Fujita’s formula (3) as described above. 
Otake’s equation is 

h = 


3 2\-0.44 
‘(D, gp (a,.D,) 
This equation is only partially correct, 
and moreover it is very inconvenient to 


(6) 


Fig. 9. Relation of k,(uV/pga,S)'//D, vs. 
L/(a,u) in the absorption system of carbon 
dioxide-water and hydrogen-water at 25°C.; 
tower diameter is 6 cm. and packed with 
6-mm. Raschig ring to the height of 30 cm. 


2 
xe 
¢ 
4 Aa 
10° 2 4 6 


Fig. 10. Relation of k,(uV/pga,S)'/3/Dr_, 
vs. »/(pD,) for the data in Figure 9 at 
constant Np, = 3. 


Name 

Sherwood-Holloway 6 ~ 49 in. 
Vivian-Whitney 2 ~ 8 ft. 
Hikita et al. 30 cm. (1 ft.) 
The authors 30 cm. (1 ft.) 


Name 
Sherwood-Holloway 
Vivian-Whitney 
Hikita et al. 


The authors 


calculate h and a, from their experi- 
mental equations at every point. 
To avoid such inconvenience, the depth 


|» apa o| | | | 
| 


Fig. 11. Relation of k,(p/a,L)'/2/D,'/2 vs. L/(a,u); keys 
are the same as those in Figure 7. 
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Packing height 


Liquid velocity 
250 ~ 32,000 Ib./(sq. ft.)(hr.) 
970 ~ 16,000 Ib./(sq. ft.)(hr.) 
380 ~ 70,000 kg./(sq. m.)(hr.) 
78 ~ 14,300 Ib./(sq. ft.)(hr.) 
1,500 ~ 35,000 kg./(sq. m.)(hr.) 
310 ~ 7,200 Ib./(sq. ft.)(hr.) 


of the thin water layer flowing over 
packings was considered. Generally, the 
depth of thin layer flowing down over a 
plain plate inclining 6’ toward the hori- 
zontal plane is derived theoretically as 


D = [8uV/(Bpg sin 
The breadth of the plate may be con- 
sidered as a,SZ (sin 6)/Z, because 
a,,SZ sin 6” is the perpendicular projec- 
tion of the total wetted surface area in 
the tower. 
The following formula is gained: 


D = [3uV/a,pgS (sin 6’) (sin 6’’)]'“ 
Putting a, instead of a, and omitting 
(sin 6’)(sin @’’), one gains the following 
modified Nusselt number: 

Nu’ = (7) 
where D, for carbon dioxide is calculated 
by the formula of Wilke and Chang (27). 
When one uses a; instead of a,, and omits 
(sin 6’)(sin @’’), a hypothetical depth of 
viscous flow over packings is taken in 
the same way as if L/a,u were used as 
the Reynolds number of a liquid. If a,, 
can be replaced by a, to correlate k, 
within reasonable error, it will be much 
more convenient, and this paper will 
have proved its effectiveness. By this 
replacement one could correlate kz in 
the same equation, as described later. 


Dependence of Equations (5) and (7) on 
Reynolds number 

The modified Nusselt number in 
Equation (5), kzh/(D.a,) vs. L/(a,n), 
is plotted in Figure 7 for the authors’ 
experimental data as well as those of 
Sherwood-Holloway (16), Vivian-Whit- 
ney (24) and Hikita et al. (5). The ranges 
of the conditions are as follows: 


Tower diameter, in. 
20 
4 and 14 
2.8 and 5 (7 and 12.5 em.) 
2.4 (6 cm.) 


Gas velocity 
36 ~ 1,320 lb./(sq. ft.(hr.) 
60 ~ 120 lb./(sq. ft.)(hr.) 
20 ~ 80 kg./(sq. m.)(hr.) 
4 ~ 16 lb./(sq. ft.)(hr.) 
50 ~ 150 kg./(sq. m.)(hr.) 
11 ~ 31 lb./(sq. ft.)(hr.) 


The agreement of the data in the +20% 
error region however is rather poor; 
moreover it is most inconvenient to 
calculate h and a, from experimental 
Equations (3) and (6), as mentioned 
above. 

From Equation (7) 
D, vs. L/(a) is plotted in Figure 8 
with the same data used as in Figure 7. 
In Figure 8 the agreement of the data is 
fair, and the values are easy to calculate. 
The straight line in Figure 8 represents 


ki[uV Dz 
= 


(8) 
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Dependence of Equation (7) on the Schmidt 
number 

The exponent of the Schmidt number 
in Equation (4) has been discussed 
frequently by many investigators. Some 
of them (11, 16, 20, 25) suggest n = 14, 
but others (7, 22) support the value 
n = 1%. To decide which exponent is 
right, the absorption of hydrogen by 
water was carried out in the same appa- 
ratus as described above with 6-mm. 
Raschig rings. 

D, for hydrogen, a correction of the 
value used in Perry’s Hand Book, was 
selected; that is, Dp, = 6.80 X 10-5 
sq. cm./sec. at 25°C. Ns, = 143. The 
experimental data are plotted in Figure 9; 
the ordinate k,[uV/(pga,S)]!/3/D,, and 
the abscissa is L/(a,m). 

The data for carbon dioxide and 
hydrogen in Figure 9 were calculated 
from the value at the tower end, because 
for hydrogen it was very difficult at a 
low Reynolds number to take the sample 
of 500 ce. from the funnel placed immedi- 
ately below the support plate. 

From Figure 9 the values of k,[uV/ 
(pga,S)]!/83/D; vs. Schmidt number at 
Nre = 3 were plotted in Figure 10. 
(As the two lines in Figure 9 are almost 
parallel, the value of the Reynolds 
number is indifferent.) The slope of the 
line in Figure 10 is 0.58; it is clear that 
the exponent of Ns, = 1% is preferable. 


Results 


The correlation of k, for the Reynolds 
and Schmidt numbers becomes 


= 0.021[L/(aw) |" (9) 


Dividing both sides of Equation (9) by 
(Re)*/3, one obtains 


kr g)}'°/ Dr 
= (10) 
-[u/(pD1) 


The left-hand side of Equation (10) is 
the modified Sherwood number named by 
Krevelen (22). 

By dividing both sides of Equation 
(10) by the Schmidt number, one obtains 


415 
TH 
| 1,3 Hikita,etal. || 
2,4 Vivian - Whitney 
5 Sherwood - 


1 Holloway az 


~@ 


Fig. 13. Relation of k,(p/a,L)'/2/D,1/2 
vs. (D,a,) at constant (Galilei) (D, = 1 in.) 


The exponent of the Reynolds number 
in Equations (10) and (11) is in accord 
with that of wetted-wall (/, 9) and 
liquid-rod (23) experiments. 


Derivation of the formula from the standpoint 
of the penetration theory 


Basic concept of ky, 


In the packed tower, where the two 
fluids flow countercurrently, the model 
of the two-film theory can hardly be 
understood, even though the interface 
of the fluids is modified as an effective one. 

The penetration theory or its modifica- 
tion, the surface renewal theory, seems 
to be preferable to the two-film theory. 
By Higbie’s penetration theory k, can 
be described as 

ky, = (12) 


Using an idea similar to that described 
in the two-film theory one can consider 
the following dimensionless formula: 


k,[T}'2/D,1 = [Dimensionless] (13) 


If T is taken to have a closer connection 
with @ in Equation (13), a more reasonable 
dimensionless group can be obtained. 
However since the phenomena in the 
packed tower is very complex, a simplified 
model can hardly be presented; therefore 
the dimensional analysis has been used. 
It may be considered reasonable that 
the time during which the elementary 
surface of the liquid is exposed to the gas 
depends upon the operating conditions, 
the physical properties of the liquid, and 
the characteristics of the tower and 
packings; it can be assumed as 


f(p, D, » , L) (14) 
By dimensional analysis various com- 
binations of dimensionless groups were 
obtained, and from the many results 
reported the next relation was selected. 


(1/0)[p/(a,L)] = 


(D,a,)” 
The first term of the right-hand side of 
Equation (15) is the Reynolds number 
based on the total area of packings in 
unit volume, and the second term is 
Galilei’s number. This latter number was 
introduced in Equation (15) by the 
consideration of the dependence of 
gravity acceleration. The third term 
refers to dimensions of tower diameter 
and packing piece. 
From Equations (13) and (15) the 
following is obtained: 


= (16) 
-(D,a,)” 
The constants and the exponents of 
Equation (16) will now be determined 


from the experimental data and _ the 
results reported by others. 


(15) 


Dependence of Equation 
Reynolds number 


(16) on the 


The exponent of the Reynolds number 
in Equation (16) was determined by the 
authors’ experimental data and those of 
Sherwood-Holloway (16), Deed-Schutz- 
Drew (2), Vivian-Whitney (24), and 
Hikita et al. (5) given in Figure 11. The 
range of the Reynolds number is from 
0.5 to 500, and it is found that the 
exponent m = 0. In Figure 11 some of the 
experimental data are omitted to avoid 
confusion. (All data of each experiment 
are plotted in Figure 14. 


Dependence of Equation (16) on Galilei’s 
number 

To determine the exponent of Galilei’s 
number the values of k,[p/(a,L)]!/2/D," 
at constant Reynolds number were 
plotted against each Galilei’s number 
(Figure 12). From the slope of the plotted 
line the exponent of Galilei’s number = 
0.38. The range of Galilei’s number is from 
2.5 X 104 to 1.1 X 10’. 


Dependence of Equation (16) on the tower 
diameter 

From the data of Sherwood-Holloway 
(16) (tower diameter 20 in.), Vivian- 
Whitney (24) (tower diameter 14 and 
4 in.), and Hikita et al. (6) (tower diam- 
eter 12.5 and 7 cm.) the values of 
for 1-in. Raschig ring 


(9/708) 


Fig. 12. Relation of k,(p/a,L)'/2/D,'/2 vs. (Galilei) for 
the data in Figure 11 at constant Reynolds. 
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Fig. 14. Relation of k;,(p/a,L)'/2/(D,'1/2Ga°:8) vs. L/(a,u) for 
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are plotted against the values of (D,a,) 
in Figure 18. From this figure it is clear 
that the exponent of (D,a,), p, equals 0. 


Results 


All results are given in Figure 14, 
where almost all the data of each experi- 
ment reported are plotted; over 90% 
of the results lie within a +20% error. 


From the results discussed above 
Equation (16) becomes 
(17) 


= 

The left-hand side of Equation (16) is 
the result of the use of p/(a,L) as the 
dimension of time in Equation (13), but 
the meaning of p/(a,L) can be considered 
as L/p = u, and a = 4.7/D,; then 
p/(aL) « D,/u; that is, p/(a,L) is 
proportional to the apparent mean resi- 
dence time over a packing. 


RESULTS FROM THE TWO THEORIES 


The exponent of Galilei’s number in 
Equation (17) may be assumed to be 14; 
then Equation (17) becomes 


ki [p/(ug)]'” 
= (18) 
-[u/(Dip) 


The coincidence of Equation (11) and 
Equation (18) is most satisfactory, and 
the correlation of k, from both theories 
becomes 
= 

-c = 0.01 ~ 0.02 (19) 

The agreement of +20% in Figure 14 
corresponds to a value of c of 0.013. 

The exponent of the Reynolds number 
in Equation (19) is in accord with those 
found in the experiments by wetted 
wall (7, 9) and by liquid rod (23), and 
this seems to have an interesting signifi- 
cance for the investigation of the mecha- 
nism of gas absorption in packed towers; 
moreover these coincidences indicate 
that the assumption made in this paper: 
(a = ka,,) is not only convenient but also 
reasonable. Here the proportionally con- 
stant k is independent of Z and G. 
If a were a function of G under its loading 
point, it is most natural that k,a would 
also be a function of G, but all the data 
reported prove that k,a is independent 
of G(11, 16, 24). 


SUMMARY 


1, The absorption of carbon dioxide 
and hydrogen by water in the tower 
packed with Raschig rings was investi- 
gated. 

2. It was proved within an accuracy of 
+20% that ky is a function of the total 
surface area, as shown in Equations (11) 
and (18). 

3. From the standpoint of the two- 
film theory a new modified Nusselt 
number is presented which takes the 
apparent mean depth of liquid as a 
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dimension of length, and this number 
covers about 90% of the data reported, 
including the authors’, within an accuracy 
of +20%. 

4. From the standpoint of the pene- 
tration theory a new and simpler dimen- 
sionless formula is presented in Equation 
(17) which was applicable within an 
accuracy of +20% to almost all the data 
reported, as shown in Figure 14. 

5. From both theories it is found that 
k; depends on the Reynolds and Schmidt 
numbers, as shown in Equation (19). 

The exponent of the Reynolds number 
is in accord with that found in the experi- 
ments by wetted wall and liquid rod; it is 
believed reasonable that a is proportional 
to a, where the proportional constant is 
independent of Z and G within an accu- 
racy of +20%, at least for Raschig rings 
and water. 
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NOTATION 
a 


effective surface area of pack- 
ings, sq. m./cu. m. 


a = total surface area of packings, 
sq. m./cu. m. 

a, = wetted surface area of packings, 
sq. m./cu. m. 

B = breadth of a plate, m. 


c’ = aconstant 


C,, C., C, = concentration of liquid at 
the entrance, the exit of the 
tower, and at the saturation, 
respectively, kg./m‘. 


D = depth of thin layer of viscous 
flow, m. 

D, = diffusional coefficient of solute 
gas, sq. m./hr. 

D, = nominal diameter of a packing, 
m. 

D, = diameter of the tower, m. 

G = mass flow rate of gas, kg./ 


(sq. m.)(hr.) 

gravity acceleration, m./hr.? 
operating holdup. 

proportional constant independ- 
ent of gas and liquid velocity 
= liquid-side mass transfer coeffi- 
cient, m./hr. 

mass flow rate of liquid, kg./ 
(sq. m.)(hr.) 

length, m. 

exponent of the Reynoldsnumber 
exponent of liquid velocity 
exponent of the Schmidt number 
modified Nusselt number, 

exponent of (D,a,) 

sectional area of empty tower, 
sq. m. 

time, hr. 


ll 


II 


= 


|| 


T 


Il 
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u = mean linear 
tower, m./hr. 


velocity in the 


V = volumetric flow rate of liquid, 
cu. m./hr. 

x = effective film thickness, m. 

Z = height of packing layer, m. 

Greek Letters 

B = viscosity of liquid, kg./(m.)(hr.) 

p = density of liquid, kg./cu. m. 

0 = time during which an element of 
the liquid surface is exposed to 
the gas, hr. 


6’, 0’ = inclination angle of a plate to 
the horizontal 

7 = ratio of circumference of a circle 
to its diameter 
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The Dynamics of Heat Removal from a 
Continuous Agitated-Tank Reactor 


R. J. FANNING and C. M. SLIEPCEVICH 


The present investigation is concerned with the dynamic characteristics of a 12-in. 
diameter continuous agitated-tank reactor vessel. Response of the vessel effiuent tem- 
perature to a change in coolant flow rate through an internal cooling surface is the subject 
of theoretical and experimental study. Experimental data were obtained through the 
use of frequency and transient response techniques. Studies were made for the passage of 
vessel-charge fluids with widely differing physical properties. Also data were taken for 
various conditions of fluid turbulence both inside and outside the internal heat transfer 
coils. Experimental and theoretical results are graphically compared. Recommendations 
are presented for the development of theoretical dynamic relationships. 


Systems-engineering techniques are be- 
coming increasingly important in chemi- 
cal-process development and control. 
The first step required is a theoretical 
analysis of the process in question from 
the standpoint of unsteady state be- 
havior. For all but the simplest of proc- 
esses such analyses generally yield 
differential equations describing the dy- 
namic behavior of the given process. 
One method of profiting from these 
equations is by electronic simulation. 
The equations, along with those describ- 
ing controller action, are programmed 
into an analogue computer, to simulate 
the process with its attendant controls. 
Changes in the response of desired out- 
put variables may be observed for dif- 
ferent controller settings, flow rates, feed 
concentrations, equipment sizes, etc. As 
such simulation techniques become more 
highly developed, the quantity of chemi- 
cal-process pilot-plant data customarily 
necessary may be greatly reduced. For 
certain types of problems a complete 
elimination of pilot-plant data can be 
expected. In addition, information vital 
to advanced process-control methods is 
made available. 

In the development of equations suit- 
able for analogue-computer programming 
a number of simplifying assumptions and 
approximations are generally needed. The 
validity of certain equations employed 
may then be open to question. The object 
of the present investigation is to carry 
out a theoretical study of the dynamics 
of heat removal from a continuous 
agitated-tank reactor. The theoretical 
equations developed differ because of 
the various assumptions made in their 
derivation. Experimental data are then 
taken to confirm the equation most 
desirable for a particular set of process 
conditions. If enough information of this 
type is made available by further experi- 
mentation, process simulation will pro- 
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ceed at a faster rate, with more assurance 
of accuracy in the final results. 

Many reactors of the batch or agi- 
tated-tank type are jacketed, with the 
inner tank walls serving as a_heat- 
exchange surface. Newer designs have 
utilized the advantages of internal heat 
transfer surface together with proper 
agitation and baffling to provide favor- 
able flow patterns and more effective 
heat transfer. The present equipment is 
designed along such lines with helical 
coils as the internal heat-exchange sur- 
face. Since most reactions carried out in 
continuous, agitated-tank type of units 
are exothermic, this paper is devoted 
only to the dynamics of equipment heat 
removal. The dynamics of the given 
system are characterized by the com- 
parison of experimental frequency-re- 
sponse data with theoretically derived 
transfer functions. 


REVIEW OF PREVIOUS WORK 


The literature relative to the analysis of 
process-control equipment by the use of 
servo-theory techniques is not abundant, 
because the interest of chemical engineers 
in this field is recent. Virtually all work 
with frequency-response methods in process 
equipment has been reported since 1953. 
Perhaps the earliest account of frequency- 
response analysis of a chemical unit opera- 
tion was presented by Stanton and Hoyt on 
the dynamics of a fractionating column (8). 
In the heat transfer field McKnight and 
Worley described the analysis of a plate 
heat exchanger by frequency-response 
methods (6). Cohen and Johnson, as well 
as Mozley, investigated the dynamics of 
concentric-pipe heat exchangers (3, 7). 
Williams and Young investigated the closed- 
loop dynamics of a multipass commercial 
type of heat exchanger with attendant 
control system by means of electronic 
simulation (9). 

No complete work is available relative to 
the particular type of equipment under 
investigation. Mason presents an early 
mathematical study of the transients 
involved in a_ continuous-flow, steam- 
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heated kettle (5). The transfer-function 
concept was not then in common use, and 
all solutions were carried out by classical 
means. Aris and Amundson, as well as 
Bilous, Block, and Piret, presented recent 
studies of the dynamics of a continuous 
agitated-tank reactor (1, 2). In these 
papers a number of theoretical transfer 
functions were derived and studied by 
plotting on a Nyquist diagram. Both 
articles were theoretical, and no experi- 
mental data were taken. 


The present work differs from most of 
the previous efforts on continuous tank 
type of systems, as emphasis is placed 
upon experimental data. The investi- 
gation consists of a theoretical analysis 
with accompanying experimental confir- 
mation of the dynamics of a continuous, 
agitated-tank reactor during removal of 
sensible leat. The experiments were made 
with oil and water used as charge fluids 
and water used as the cooling medium. 
In all cases the output variable was 
taken as the tank fluid temperature, 
while the input or forcing variable was 
cooling-water flow rate. 


DESCRIPTION OF EQUIPMENT AND 
EXPERIMENTAL METHODS 


Process Equipment 


In the dynamic analysis of a type of 
equipment or process the object is to 
obtain a valid relationship between the 
desired input variable, the output vari- 
able which it affects, and time. Such a 
relationship is usually referred to as the 
open-loop or process-transfer function and 
is essential to a complete understanding 
of the feedback loop later installed to 
control the output variable in question. 
Usually the process-transfer function is 
defined in terms of the Laplacian complex 
variable instead of time. Compatibility 
with modern servo-control theory is 
thereby assured. 


Figure 1 shows a schematic flow diagram 
of the apparatus used in the investigation. 
Hot feed is pumped to the agitated tank. 
Effluent passes by means of a siphoning 
effect into the discharge barrel for reuse 
during subsequent runs. Water coolant 
flows into the bottom of the tank, through 
helical coils, then to discharge. The coolant 
flow rate may be forced in a periodic manner 
by a sine-wave generator mounted on the 
discharge side of the coolant stream. Both 
feed and coolant streams are measured 
accurately by calibrated rotameters. 

With the exception of the sine-wave 
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Fig. 1. Flow diagram of equipment. 


generator all equipment is quite conven- 
tional. The tank reactor vessel is a stainless 
steel cylinder 12 in. in diameter and 15 in. 
high. It is provided with a turbine type of 
impeller with 4-in. diameter blades. Agi- 
tator speeds are continuously adjustable 
from 70 to 1,750 rev./min. Tank baffling 
consists of Il-in. stainless steel strips 
extending the height of the tank and spot 
welded 90 deg. apart. The tank is heavily 
insulated on top and bottom with plywood 
and on the sides with 2-in. fiber glass. The 
helical heat transfer coil, 5 in in diameter, 
is constructed from 5% in., type-L copper 
tubing. The output variable, which is the 
instantaneous temperature within the tank, 


was recorded continuously by means of a. 


Bristol model-560 recording potentiometer 
with a strip chart. 


Sine-Wave Generator 


To obtain, frequency-response data some 
method must be at hand to force the 
desired process variable in a sinusoidal 
manner. For a change in liquid flow rate 
such a periodic movement may be accom- 
plished with reasonable accuracy by the 
use of a stop watch and flow-indicating 
device. However beyond a frequency of 
about 1.5 cycles/min., hand methods result 
in too much wave distortion. Some rela- 
tively simple, inexpensive device had to be 
developed which would permit oscillations 
up to 5 cycles/min. or higher if necessary. 
The most satisfactory arrangement con- 
sisted of a linear motor control valve with 
the stem driven by a small, geared-down 
induction motor. 

The basic portion of the sine-wave 
generator consists of a 1-in. research 
control valve. The trim is stainless steel, and 
the valve body is bronze with a 150 lb./ 
sq. in. gauge working pressure. Trim 
bevel is such that the valve is linear 
through the lower 80% of stem travel. 
Extensive test data taken at constant 
pressure drop show this to be true (4). 
In the construction of the generator the 
top half of the diaphragm body was re- 
moved together with diaphragm and spring. 
The cast-aluminum housing, which had 
served as the lower half of the diaphragm 
body was then used to support the device 
which imparted a harmonic translational 
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motion to the valve stem. This device is 
made up of a rotational power source and 
Scotch yoke together with connecting gears. 
The driver consists of a Merkle-Korff 
SG-10 induction motor attached to a gear 
reduction housing. Motor gear-train output 
speed is 1 rev./min. and maximum output 
torque is 10 lb.-in. Appropriate gear sets 
connect the motor-output drive to the 
Scotch-yoke drive. The arrangements of 
gears are such that yoke-drive speeds of 
0.1, 0.25, 0.5, 1.0, 2.5, and 5 cycles/min. 
are obtainable. The range can easily be 
increased by exchange with a motor of 
higher speed. The free end of the valve 
stem is screwed into the Scotch-yoke drive 
block and secured by lock nut. Variable, 
periodic motion is thereby imparted to the 
valve stem. Since the valve trim is linear, 
as proved by test, throughout the bottom 


portion of its movement, a sine wave of 
fluid flow passes through the valve body. 
A variable amplitude of stem movement, 
and therefore fluid flow rate, is obtained 
by the installation of yoke-drive throws of 
varying radii. Throughout most of this 
work a peak-to-valley stem travel of 
Y% in. was used. The valve-plug location for 
steady state operation is continuously 
adjustable. 


EXPERIMENTAL 


The determination of steady state pro- 
cess gains were of key importance in this 
investigation. Such transient curves give 
a good indication of system order and 
amount of deviation from linearity and 
provide a basis for standardizing magni- 
tude ratios. A step increase in coolant 
flow rate yielded a negative gain transi- 
ent; a step decrease yielded the positive 
transient. The magnitude ratio may be 
mathematically defined as 


Magnitude ratio 


(sw) 
AW.,/ 


This equation may be easily simplified 
when it is considered that AW,, for a 
given response spectrum was a fixed 
quantity at all frequencies. Thus the 
equation may be effectively reduced to 


Magnitude ratio 
_ (Ad)r-r 
(AA) r= o 


The numerator of this expression repre- 
sents the average total distance between 
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Fig. 4. Effect of coolant-flow conditions on frequency- 


Fig. 3. Effect of tank-fluid conditions on frequency- 


response Curves. 


peaks and valleys of the output wave at 
any frequency F’. The denominator repre- 
sents the numerical sum of the positive 
and negative steady state process gains. 
Although this method of analyzing fre- 
quency-response data (magnitude ratio, 
phase angle, frequency) differs somewhat 
from procedures used previously, it has 
proved to be satisfactory. Phase angles 
were established by averaging the time 
in degrees between corresponding points 
on input and output waves. 


VARIOUS EFFECTS ON SYSTEM DYNAMICS 


The bulk of experimental work to date 
on the dynamics of process equipment 
has considered only one given set of 
process parameters. It may be intuitively 
deduced that the dynamics of heat re- 
moval for the given equipment would 
vary appreciably depending on the type 
of material processed. The amount of 
deviation between water and oil is shown 
by the attenuation and phase-lag curves 
in Figure 2. The oil used was a special 
low-viscosity-index material with a vis- 
cosity at room temperature comparable to 
S.A.E. 10 oil. It is seen that the dynamic- 
response characteristics of a given piece of 
equipment may be altered significantly ac- 
cording to the type of material being 
processed. 

The effect, if measurable, of different 
conditions of tank-fluid turbulence upon 
system response was studied. Oil was 
selected as the process fluid because of 
its heavy outside controlling film. Agi- 
tator speeds of magnitudes that would 
yield Reynolds numbers for mixing equal 
numerical distances apart were selected 
for experimental parameters. Figure 3 
shows the results of such frequency-re- 
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sponse determinations. It is seen that 
the two higher agitator speeds yield 
curves which are quite close; however 
there is a decided drop in response for 
the lower speed. As a rule of thumb it 
may then be stated that, beyond Rey- 
nolds numbers of about 2,800 the effect 
on response of this equipment type is 
relatively small. 

In addition to the effect of fluid con- 
ditions existing in the tank itself, it was 
also desirable to determine the change 
in equipment-response characteristics 
brought about by different fluid-flow 
conditions within the cooling coils. With 
the existing system it was not possible 
to maintain other parameters constant 
while varying flow conditions within the 
coils from laminar to turbulent types; 
however the deviations were relatively 
small. For the laminar flow response data, 
cooling-coil Reynolds numbers varied 
from 1,690 to 339, respectively, at the 
peaks and valleys of the input waves. 
Because of conduit configuration com- 
pletely laminar flow probably did not 
exist over this entire range. The tur- 
bulent-flow response data were taken 
with coolant-flow Reynolds numbers 
which varied from 3,494 to 2,025. The 
average tank-fluid temperature was ap- 
proximately 15° lower for the turbulent- 
flow response data. Because .of its less 
dominant outside fluid film, water was 
selected as the process fluid. The results 
of this experimentation are summarized 
by the curves shown in Figure 4. As may 
be expected, equipment response is some- 
what faster during conditions of turbu- 
lent flow within the cooling coils, all 
other variables remaining essentially 
constant. However the amount of change 
is not great. 
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DERIVATION OF THEORETICAL TRANSFER 
FUNCTIONS 

As indicated by Figure 1, hot reactor 
feed is continuously pumped through the 
system, while a portion of its heat is re- 
moved by cooling water flowing through 
internal coils. It is desirable to study the 
dynamics of heat removal as a result of 
a change in coolant rate of flow (or 
bulk velocity). Throughout all runs the 
temperature signal was produced from a 
bare thermocouple junction, thus obvi- 
ating any considerations regarding ther- 
mocouple-well lags. The true-temperature 
history of the cooling water must be 
represented by a partial-differential equa- 
tion, as its temperature changes with 
time as well as length traversed. Using 
the method of finite differences applied 
to an unsteady state heat balance over a 
small coil section, one can obtain the 
following partial, nonlinear differential 
equation: 
06, 1 1 
"tp @ 

To obtain the transfer function de- 
sired, 0/W,,(jw), the partial derivative 
00,,/0X must be assigned a constant 
value, since in this case the forcing 
function is the coolant velocity. Another 
approach consists of the definition of 
a single cooling-water temperature in 
the following manner: 
A + 

2 

The defining differential equation is then 
reduced to the linear, ordinary type. The 
key assumptions considered in developing 
the first of two theoretical derivations 
are as follows: 


or 
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1. All metal capacitances are ignored 
as negligible in affecting the dynamics of 
heat removal. The two capacitances 
taken into account are those of the vessel 
fluid and the cooling-water holdup. 

2. An over-all heat transfer coefficient 
is employed. Its value is assumed to be 
constant during the sinusoidal fluctuation 
of cooling-water flow rate and equal 
numerically to its value at mean steady 
state conditions. 
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Equations (4) and (5) are then trans- 
formed by the Laplace transformation 
with the condition that all variables are 
at zero variation from steady state con- 
ditions at ¢ = O+. After the solution 
simultaneously and substitution of j° 
for the Laplacian complex variable the 
final form of the first theoretical transfer 
function is obtained as 


2K,/T. 


Again by a dynamic heat balance over 
the cooling water with a coolant temper- 
ature as defined by Equation (8) used, 
the following relationship is obtained by 
finite difference techniques: 


where 
C C. 
We, 


By similar methods of dynamic heat 
balance the following expression is 
derived for the tank fluid: 


dé 1 = 
where 
( 
We? 
1 1 1 
T, 


Vol. 5, No. 2 


© 


Completion of this mathematical opera- 
tion has required the assumption of 
essentially linear-system characteristics 
for small excursions of the forcing and 
output variables about their mean steady 
state values. The treatment has produced 
a relatively simple second-order transfer 
function with a limiting phase lag of 
—180 deg. Comparison with experi- 
mental results will indicate whether or 
not the assumptions made in its deriva- 
tion are justifiable. 

The second derivation differs from the 
first in that individual film coefficients 
are considered along with another capaci- 
tance. The key assumptions are as fol- 
lows: 


1. The internal metal heat transfer 
coil offers sufficient lag so as to affect 
control dynamics at the medium and 
higher frequencies. All other metal 
capacitances are neglected. 

2. The outer film coefficient of heat 
transfer remains constant during dy- 
namical operation and equal numerically 
to its value at mean steady state con- 
ditions. 
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Fig. 6. Experimental and theoretical Bode 
diagrams, oil. 


3. The inside film coefficient of heat 
transfer remains constant during sinus- 
oidal fluctuations of flow rate and equal 
numerically to its value at steady state 
conditions. 

When one applied the assumptions as 
outlined, together with a cooling-water 
temperature as defined by Equation (3), 
the following differential equations were 
derived when dynamic balances were 
made over the cooling water, heat trans- 
fer coils, and tank fluid: 


Cooling water 


dé, ‘ls; 
Coils 
dé. 1 
dt T 13 T's (8) 
Tank fluid 
dé 1 1 


1 


New time constants are defined by 


C. C. 
C; 
AA," ta * h, A, 


Equations (7), (8), and (9) are trans- 
formed as before and solved simultane- 


Page 243 


1.0 
02 
0.01 | 
ZZ 
| 
1 2 1 1 ] 1 
| 


ously for the required transfer function. 
The final equation is 


(is) 
(10) 
~ + BGw)? + CGe) + D 
where 
T 13 T 13 
> 
A= T13 
B + vs + Dis) 
LAP 
1 K; K, 


COMPARISON OF THEORETICAL AND 
EXPERIMENTAL RESULTS 


To prevent misinterpretation caused 
by meager and widespread data in the 
comparison of theory and experiment, 
about twice as many frequencies were 
tested as was normally the case. De- 
tailed, original, numerical data are avail- 
able for all runs (4). The sinusoidal value 
of the output temperature was examined 
very carefully, especially for phase-lag 
angles. As a rule a sharper contrast 
exists in theoretical phase-lag curves as 
compared with magnitude-ratio curves. 
All data were taken at an agitator speed 
of 200 rev./min. and with turbulent- 
flow conditions existing within the coils. 

The theoretical curves are referred to 
by equation number in Figures 5 and 6. 
These response curves are for water and 
oil, respectively. Experimental points are 
denoted as before with small circles. 
With water as the process fluid both 
theoretical lag curves show pronounced 
leveling tendencies at —90 deg. before 
continuing on to their respective limiting 
phase angles of —180 and —270 deg. 
Such behavior indicates a dominant 
first-order response at the low and 
medium frequencies; however the experi- 
mental attenuation and phase-lag data 
show a definite multiorder response at the 
higher frequencies. 

In contrast Equation (10) for oil as the 
process fluid is practically a straight line 
up to a lag of —120 deg. Here it curves 
downward and approaches its limiting- 
phase angle. Theoretical Equation (6), 
describing phase-lag loci for oil, reacts 
in somewhat the same manner except 
for a slight leveling tendency at —90 
deg. and a limiting-phase angle of — 180. 
From the theoretical and experimental 
investigation it may be concluded that 
the response of tank-fluid temperature 
to a change in coolant flow rate is defi- 
nitely of higher order. Within limits 
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of engineering accuracy a second-order 
transfer function [Equation (6)] repre- 
sents the response for water over most of 
the frequency spectrum; however for oil 
the third-order expression [Equation 
(10)] is definitely recommended. 

At the higher frequencies the original 
data were carefully examined for reso- 
nance as predicted by the theoretical 
descriptive equations for a concentric- 
pipe heat exchanger in the paper by 
Cohen and Johnson (8); no evidence of 
resonance was detectable, probably be- 
cause the ouptut variable, tank-fluid 
temperature, represents the condition of 
a completely lumped medium. An au- 
thoritative discussion of the phenomenon 
of resonance may be found in reference 3. 


CONCLUSIONS 


The dynamics of heat removal in a 
continuous agitated tank has been ex- 
amined theoretically and comparison 
made with experimental response data. 
In all cases the forcing variable was 
coolant flow rate rather than coolant 
temperature, a fact which is of more 
interest from a_ practical control stand- 
point. The importance of fluid conditions, 
both inside and outside the heat transfer 
boundary, has been demonstrated graphi- 
cally. The Reynolds number for mixing 
has been established at which response 
for the given system is significantly 
affected. Equations which are suitable for 
ease in adaptation to an analogue com- 
puter have been derived which compare 
favorably with experiment. 

Experimental data have shown that 
little error is introduced by considering 
all coefficients of heat transfer as con- 
stants at mean steady state conditions. 
Numerical values for the various film 
coefficients have been calculated frcm 
existing correlations developed from data 
taken during steady state conditions. 
These are shown to be adequate for the 
case of transient operation. 

Some of the more recent types of 
continuous agitated-tank reactor-control 
systems remove heats of reaction by the 
use of the latent heat of vaporization of 
a volatile coolant. Of considerable inter- 
est would be the development of transfer 
functions relating reactor-fluid temper- 
ature to coolant back pressure, since the 
latter is normally the variable manipu- 
lated in effecting temperature control. 
Together with information now available, 
the basis would thus be laid for a compre- 
hensive study of continuous tank types 
of systems which would include a theo- 
retical and experimental investigation 
devoted to open-loop dynamics for the 
case of an autothermic source within the 
reactor fluid. 


NOTATION 

A = surface area, sq. ft. 

C = heat capacitance, (M)(c,), 
Bitiu:/ 
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Cp = specific heat, B.t.u./(Ib.) (°F.) 

d = tube diameter, ft, 

F = frequency, cycles/min. 

h = individual heat transfer coeffi- 
cient as obtained from estab- 
lished correlations for similar 
equipment, _B.t.u./(min.) (sq. 
ft./°F.) 

h, = outer film coefficient of heat 
transfer 

h; = inside film coefficient of heat 
transfer 

j =vV-1 

Lif()] = So fers at 

M = mass, lb. 

s = Laplacian complex variable 

T = time constant, min. 

T, = A,pC,/Um d 

t = time, min. 

U = over-all heat transfer coeffi- 
cient, B.t.u./(min.)(sq. ft./°F.) 

Vv = coolant bulk velocity, ft./sec. 

W = fluid flow rate, lb./min. 

x = distance in direction of flow 


Greek Letters 


A = small change in process variable 
around the steady state 

6, 6., 6, = vessel-effuent temperature, 
coil temperature, and coolant 
temperature, respectively 


= imposed frequency, radians/ 
min. 

p = density, lb./cu. ft. 

Subscripts 

a = average area 

c = coils 

f = process fluid 

7 = inside area 

0 = outside area 

= sectional area 

w = coolant 

W; = coolant in 

W, = coolant out 
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Turbulent Liquid Flow Down Vertical Walls 


H. H. BELKIN, A. A. MacLEOD, C. C. MONRAD, and R. R. ROTHFUS 


Carnegie Institute of Technology, Pittsburgh, Pennsylvania 


Photographic methods have been used to study the behavior of water flowing freely 
down vertical surfaces under the influence of gravity at Reynolds numbers between 200 
and 30,000. The physical appearances of the liquid layers in transitional and fully turbulent 
flow have been noted. Layer thicknesses have been obtained from high-speed photographs 
and correlated with liquid Reynolds numbers, the range of experimental data thus being 
extended into the fully turbulent region. A simple basis of comparison with flow between 


parallel plates has been developed. 


The free flow of liquids down vertical 
walls has been studied by a number of 
investigators. Almost all the experimental 
data on liquid depth however have 
been taken in the region of viscous flow. 
It is the purpose of this paper to report 
data which extend thickness measure- 
ments into the fully turbulent range. 
The present experiments utilize water 
at ordinary room temperature and cover a 
range of liquid-phase Reynolds numbers 
from 200 to 30,000. 


Kirkbride measured the thicknesses of 
falling liquid films by means of direct 
contact with a micrometer (8). Fallah, 
Hunter, and Nash obtained average thick- 
nesses from measurements of liquid holdup 
on vertical walls (3). Friedman and Miller 
also used a drainage method (4). Grimley 
measured average layer thicknesses by 
means of the electrical resistance of the 
liquid and checked his results through an 
optical shadow method (4). Dukler and 
Bergelin used a technique involving elec- 
trical capacitance and reached an upper 
Reynolds number of 3,000 (2). Chew used 
a photometric method to determine thick- 
nesses for flow down mirrored glass plates 
(1). Kamei and his associates used a modi- 
fied holdup technique and obtained a few 
points in the lower turbulent range as well 
as many in the viscous range (7). Jackson 
measured thicknesses by means of a radio- 
active tracer method and reported results 


H. M. Belkin is at present with the Creole Petro- 
leum Corporation, Caracas, Venezuela, and A. A. 
MacLeod is with E. I. duPont de Nemours and Com- 
pany, Inc., Wilmington, Delaware. 


The original data and additional photographs 
appear in two theses available on interlibrary loan 
from Carnegie Institute of Technology, Pittsburgh 13, 
Pennsylvania. The silhouette method is described in 
the D D.Sc, thesis by A. A. MacLeod; the direct lighting 
— is presented in the Ph.D. thesis by H. M. 

elkin, 


Vol. 5, No. 2 


for Reynolds numbers up to 5,600 (6). In 
total some sixteen investigators using 
various experimental methods have reported 
504 thickness measurements, almost all of 
which lie in the Reynolds number range 
between 1 and 5,000. The present paper 
reports 85 additional points, mostly in the 
fully turbulent range. 

Friedman and Miller injected a dye on the 
surface of a falling liquid layer and timed 
its descent to obtain the surface velocity. 
Grimley measured the velocities of colloidal 
particles suspended in falling liquid layers 
by means of a traveling microscope. In 
both cases the investigators concluded that 
the surface velocity exceeds its theoretical 
value over most of the viscous flow range. 
This behavior seems to be associated with 
surface waves which have their inception at 
very low Reynolds numbers. Jackson has 
shown that waves first appear near the top 
of the vertical surface when the velocity of 
wave generation equals the average velocity 
of the liquid layer, or in other words when 
the Froude number is unity. The corre- 
sponding Reynolds number has been ob- 
served to be in the vicinity of 12 to 25. The 
waves persist at higher Reynolds numbers 
and pass through a point of maximum 
amplitude at a Reynolds number of 100 to 
200. Grimley has observed that the ampli- 
tude then decreases slowly until an almost 
smooth surface is again attained at a Reyn- 
olds number of about 1,000. Regardless of 
these complications however observers 
generally agree that the liquid-layer thick- 
ness approximates the theoretical relation- 
ship for flat-plate flow throughout the 
viscous or pseudoviscous flow range. 


The classical expression for the liquid- 
layer thickness in fully viscous flow 
was developed by Nusselt (9) on the 
basis of several assumptions. A liquid 
of constant viscosity and density was 
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assumed to flow steadily down a flat, 
vertical surface at the rate of I mass 
units per unit time and unit breadth of 
the surface. The shearing force at the 
interface between the liquid and _ its 
bounding gas was taken to be zero, and 
the density of the gas was assumed 
negligible. Nusselt’s equation for the 
layer thickness can be written in the form 


4T 
Yg pn? = = 0.909 (#2 ) (1) 


where 4I'/u is the bulk Reynolds number 
of the liquid layer, and y,g'/%p?/3u-2/3 or 
yg'!*v-2/3 ig a dimensionless thickness 
parameter. Although strictly speaking 
Equation (1) applies only to flow down 
a flat surface, the layer thickness is 
normally small enough for any curvature 
of the surface to be neglected. Similar 
equations can be developed for cases in 
which the curvature must be considered. 

Dukler and Bergelin have presented 
an expression for the liquid-layer thickness 
in fully turbulent flow based on the 
generalized velocity distribution for 
smooth tubes. Reasonably good agreement 
with experimental data was demonstrated 
in the very low turbulent range. Exten- 
sions of essentially the same method to 
cases involving shearing forces at the 
gas-liquid interface in condensers have 
recently been presented by Rohsenow 
and his associates (10). 

Conflicting effects of surface tension 
have been reported by several investi- 
gators. The influence of surface waves on 
layer thickness, the mechanism of their 
formation and movement, and the changes 
in local velocities occasioned by their 
passing are not well understood. Jackson 
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however has offered a qualitative de- 
scription of wave motion and a 
quantitative treatment of the relationship 
between surface velocity and the Froude 
number. 


EXPERIMENTAL METHOD 


The data reported in this paper were 
obtained in two pieces of apparatus 
designed along similar lines. In both 
eases distilled water was made to fall 
freely down the outer surface of a 
smooth, vertical rod after being extruded 
from an annular orifice at the top of the 
test section. The rod diameters were 
0.934 and 0.935 in. In both pieces of 
equipment several orifices having different 
clearances were used, depending on the 
flow rate of the liquid layer. In both 
cases the water was recycled, and _ its 
temperature was maintained within 0.1°C. 
of the room temperature by partial 
bypassing through a cooler. Flow rates 
were measured by rotameters. The test 
sections were mounted in heavy frame- 
works to minimize vibrations, and the 
overhead supply tanks were well baffled 
to dampen pulsations of the flow. 

The thickness of the water layer 
was determined at various flow rates 
by comparing high-speed photographs 
of the liquid with pictures of the dry 
rod. In one apparatus the illumination 
from a 10,000-voit spark of 5 usec. 
duration produced a silhouette of the 
wetted rod. In the other apparatus the 
light of a 10,000-volt, 50-usec. spark 
directly illuminated the water layer so 
that qualitative information about its 
physical appearance might be obtained 
in addition to the thickness data. A 
spark of short duration was necessary 
to eliminate blurring of the photographs 
owing to rapid local movements in the 
liquid layer. The cameras were centered 
on a point about 3 ft. from the annular 
entrance in most of the runs, although 
checks were made at other levels as well. 
Three pictures were obtained at each 
flow rate. No attempt was made to 
measure the effect of the falling liquid 
layer on the otherwise quiet room air 
surrounding the rods. 

The meaning of the term liquid layer 
thickness varies somewhat in the published 
literature, depending on the particular 
method of measurement being reported. 
In the present case the meaning can 
be indicated by developing the working 
equation. If a side-view or elevation 
photograph of the dry rod and a cor- 
responding photograph of the wetted 
rod are carefully taken from the same 
position with the same camera and then 
enlarged to the same length, the diameter 
of the dry rod in the picture bears 
the same proportional relationship to 
the actual diameter of the dry rod as the 
average liquid-layer thickness in the 
picture does to the actual average liquid- 
layer thickness. The dry rod in the 
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picture has a projected area equal to 
the product L’ d’. Likewise the wetted 
rod in the picture has a projected area 
equal to the product L’ (d’ 
The difference in measured areas (A: — 
A,) is therefore simply 2y,’Z’. Thus by 


). 


Fig. 


the tracings were obtained by means of 
a polar planimeter. By this method the 
error in, for example, a 24-sq.-in. area 
was about 0.02 sq. in. when averaged 
over three pictures. Such an error might 
have resulted in an uncertainty of from 


1. Photographs of directly lighted 


vertical rod and falling liquid layers at 
several Reynolds numbers. 


100 
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Fig. 2. Effect of Reynolds number on liquid-layer thickness with zero shear at the gas- 
liquid interface. 


virtue of the proportional relationship 
originally cited it follows that 


Ye _ — A, 
A, 
(2) 


The actual diameter of the dry rod 
can be measured very accurately with 
a micrometer. It is apparent therefore 
that the accuracy and precision with 
which the thickness is determined must 
depend on the magnitudes of A; and A, 
as well as on the method of measurement. 
In the present work the enlarged images 
of the dry and wetted rod were traced 
on large sheets of paper, and the areas of 
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0.001 to 0.003 in. in the actual thickness, 
depending on the degree to which the 
original photograph was enlarged. It 
was noted however that a given operator 
tended to be consistently high or low in 
his readings. This acted strongly to 
reduce the actual error in the thickness 
computed by means of Equation (2). 

The photographic method has the 
advantages of leaving the liquid undis- 
turbed and being independent of elusive 
factors which influence the drainage 
type of measurements. On the other 
hand the photographs tend to indicate 
too high a value of the thickness because 
the troughs of the surface waves at 
the boundary of the image are sometimes 
masked by the crests of waves closer to 
the camera. It is possible for such an 
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effect to make the reported thicknesses 
as much as 5 to 10% too high. 


EXPERIMENTAL RESULTS AND DISCUSSION 
Physical Appearance 


Figure 1 shows typical photographs 
obtained with direct lighting at zero 
flow and three different Reynolds num- 
bers in the lower turbulent range. There 
is evidence of discrete disturbance eddies 
at 5,030 Reynolds number. This suggests 
the persistence of transitional flow, 
since similar formations have been 
observed in tubes running full of liquid 
throughout the change from viscous to 
turbulent flow. Oa the other hand the 
appearance of the photographs at the 
higher Reynolds numbers suggests that 
full turbulence has been attained. Addi- 
tional photographs not shown here 
indicate more intense turbulence but 
the same over-all type of flow at Reynolds 
numbers between 16,000 and 30,000. 
The technique of direct lighting was 
used only at Reynolds numbers above 
5,030. 

There was no special significance in the 
fact that the silhouette method was 
used at lower flow rates than the technique 
of direct lighting. The center of attention 
on the Reynolds number scale just 
happened to be different at the particular 
time each method was utilized. The 
upper limit of the tests was fixed by the 
supply and discharge capacities of the 
equipment rather than by any sudden 
change in the behavior of the liquid 
layer, such as separation from the surface. 
The capacities were limited by factors 
associated with some contemplated dif- 
fusion studies in the same equipment. 

Silhouettes were obtained down to a 
Reynolds number of about 200. It was 
observed that ripples in the liquid layer 
increased in number but decreased in 
amplitude as the Reynolds number 
was increased in the pseudoviscous 
range. At a Reynolds number of about 
1,000 however heavier waves appeared. 
These increased in number and amplitude 
with further increase in Reynolds number, 
until at about 3,000 Reynolds number 
they covered the surface of the liquid 
completely. At still higher Reynolds 
numbers the waves continued to increase 
in amplitude and tended to move in 
groups. 

In both cases the pictures showed that 
sinusoidal waves with their clearly 
defined troughs and crests, as determined 
by Grimley and Dukler and Bergelin, 
give way to a random distribution of 
shallow troughs and sharp crests in the 
fully turbulent region. No definite patterns 
of wave length or frequency could be 
established, but the turbulent waves had 
nearly the trochoidal form of waves 
generated by wind on large bodies of 
water. A trochoid is the curve generated 
by a point on a circle which rolls along 


Vol. 5, No. 2 


the underside of a straight line. The 
pictures made it easy to visualize that 
a profile cutting across the indentation 
between adjacent crests might closely 
resemble such a form. 


Liquid-Layer Thickness 


Figure 2 summarizes the experimental 
results of the thickness determinations. 
The points selectively tabulated by 
Dukler and Bergelin and by Jackson in 
their respective papers are also included 
for the purposes of comparison. 

It is apparent that the data do not 
make it possible to fix the exact Reynolds 
number at which the advent of turbulence 
begins to affect the thickness parameter. 
The present data obtained by the sil- 
houette technique approximate those of 
Dukler and Bergelin. On the other hand 
the results of the direct-lighting technique 
are in close agreement with Jackson’s 
data. It cannot be said whether the 
differences are due to experimental errors 
or are caused by actual alterations in the 
stable flow at a given Reynolds number. 

Some factors in the design and _ per- 
formance of the equipment are relevant 
to the discussion of critical Reynolds 
number. The liquid was put on the dry 
rod by means of annular orifices. The 
outer portions of the liquid layer were 
therefore accelerated after application in 
any case, but the over-all acceleration 
depended on how closely the orifice 
clearance matched the final average 
thickness of the freely falling liquid. 
Gross accelerations appeared to be 
confined to the top 6 to 12 in. of the test 
section. The photographs of the liquid 
layer were normally taken 36 to 40 in. 
from the top. In addition a few pictures 
were taken at 62 in. and analyzed in the 
usual way. Coincident linear variations 
of thickness with mass flow rate through 
a given orifice were obtained at both 
distances. Thus the values of the thickness 
parameter shown in Figure 2 should apply 
at all points on the vertical surface 
below the region of gross acceleration. 

On the other hand it was observed 
that when the liquid level in the supply 
tank directly above the test section was 
permitted to become low, changes occurred 
in the liquid layer. The surface appeared 
to have additional wave fronts super- 
imposed on the smaller waves in the 
falling layer. Furthermore the liquid 
thickness was found to be greater at 
low tank levels than might be predicted 
from data obtained at higher levels with 
the same orifice. Consequently the tank 
levels were held at a more or less constant 
height by utilizing several orifice sizes 
over the desired range of flow rates. 
The Reynolds number region covered 
by a given orifice was permitted to 
overlap its neighbors in order to check 
the reproducibility of the liquid-layer 
thicknesses. No appreciable effect of 
changing orifice sizes was evident. Such 
information is merely comparative how- 


A.1.Ch.E. Journal 


ever and does not necessarily mean that 
the measured thicknesses were entirely 
free of tank-level effects or persistent 
entrance disturbances. Therefore the 
spread of the data in Figure 2 occurs for 
reasons that cannot be pinpointed by 
means of the present experimental data. 
Other investigators however seem to 
have encountered the same order of 
uncertainty in fixing the critical Reynolds 
number on the basis of thickness measure- 
ments. 


Correlation of Thickness Data 


The thickness parameter (y,g!/3y-2/3) 
is related to the Reynolds number (4T'/u) 
as shown in Figure 2. Examination of 
the viscous or pseudoviscous region 
leads to the conclusion, expressed by 
numerous investigators, that the experi- 
mental data closely follow Equation(1). 
In other words the thickness of the 
liquid layer can be predicted with 
sufficient accuracy by treating the fluid 
as if it were flowing in viscous motion 
between two parallel flat plates separated 
by a clearance equal to twice the thickness 
of the actual falling layer. The data 
indicate that such thicknesses occur 
regardless of the many complicating 
factors introduced by the presence ot a 
free surface at the gas-liquid interface. 

It might reasonably be postulated 
therefore that transitional and _ fully 
turbulent liquid layers can also be 
handled with sufficient accuracy in the 
manner of flow between parallel plates. 
While such an approach is neither parti- 
cularly new nor different, some recent 
friction data for parallel plates reported 
by Walker, Whan, and Rothfus (//) 
permit a straightforward analysis to be 
made. 

If the curvature of the vertical surface 
and the shearing force at the gas-liquid 
interface can both be neglected, the 
skin friction at the solid surface must be 


= pgys (3) 


by virtue of a simple force balance on 
the liquid. Therefore the Fanning friction 
factor can be written 


f = (4) 


The Reynolds number for flow between 
parallel plates is commonly taken to be 


(5) 


and so through the combination of 
Equations (4) and (5) 


NeeVi = 
or 
=0.315(Ne Vf)? (7) 
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Fig. 3. Relationship between the Reynolds number and liquid-layer thickness predicted 
from parallel-plate friction data. 


Since Equation (7) is developed solely 
from a force balance and definitions, 
it is independent of the stable type of 
flow in the liquid layer. The success with 
which it can be used to predict liquid- 
layer thickness at a given Reynolds 
number depends on the accuracy of two 
assumptions. First it is assumed that 
the liquid behaves as it would if the 
gas-liquid interface were not present; 
that is, the thickness of the liquid layer 
remains independent of actual interfacial 
conditions. Second it is assumed that 
the actual liquid layer attains its critical 
Reynolds number at the same value 
as for flow between parallel plates and 
that the effect of laminar-turbulent 
transition on the friction factor is the 
same in both cases. If the assumptions 
are met satisfactorily, Equation (7) 
should be equally valid at all Reynolds 
numbers. 

Accordingly the friction data of Walker, 
Whan, and Rothfus were used to prepare 
a logarithmic graph of the Reynolds 
number against the product (NreV)f. 
Equation (7) was then plotted on the 
same set of coordinates as shown in 
Figure 3. The solid line in Figure 2 was 
constructed directly from the correspond- 
ing values of thickness parameter and 
Reynolds number appearing in Figure 3. 
It can be seen that the experimental 
data are well represented by the parallel- 
plate correlation. The critical Reynolds 
number of 2,700 obtained in the friction 
experiments appears to be a reasonably 
satisfactory value for the falling liquid 
layer as well. 

It should be emphasized that Figure 2 
does not prove the hydrodynamic 
equivalence of parallel-plate flow and 
free flow down a vertical surface. In 
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fact, it implies nothing about the mechan- 
ics of the liquid motion but simply 
indicates that the parallel-plate relation- 
ship seems to be a satisfactory basis for 
interpolating and extrapolating liquid- 
layer thicknesses over a long range of 
Reynolds numbers. 

It is interesting to note the relationship 
between the Fanning friction factor for 
parallel plates and the Froude number 
of the liquid layer. Jackson used the 
Froude number in the form 


Nr, = V/(gys)' (8) 


as a criterion for wave inception. When 
Equations (4) and (8) are combined, 
the Froude number can be expressed in 
terms of the Fanning friction factor as 


Np, = V2/f (9) 


Consequently Equation (7) can equally 
well be written in the form 


ygv = 0.397(Ne./Nr,)' (10) 
Once again the last equation is independ- 
ent of the type of flow existing in the 
liquid layer, since it is simply another 
form of Equation (7). 

The Reynolds number and Froude 
number are related through Equation (9) 
in the simple case under consideration. 
Therefore when the Froude number is 
equal to unity, the condition for wave 
inception according to Jackson, the 
Fanning friction factor must be 2.0. 
For viscous flow between parallel plates, 
f = 24/Np., and so the Reynolds number 
at wave inception is 12. As might be 
expected, this result is in close agreement 
with Jackson’s observations in the region 
very near the top of his test section. 
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NOTATION 


Ai = projected area of dry ‘rod in 
picture, sq. ft. 

A, = projected area of wetted rod in 
picture, sq. ft. 

d = actual diameter of dry rod, ft. 

d' = diameter of dry rod in picture, ft. 

f = Fanning friction factor = are 
dimensionless 

g = acceleration due to gravity, ft./ 
sec.? 

ge = conversion factor in Newton’s 


second law of motion = 32.2 
(Ib.-mass) (ft.) /(Ib.-force) (sec.?) 
L’ = length of picture, ft. 


Nr, = Froude number = V/(gy,)#/, 
dimensionless 

Nee = Reynolds number = 41'/y, dimen- 
sionless 

V = bulk average linear fluid velocity, 
ft./see. 

y, = actual thickness of falling liquid 
layer, ft. 

y,’ = liquid layer thickness in picture, 


it. 


Greek Letters 

I’ = mass flow rate of liquid per unit 
breadth of vertical surface, lb.- 
mass/(sec.) (ft.) 


= viscosity of liquid, |b.-mass/ 
(sec.) (ft.) 

p = density of liquid, lb.-mass/cu. ft. 

T = skin friction at solid surface, 
lb.-force/sq. ft. 

y = kinematic viscosity of liquid, 
sq. ft./see. 
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Phase Equilibria in Mixtures of Polar and 
Nonpolar Compounds 
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products of interest are separated from 
the undesirable components. Many of 
these separation schemes depend directly 
or indirectly on the phase equilibria in 
the mixtures. Consequently the properties 
of vapor mixtures and liquid solutions 
which determine the phase equilibria are 
of special importance. These include the 
vapor-phase imperfections; the liquid- 
phase activity coefficients; and the excess 
heat, entropy, and free energy of mixing. 

Correlation of these properties in non- 
polar mixtures is relatively simple, but 
molecular interactions in mixtures of 
polar and nonpolar compounds are more 
complex and lead to more involved 
algebraic relations. 

Even though the excess free energy of 
mixing does not appear highly sensitive 
to change in temperature, the heat of 
mixing depends directly on these changes. 
Correlations which incorporate tempera- 
ture variations of the activity coefficients 
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liquid equilibria are available for a careful 
and consistent treatment. This is illus- 
trated with binary mixtures of benzene 
and the n-aliphatic alcohols, methanol to 
n-pentanol. These represent some of the 
more complex cases, as interassociation 
between unlike molecules as well as dis- 
sociation of the alcohol polymers takes 
place upon mixing. 

From the cross-correlated results both 
isothermal and isobaric equilibria can be 
predicted at any prescribed condition in 
the range of the correlations. This is 
illustrated for ten alcohol-hydrocarbon 
binaries and for some ternary and multi- 
component mixtures of the components. 
The more extensive tabulations are 
available through the American Docu- 
mentation Institute.* 


*Tabular material has been deposited as document 
5912 with the American Documentation Institute, 
Photoduplication Service, Library of Congress, 
Washington 25, D. C., and may be obtained for 
$2.50 for photoprints or $1.75 for 35-mm. microfilm. 
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vide the relation between the liquid com- 
position, the vapor composition, and the 
total pressure or boiling temperature of 
the solution. It is conventional to corre- 
late such data through the activity 
coefficients in the liquid and the imper- 
fections in the vapors. 

Activity coefficients have been calcu- 
lated from vapor-liquid equilibria ac- 
cording to 


log y; = log (Y:P/a,P;”) + log 6; (1) 


The latter includes the influences of both 
vapor imperfections and pressure on the 
liquid phase. 

These coefficients were derived from a 
special approximation (3) in which the 
nonpolar and polar parts of the energies 
of attraction of the pure components 
are combined separately for representing 
mixtures. If b; and a, are van der Waals’ 
covolume and cohesive energy constants, 
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TABLE 1, ConsTANTS FOR POLAR AND NONPOLAR COMPOUNDS 


Methanol 
Ethanol 
Tsopropanol 
n-Propanol 
n-Butanol 
n-Pentanol 


Benzene 

Toluene 
Methyleyelohexane 
n-Heptane 


513.3 
516.3 
508 .2 
536.88 
560.0 
586.1 
561.66 
594.0 
571.1 
540.2 


E' m 


0.120 4 
0.089 4 
0.080 4 
0.080 4. 
0.075 4 
0.072 + 
0 
0 pos 
0 = 
0 


No} 


_ 


© 
—) 


TABLE 2, COEFFICIENTS FOR THE Mopiriep vAN LAAR-TyPeE oF EQuaTIONs 
ALCOHOL-BENZENE SYSTEMS 


Methanol-benzene 


Ap 
20 1.1900 
35 1.1304 
40 1.1083 
55 1.0400 

(59) 1.0226 

Ethanol-benzene 

20 1.0700 
45 0.9800 

(68) 0.9015 


Tsopropanol-benzene 
25 0.9370 


n-Propanol-benzene 


27.8) 0.9290 
40 0.8930 
(48.8) 0.8680 
(76.1) 0.7980 


n-Butanol-benzene 
25 0.8155 
(83.6) 0.6950 


n-Pentanol-benzene 


(89) 0.5850 


TABLE 3. COEFFICIENTS FOR THE MODIFIED VAN LAAR EQUATIONS 


Methanol-toluene 


Ap 
(64.44) 0.9700 
Ethanol-toluene 
Ar 
35 1.0620 
55 0.9880 


TABLE 4. COEFFICIENTS FOR THE MODIFIED VAN LAAR EQUATIONS 


An 


0.8950 
0.8713 
0.8623 
0.8350 
0.8275 


.7250 
.6870 


oo © 


0.6670 


0.6610 
0.6370 
0.6200 
0.5740 


.5550 
.4500 


— —) 


0.3305 


C12 


1470 
1320 
1262 
1090 
1050 


ooocoo 


0.1142 
0.0980 
0.0831 


0.0841 


.0832 
.0785 
.0754 
.0659 


0.0625 
0.0500 


0.0340 


Type of data 


Isothermal 
Isothermal 
Isothermal 
Isothermal 
Isobaric 


Constant pressure data 
Isothermal 
Isobaric, 760 mm. Hg 


Isothermal 


Isobaric, 100 mm. Hg 
Isothermal 

Isobaric, 275 mm. Hg 
Isobaric, 750 and 760 mm. Hg 


Isothermal 
Isobaric, 760 mm. Hg 


Isobaric, 760 mm. Hg 


ALCOHOL-TOLUENE SYSTEMS 


0.7990 
0.7630 


C12 


0.1000 


Cy 


0.1048 
0.09LL 


Type of data 


Isobaric, 760 mm. Hg 


Isothermal 
Isothermal 


ETHANOL-SATURATED C; HyDROCARBONS 


Ethanol-methyleyclohexane 


1, A 12 

35 1.205 
55 1.140 

Ethanol-n-heptane 

1, 

30 1.271 
(37.5) 1.242 
50 1.200 
(55) 1.184 
70 1.138 
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Ax 


1.060 
1.010 


0.185 
0.165 


0.280 
0.264 
0.240 
0.230 
0.205 


Type of data 


Isothermal 
Isothermal 


Type of data 


Isothermal 
Isobaric, 180 mm. Hg 
Isothermal 
Isobaric, 400 mm, Hg 
Isothermal 
Isobaric, 750 mm. Hg 
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Source of 
original 
data 


(20) 
(24) 
(19) 
(24) 
(33) 


(31), (5) 


(1) 
(32) 


(32) 


Reference 


(2) 


(15) 
(15) 


Reference 


(16) 
(16) 


Reference 


(28) 
(14) 
(28) 
(14) 
(28) 
(14) 


< 
0.8}— 
n- PENTANOL 


32 36 
10°/T 
Fig. 1. Coefficient Ai. in the modified van 
Laar equations—alcohols (1) with 
benzene (2). 


0.9 
METHANOL 


0.7 ETHANOL 
bak 


n- PENTANO) 


0.2 
26 26 30 32 4 36 
10°/T 


Fig. 2. Coefficient A, in the modified van 
Laar equation—alcohols (1) with 
benzene (2). 


respectively, the molal cohesive energy 
is represented by a;&;*. It is assumed 
that the vapor mixtures can be predicted 
from the properties of the individual 
components. The corresponding rigorous 
expression for 0; becomes 


log 0; = [(P — P,°)/2.3RT] 
-[b; — Vi’ — 
+ (P/2-3R°T’)(( >. 
+ (> 


For nonpolar compounds the attraction 
coefficients are predicted from the critical 
temperature and pressure. Polar com- 
pounds require individual coefficients 
which can be determined from a mini- 
mum of vapor-density data. Such co- 
efficients have been given earlier (3) for 
methanol and ethanol. Coefficients for 
the higher alcohols have been estimated 
from the carbon number with the aid of 
the empirical equation 


E’ = 0.06 + 0.06/n,. (3) 


derived from available vapor-density 
data (10, 11, 12, 17, 18, 23) for the low- 
molecular-weight alcohols. These coeffi- 
cients together with the critical constants 
are given in Table 1. 

The constants x; given also in Table 1 
are used to estimate the approximate 
molal-liquid volumes of the components 
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78.7 5 
63.1 5 
53.0 5 
50.0 5 
48.4 5, 
44.0 
47.7 
41.6 
34.5 
= 
(21) 
(6) 
(8), (31) 
(5) 
(19) 
> ‘a 
0.9290 |_| 
Aa = 
1.238 
1.206 
1.154 
1.136 
1.081 
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in solution according to the empirical 
equation 


V’ = x/(1.70897 — 0.745757, 
— 0.260487,’) 


Since the contribution of V’ in Equation 
(2) is relatively small, Equation (4) is 
an adequate approximation. the 
temperature approaches the critical value, 
Equation (4) predicts molal volumes 
lower than those of the pure components. 
At low reduced temperatures the values 
are nearly the same. 

The activity coefficients have been 
correlated as described earlier (4) with 
the aid of the two plots 


(4) 


(log vs. (log (5) 


and 


log (y:/Y2) Us. (6) 


The data have been represented with 
the aid of the modified van Laar type of 
equations (4), which for binary systems 
are given according to 


log 


| 
= ayo /(1 + | 
| 
| 
+ £, | 

} 


log 
= /(1 + Zo, Ce (7) 


+ E, | 


—.2,) 
+ 2x;] J 


A summary of the coefficients derived 
in this way for binary systems consisting 
of an alcohol and benzene are given in 
Table 2, together with the source of the 
experimental data used. 

The influence of temperature on the 
coefficients is shown in Figures 1, 2, and 
3, in which Ay, An, and ¢y2 are plotted 
vs. the temperature. The coefficient Ai. 
is the logarithm of the activity coefficient 
of component 1, the alcohol, at infinite 
dilution in liquid 2, benzene. The con- 
sistent change in Aj. as the carbon 
number of the alcohol varies from 1 to 5 
is evident in Figure 1. Similar consistent 
changes are noted in the logarithm of 
the activity coefficient of component 2 
at infinite dilution A» and in cy in 
Figures 2 and 3, respectively. 

Increasing the temperature causes a 
decrease in Ay, An, and cy. The shape 
of the curves in Figures 1, 2, and 3 for 
methanol and benzene are quite well 
established from the isothermal data of 
Niini (20) at 20°C., of Scatchard and 
coworkers (24, 26) at 35° and 55°C. with 
single points at 25° and 45°C., and of 
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Lee (/9) at 40°C. and the isobaric data 
of Williams and coworkers (33). 

Below about 50°C. for methanol- 
benzene, as noted in Figure 1, the curve 
of Aw vs. 1/T begins to deviate appre- 
ciably from a linear relation. With 
ethanol and benzene a similar curvature 
is noted below about 40°C., as indicated 
by the dashed line. For n-propanol this 
occurs at a still lower temperature, 


0.14) 
| 
| 

0.12-— | 
| 
| 

0.10) 
| 

| 

0.06 n- PROPANOL | 

| 
n- BUTANOL | 
= | 
| 
n- PENTANOL 
0.02 
0. ~ 
26 28 30 32 
10°/T 


Fig. 3. Coefficient c,. in the modified van 
Laar equation—alcohols (1) with 
benzene (2). 


° 
26 26 x 4 6 
10°/T 
1.0 
— M- 
< 
0.8} 
= 
v6 J 
26 268 30 32 34 e 


10°/T 


Fig. 4. Influence of temperature on A,: and 

A;, for methanol-toluene and ethanol-tolu- 

ene, based on curves for methanol-benzene 
and ethanol-benzene. 


1.3 
n-HEPTAN 
METHYLCYCLOHEXANE 
TOLUENE 
26 28 30 32 
10°/T 
1.3 
n- HEPTANE, 
METHYLCYCLOHEXANE 
TOLUENE 
0.7 i 
26 26 30 32 34 36 


10°/T 


Fig. 5. Influence of hydrocarbon type on 
Aj. and A», ethanol (1) with hydrocarbons 
(2). 
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probably below about 30°C. This is 
undoubtedly due to an increased inter- 
association (13) between the alcohol and 
benzene as the temperature decreases. 
For aleohols with four or more carbons 
the data do not establish the shape of 
Ay vs. 1/T as well, but it appears from 
the available data that in the temperature 
region of 20° to 70°C. the relation is 
nearly linear and the molal heats of 
mixing at given composition are prac- 
tically independent of temperature. These 
same observations and conclusions are 
evident also in Figures 2 and 3. 

The coefficients Az, An, and ey 
decrease as the carbon number increases 
going from methanol to n-pentanol. A 
nearly linear change is noted if cross 
plots at constant temperature are pre- 
pared from Figures 1, 2, and 3. The 
coefficients for n-pentanol-benzene at 
temperatures below 89°C. were obtained 
from such cross plots. 

Available vapor-liquid equilibrium data 
are not sufficient to establish the shape of 
the curves Ay, An, and cy vs. 1/T for 
methanol and toluene. Indeed only the 
isobaric data at 760 mm. Hg are known 
(2), which help to establish the three 
coefficients near 64°C. For ethanol and 
toluene data at only 35 and 55°C. are 
known (15). But these two systems can 
be predicted from these meager data, 
Table 3, and the established curves for 
methanol-benzene and ethanol-benzene. 
As shown in Figure 4, the dashed curves 
for the toluene systems are drawn in 
through the data to have shapes similar 
to the corresponding benzene systems 
shown as full lines. This is nearly equiv- 
alent to the assumption of equal heats 
of mixing for the toluene and benzene 
systems with a given alcohol and will be 
discussed later. 

The influence of hydrocarbon type on 
the coefficients Az, An, and is illus- 
trated with the systems ethanol-methyl- 
cyclohexane and _ ethanol-n-heptane, 
which will be compared with ethanol- 
toluene. The coefficients derived for the 
modified van Laar type of equations and 
the data sources for these saturated 
hydrocarbons with ethanol are given in 
Table 4. The coefficients are given in 
Figures 5 and 6 for binary mixtures of 
ethanol in n-heptane, methyleyclohexane, 
and toluene. 


EXCESS FREE ENERGIES, HEATS, AND 
ENTROPIES OF MIXING 


The heat of mixing and the excess 
entropy of mixing have been calculated 
from the excess free energy of mixing and 
the variation of the activity coefficients 
with temperature at constant composi- 
tion. The modified van Laar equations 
(4) for binary systems [Equations (7)] 
have been used to calculate log y,;’s at 
given compositions. The excess free 
energy per mole is calculated at any given 
composition according to 
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Fig. 6. Influence of hydrocarbon type on Ci. 
ethanol with hydrocarbons. 
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Fig. 7. Influence of temperature on H,™ at 
constant composition methanol with 
benzene. 
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Fig. 8. Differential heat of mixing of alcohol 
at infinite dilution in benzene vs. 
temperature. 
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Fig. 9. Differential heat of mixing of benzene 
at infinite dilution in alcohols vs. 
temperature. 
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F,” = 2.303RT(>>\ 2; logy), (8) 


The differential heat of mixing per mole 
is calculated from the change of log y; 
with temperature at given composition 
with the aid of 


L;, = 2.303R(A log y;),/AQ/T) (9) 


and the integral heat of mixing per mole 
is calculated by 


= > (10) 


The temperature intervals have been 
selected so that the results reflect the 
proper rate of change in the nonlinear 
regions of log y; vs. 1/7. The heats of 
mixing calculated for each temperature 
interval have been considered to corre- 
spond to the temperature of the average 

The heats of mixing derived at constant 
composition at three different tempera- 
tures are plotted vs. temperature in 
Figure 7 for methanol-benzene mixtures. 
In the range of the data, 20° to 60°C., 
the heat of mixing increases as the tem- 
perature increases; it probably reaches a 
maximum at a somewhat higher tempera- 
ture, and at a still higher temperature 
level it will probably decrease as the 
temperature is increased. This behavior 
is to be expected if the temperature 
coefficient of interassociation (13) be- 
tween unlike molecules is sufficiently 
greater than the temperature coefficient 
of association of the methanol! molecules. 
In addition to the ordinary heat effects 
resulting from nonpolar forces association 
gives rise to positive heat of mixing or 
heat absorbed, and interassociation re- 
sults in negative heat of mixing or heat 
evolved. 

Similar calculations have been made 
for methanol-toluene, ethanol-benzene, 
n-propanol—benzene, n-butanol—benzene, 
n-pentanol-benzene, ethanol-toluene, eth- 
anol-methyleyclohexane, and ethanol- 
n-heptane. The differential heats of 
mixing at infinite dilution for each com- 
ponent are given in Table 5 for these 
systems. For the lower alcohols in mix- 
tures with benzene or toluene the differ- 
ential heat of mixing increases as the 
temperature increases in the range con- 
sidered; for the higher alcohols the 
differential heats of mixing are practically 
independent of temperature. 

In Figure 8 the differential heats of 
mixing for the alcohols at infinite dilution 
in benzene are plotted vs. temperature. 
As the carbon number increases, the 
differential heat of mixing of the alcohol 
at infinite dilution Z, decreases at a given 
temperature. For mixtures with methanol 
and ethanol the differential heat of 
mixing J, increases as temperature 
increases, levels off, and probably goes 
through a very flat maximum. This is 
probably true with the higher alcohols, 
with the maximum occurring at succes- 
sively lower temperatures. 
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Fig. 10. Excess free energy, heat, and 
entropy of mixing, cal./g. mole methanol- 
benzene at 20°C. 
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Fig. 11. Excess free energy, heat, and 
entropy of mixing, cal./g. mole methanol- 
benzene at 25°C. 
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Fig. 12. Excess free energy, heat, and 
entropy of mixing, cal./g. mole methanol- 
benzene at 35°C. 
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Fig. 13. Excess free energy, heat, and 
entropy of mixing, cal./g. mole methanol- 
benzene at 55°C. 
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The differential heat of mixing Z» for 
benzene at infinite dilution in the 
homologous series of alcohols from 
methanol to n-pentanol is plotted vs. 
temperature in Figure 9. In the low- 
temperature region the differential heat 


of mixing for benzene increases in going 
from methanol to n-pentanol. At a higher 
temperature level where interassociation 
has less influence this may not be entirely 
true. 

Integral heats of mixing taken from 


TABLE 5. DIFFERENTIAL HEATS OF MIXING AT INFINITE DILUTION 
DERIVED FROM VAPOR-LIQUID EQUILIBRIA 


System t, °C. Ly Lo 
Methanol-benzene 27.3 1,642 653 
44.7 2,091 840 
62.3 2,233 921 
Ethanol-benzene 27.3 1,440 777 
39.9 1,695 821 
56.1 1,695 821 
Propanol-benzene 38 1,288 865 (Nearly constant 30° to 60°C.) 
Butanol-benzene 50 1,000 872 (Nearly constant 20° to 60°C.) 
Pentanol-benzene 36.5 817 943 (Nearly constant 20° to 60°C.) 
Methanol-toluene 27.3 1,405 840 
43-6 1,850 866 
57.1 2,035 966 
Ethanol-toluene 27.3 1,441 799 
44.7 1,712 833 
Ethanol-methyleyclohexane 55 1,504 1,157 
Ethanol—n-heptane 55 1,573 1,852 (Nearly constant 30° to 70°C.) 


TaBLeE 6. Heats oF MrxinG ror METHANOL-BENZENE 


H™, cal./g. mole at x, = 0.3 


2° From V-L equil. Exptl.* Reference for calorimetric data 
15 140 139 Schmidt (27 
20 158 159 Seatchard, et al. (25) 
20 158 190-195 Wolfe, et al. (34) 
23 167 150 Washburn and Lightbody (30) 
25 176 156 Williams, et al. (33) 
25 176 175 Tsao and Smith (29) 


*Calorimetric data. 


TaBLE 7. APPROXIMATE HEATS OF MIXING FOR BINARY SYSTEMS OF ALCOHOLS 
AND HypDROCARBONS DERIVED FROM VAPOR-LIQUID EQUILIBRIA 


Systems °C. 010 

Methanol-benzene 

55 164 

Ethanol-benzene 25 105 

55 

Propanol-benzene 55-105 

Butanol-benzene 55 86 
20 

Pentanol-benzene to 76 
60 

Methanol-toluene 25 108 

55 152 

Ethanol-toluene 25 107 

65 131 

Ethanol-methyleyclohexane 55 117 

Ethanol-n-heptane 55 116 


H™, cal./g. mole 
0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90* 


165 176 163 142 121 101 77 48 
242 262 248 220 186 151 118 71 
165 189 191 181 163 138 107 62 
197 223 222 206 181 153 116 68 
170 206 219 216 200 172 131 75 
147 187 207 212 201 174 134 76 


182 220 188 83 


155 174 173 163 145 122 92 = 55 
230 259 253 232 170 132 

167 193 196 188 171 145 110 63 
200 227 227 #211 187 156 119 69 
180 208 216 212 200 180 147 92 
171 193 202 208 215 216 197 136 


*Column headings 0.10, 0.20. . . 0.90 refer to the mole fractions of alcohol in the liquid for each binary. 


TaBLe 8. Maximum Heats or MIxine 


Maximum H™” at any composition, cal./g. mole 


Ethanol-benzene 23 
n-Propanol—benzene 20 to 60 
15 
n-Pentanol-benzene 20 
Methanol-toluene 23 
Ethanol-toluene 23 


*Calorimetric 
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From V-L equil. Expti.* Reference 
185 182 (30) 
219 — 
232 (27) 
220 223 (7) 
167 159 (30) 
195 183 (30) 
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Figure 7 for methanol-benzene mixtures 
at a mole fraction of 0.3 for methanol are 
compared in Table 6 with calorimetric 
values reported by several investigators 
(25, 27, 29, 30, 33, 34). 

The results derived from vapor-liquid 
equilibrium data are in substantial agree- 
ment with the calorimetric measurements 
of Schmidt (27), Scatchard, eé al. (25), 
and Tsao and Smith (29). The results of 
Williams, et al. (33), and of Washburn 
and Lightbody (30) are slightly lower 
than the derived values, and those of 
Wolfe, et al. (34), are somewhat higher 
than any of the others. No values were 
calculated at temperatures as low as 
15°C., but an extrapolation to 15°C. 
in Figure 7 gives results in good agree- 
ment with those of Schmidt. 

The excess entropy of mixing has been 
calculated from the excess free energy 
and the heat of mixing at fixed composi- 
tion according to 


The three quantities at 20°C. are shown 
graphically in Figure 10 for mixtures of 
methanol and benzene. The excess free 
energy calculated from the data of 
Niini (20) are shown also. The calorimetric 
heats of mixing of Scatchard, et al. (25), 
are also compared with the derived results 
in Figure 10. 

The three derived thermodynamic 
quantities F,“, H,”, and —TS,¥ at 
25°C. are plotted in Figure 11, where 
the heats of mixing are compared with 
the calorimetric data of Tsao and Smith 
(29) and Williams, Rosenberg, and 
Rothenberg (7) for methanol-benzene. 
Since the latter data were given graphi- 
cally, only the points in the region of the 
maximum are shown for this source. The 
entropies predicted from the Flory- 
Huggins relation when applied to these 
mixtures are much too low. (See the curve 
marked F.H. in Figure 11.) 

For mixtures of methanol and benzene 
the integral heat of mixing increases as 
temperature increases up to about 60° 
or 80°C. In the same region the excess 
free energy increases only slightly. The 
excess entropy of mixing is negative and 
changes to smaller negative values as the 
temperature increases. The three quan- 
tities H,“, and —TS®* are given in 
Figures 12 and 13 for 35° and 55°C., 
respectively. At low concentrations of 
methanol the entropy has already become 
positive at 35°C. (Figure 12), and this 
positive region increases as temperature 
increases further (Figure 13). 

Figure 14 shows values of F,7, H,™, 
and —T7S,# for methanol-toluene mix- 
tures derived from the modified van Laar 
equations with coefficients represented by 
the curves in Figure 4. It will be remem- 
bered that only isobaric data at 760 
mm. Hg were available to establish the 
coefficients at 64.44°C., and the tempera- 
ture influence was obtained by drawing 
in the curves with shapes similar to the 
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corresponding benzene systems. The 
calorimetric values for the heat of mixing 
of Tsao and Smith (29) are shown also 
in Figure 14. 

Although the symmetry of the derived 
results is not in perfect agreement with 
the data, the magnitude of the values is 
about right. A comparison of Figures 14 
and 11 shows both the maximum heat 
of mixing and the maximum excess 
entropy of mixing to be very nearly equal 
for toluene and benzene mixtures with 
methanol. The slightly different sym- 
metry of the heat and entropy curves 
vs. «“ in the two systems furnishes a 
higher maximum in the excess free- 
energy curve for toluene. The data of 
Tsao and Smith show the heats of mixing 
for toluene and benzene in methanol to 
be practically the same at 25°C. The 
derived heats of mixing at 55°C. are a 
little higher for mixtures of toluene and 
methanol than for mixtures of benzene 
and methanol. These differences may not 
be real but may be only a reflection of the 
approximate nature of the slopes of the 
toluene-methanol curves as established 
in Figure 4. 

Integral heats of mixing derived from 
the vapor-liquid equilibria and its varia- 
tion with temperature are given in Table 
7 for a few systems at one or two tempera- 
tures. For temperatures up to about 60° to 
80°C. the heat of mixing of methanol and 
benzene increases as temperature in- 
creases. This limit appears to occur at 
successively lower temperatures as one 
goes from methanol to n-pentanol in the 
homologous series. For n-pentanol-ben- 
zene mixtures the limit is probably 
below 20°C. 

The maximum heat of mixing at any 
composition has been plotted vs. tem- 
perature in Figure 15 for the five alcohols, 
methano! to n-pentanol, in mixtures with 
benzene. At low temperatures, for ex- 
ample at 25°C., the maximum heat of 
mixing increases as the carbon number 
of the alcohol increases. That butanol falls 
just below propanol and pentanol is not 
significant. Within the accuracy of the 
calculations the maximum H™ at any 
composition can be considered the same 
for benzene in n-propanol, n-butanol, and 
n-pentanol, but in ethanol and methanol 
the differences are significant. 

The derived maximum heat of mixing 
at any composition is compared with 
available calorimetric data for five 
systems in Table 8. As with methanol- 
benzene mixtures in Table 6, the derived 


results for methanol-toluene are also 
slightly higher than the measured values 


n 
of Washburn and Lightbody (30). Even 
so, the deviations of the derived from the 
experimental values are less than 7% for 
each of the systems. 

The influence of hydrocarbon type on 
the three quantities H”, and 
is shown in Figure 16 for mixtures of 
ethanol with n-heptane, methyleyclo- 
hexane, and toluene at 55°C. The excess 
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free energy decreases in the order 
n-heptane, methyleyclohexane, toluene. 
The maximum heat of mixing at any 
composition is nearly the same for the 
three binaries, but the symmetry of the 
systems is different. It will be noted also 
that the maximum heat of mixing is about 
the same for these systems as for systems 
composed of benzene with any alcohol 
from ethanol to n-pentanol at the same 
temperature. Both the magnitude and 
the symmetry of the excess entropy of 
mixing vs. %g are different for the three 


systems. The excess entropy is negative 
and decreases to smaller negative values 
going from heptane to methylcyclohexane 
to toluene at concentrations of ethanol 
less than about 60% mole. At low concen- 
trations of ethanol 7'S¥ becomes slightly 
positive in mixtures with toluene. 


DERIVED VAPOR-LIQUID EQUILIBRIA 


Having correlated the activity coeffi- 
cients as a function of composition and 
confirmed the validity of their tempera- 
ture dependence by comparing calculated 
and observed heats of mixing, one can 


LINES CALCULATED 
| now use the cross-correlated coefficients 
A to predict thermodynamically consistent 
me . sets of vapor-liquid equilibria. This has 
been done for both isothermal and isobarie 
conditions. 
The procedure for isothermal calcula- 
tions is to start. with known liquid com- 
> positions, calculate the activity coeffi- 
oO 
FE 
0.c 0.2 0.4 0.6 0.8 1.0 300 S 
Va 
Fig. 14. Excess free energy, heat and 
entropy of mixing, cal./g. mole methanol- __,,,|_ /) \ 
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Fig. 15. Maximum heats of mixing, cal./g. 
mole alcohol-benzene mixtures. 


Fig. 16. Influence of hydrocarbon type on 
H™, —TS® ethanol-hydrocarbons. 
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cients according to Equations (7), then 
use these to calculate the total pressure 
according to P = 2X(¥;,7;P;°/60;). The 
vapor composition is calculated as Y; = 
4,0:P;9/0,P. A trial calculation is used 
to establish final values for 6’s starting 
with Y’s calculated with the assumption 
that @ is unity. 

Isobaric calculations are carried out 
by first making two isothermal calcula- 


tions from which the boiling point at any 
liquid composition and prescribed total 
pressure is found by interpolating or 
extrapolating log P vs. 1/7’. Vapor-liquid 
equilibria are then calculated at each 
composition for which the boiling point 
was established. 

Isothermal vapor-liquid equilibria cal- 
culated with the aid of the cross-correlated 
coefficients, Tables 2, 3, and 4, provide 
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Fig: 18. Comparison of calculated and experimental vapor-liquid 
equilibria. (Lines are calculated. 
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calculated results which can be compared 
directly with the original experimental 
values. One example for each of the eight 
binaries for which isothermal data are 
available is given in Figures 17 and 18. 

In Figure 17 calculated and experi- 
mental vapor-liquid equilibria are com- 
pared for methanol-benzene at 55°C., 
ethanol-benzene at 45°C., n-propanol- 
benzene at 40°C., and n-butanol-benzene 
at 25°C. The excellent agreement is verifi- 
cation of the validity of Equations (2) 
and (7). The binaries represented best 
are the high-quality data of Scatchard 
and coworkers (24, 26) and of Brown 
and Smith (6). 

Calculated and experimental results 
are compared in Figure 18 for ethanol- 
toluene at 55°C., ethanol-methylcyclo- 
hexane at 55°C., ethanol-n-heptane at 
30°C., and isopropanol-benzene at 25°C. 
The high-quality data of Kretchmer and 
coworkers (15, 16) for the first two 
binaries are reproduced quite accurately 
by the calculations. The two sets of 
experimental data for ethanol-n-heptane 
are not in very good agreement with each 
other. For the binary isopropanol- 
benzene the coefficients used were those 
taken from the cross plots for the normal 
alcohols. The small deviations of the 
calculated from the observed results may 
be partly due to the effect of branching. 

A few calculated isobaric vapor-liquid 
equilibria are compared with. experi- 
mental data in Figure 19. For methanol- 
benzene at 760 mm. Hg the experimental 
data of Williams and coworkers (33) 
scatter markedly. The author’s calculated 
results are in substantial agreement with 
the earlier calculations of Wood (35), as 
noted in the figure. Results calculated 
for ethanol-benzene at 760 mm. Hg are 
im good agreement with the experimental 
data of Wehe (37) and in rough agreement 
with the data of Drickamer and coworkers 
(8). Calculated results are in fair agree- 
ment with the data of Wehe (32) for 
n-butanol—benzene at 760 mm. Hg and 
the data of Arnold quoted by Wehe 
(32) for n-pentanol-benzene at the same 
pressure. 

A basic advantage of the algebraic 
representation is realized when the data 
have been cross correlated as shown in 
Figures 1 to 4. Over the temperature 
range covered, isothermal vapor-liquid 
equilibria can be calculated with an 
accuracy sufficient for most practical 
purposes. In addition isobaric data at 
any desired pressure in the range of the 
correlations can also be derived. Incom- 
plete data can be supplemented by calcu- 
lations to furnish complete vapor-liquid 
equilibria; for example, Figure 20 shows 
four systems with incomplete experi- 
mental data which have been supple- 
mented by calculations to furnish com- 
plate vapor-liquid equilibria. 

In Figure 20 complete vapor-liquid 
equilibria calculated for ethanol-benzene 
at 20°C. are compared with the experi- 
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mental total pressures of Niini (2/). The 
partially complete data of Britton, et al. 
(5), for n-propanol—-benzene at 100 mm. 
Hg and of Katz and Newman (1/4) for 
ethanol-n-heptane at 400 mm. Hg are 
compared with complete results provided 
from calculations. The nearly complete 
results of Benedict, et al. (2), are compared 
with vapor-liquid equilibria calculated 
for methanol-toluene at 760 mm. Hg. 

As indicated in Figure 4 and confirmed 
in Figure 14, the estimated effect of 
temperature on the coefficients Ai, An, 
and cy» is about right for methanol- 
toluene. When one knows this, it is 
possible to calculate vapor-liquid equi- 
libria at other temperatures and pres- 
sures. Accordingly vapor-liquid equilibria 
for this system at 9, 14.7, and 19.7 lb./ 
sq. in. abs. have been predicted. Similarly 
vapor-liquid equilibria have been calcu- 
lated for several isothermal and isobaric 
conditions for each of the alcohol-hydro- 
carbon binaries described here.* 

Another advantage the cross-correlated 
coefficients provide is a means of predict- 
ing, with no additional data, the ternary 
or multicomponent vapor-liquid equilibria 
and heats of mixing in some of the mix- 
tures. These are mixtures in which two 
of the three components in each ternary 
are of the same class, for example 
methanol and ethanol in ternary mixtures 
with benzene and benzene in multicom- 
ponent mixtures with the five alcohols. 
Ternary systems in which each of the 
three components is of a different class 
require data on all three binaries to 
calculate the ternary equilibria, for 
example, n-heptane—benzene-ethanol. 

Accordingly, with the aid of Equations 
(12), (26), and (27) of reference (4), 
vapor-liquid equilibria have been calcu- 
lated for benzene in three- to six-compo- 
nent mixtures with the normal chain 
alcohols methanol to n-pentanol. A 
simple ternary example, benzene—n-pen- 
tanol-ethanol at 14.7 lb./sq. in. abs. is 
given.* 

In summary it has been shown that 
the modified van Laar type of equation 
provides an adequate representation of 
the effect of composition on the activity 
coefficient for binary mixtures of benzene 
and alcohols. Consequently these equa- 
tions also furnish good values for the 
excess free energies. A cross correlation 
of the coefficients for these equations as 
a function of 1/7 has been used to predict 
heats of mixing in good agreement with 
calorimetric data. From the excess free 
energies and the heats of mixing the excess 
entropy of solution has been obtained. 

The consistent set of cross-correlated 
coefficients provides the basis for calcu- 
lating both isothermal and_ isobaric 
vapor-liquid equilibria at various con- 
ditions for each of the binaries and for 
certain ternary and multicomponent 
mixtures without any additional data. 


*See footnote p. 249. 
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The influences of carbon number of the 
alcohol and hydrocarbon type furnish a 
starting point for further extension of 
the results. 
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NOTATION 

a; = van der Waals’ attraction con- 
stant for component 7 

b; = vander Waals’ covolume for com- 
ponent 7 

a;;? = Aj; — ¢;; coefficients in Equa- 
tions (7) 

A;; = common logarithm of the activity 


coefficient for component 7 at 
infinite dilution in liquid 7 

ci; = coefficients in Equations (7) 

E’ and m = individual coefficients for 
calculating the molecular attrac- 
tion coefficient for polar com- 
pounds 

F,2 = excess free energy/mole at com- 

position x 
= differential heat of mixing/mole 
at composition x 
2” = integral heat of mixing/mole at 
composition x 

n, = carbon number 

total pressure 

P;° = vapor pressure of pure compo- 
nent 7 

R = universal gas constant 

S,” = excess entropy of mixing/mole at 
composition x 


T = absolute temperature 

t = boiling temperature 

V,;’ = approximation for molal volume 
of component 7 in liquid phase 

x; = mole fraction component 7 in 
liquid phase 

Xe = mole fraction ethanol 

Y; = mole fraction component 7 in 


vapor phase 


Greek Letters 


Y: = liquid phase activity coefficient 
for component 7 

6; = imperfection-pressure coefficient 

& = limiting value at zero pressure of 
the molecular attraction coeffi- 
cient 

€*© = nonpolar part of £ 

£9 = polar part of £ 

= attraction coefficient 

and 


differences in the square roots of 
the nonpolar and polar parts, 
respectively, of the molal cohe- 
sive energies for components 7 
and 7 

X: = constant in Equation (4) 
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Heat ‘Transfer and Fluid Dynamics 
in Mercury-Water Spray Columns 


R. D. PIERCE, O. E. DWYER, and J. J. MARTIN 


Heat transfer and fluid dynamics were studied in columns in which hot mercury was 
sprayed into a rising stream of water. Volumetric and area heat transfer coefficients are 
presented which were found to be lower than those reported for heat transfer from fixed 


spheres. 


It was observed that considerable water bypassed the stream of drops, while some 
surrounding the drops flowed downward. This behavior resulted in water temperatures 
at the base of the column which were considerably higher than the inlet water tempera- 
tures. Consequently the outlet mercury temperature did not approach the inlet water 
temperature as a limit. The very unconventional flow pattern of the water was unexpected 
and is believed to be an important factor in spray-column heat transfer and mass transfer 


kinetics. 


Direct heat exchange between two im- 
miscible liquids, in the absence of a sepa- 
rating wall, has the apparent advantage 
of rapid heat exchange and the possibili- 
ties of high-power densities and simple 
heat-exchanger design. If these should 
prove real, this kind of heat exchange 
would be attractive for liquid-fueled 
nuclear reactors. It was from this stand- 


N2(40 psig) 


—=LLT_ 


VENT & 


study was to investigate the promise of 
direct liquid-liquid heat transfer for 
application to the LMFR. 

This initial experimental work was 
simplified by the selection of mercury 
and water as representatives for bismuth 
and salt and by the employment of 
simple spray-column contactors. Heat 
transfer and fluid dynamics data obtained 
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Fig. 1. Flow 


point that the experimental work de- 
scribed in this article was undertaken. 

It was suggested by workers at the 
Brookhaven National Laboratory some 
years ago that the liquid-metal-fuel re- 
actcr under development there might be 
cooled by the contacting of the molten 
uranium-bismuth fuel with a fused salt 
mixture. The purpose of this present 


R. D. Pierce is at Argonne National Laboratory, 
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diagram. 


under such conditions can be used to 
indicate the potentialities of direct heat 
exchange in more complex equipment. 

Heated mercury droplets were sprayed 
into the top of the columns, and water 
was introduced at the bottom. Columns 
of two different lengths and two different 
diameters and with several different spray 
nozzles were used. 

Some heat transfer studies on spray 
columns dispersing organic solvents and 
water have been reported (/, 3, 8), but 
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of course the physical properties of the 
organic phases were far different from 
those of liquid metals. A more nearly 
similar experiment involves the transfer 
of heat between metal spheres and fluids. 
Kramers(5) studied the transfer of heat 
from isolated steel spheres to flowing 
air, water, and oils. His data were corre- 
lated by the equation 


Nu. = 29 + 
+ 0.66(N 


Williams (9) made an extensive study of 
the existing data for heat and mass trans- 
fer from single, stationary spheres and 
recommended the equation 


Nyu = 0.37(Npe.)” 


for heat transfer over a range of Reynolds 
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numbers between 2 X 10? and 2 X 105. 
Ranz (7) correlated a collection of data 
for both heat and mass transfer from 
single spheres over the Reynolds number 
range 1 to 10°. He found that the heat 
transfer results under these conditions 
could be represented by 


Nw. = 2.0 + 0.60(N 


EXPERIMENTAL EQUIPMENT 


Figure 1 is a flow sheet of the experi- 
mental equipment. Distilled water flowed 
upward through the column, while pre- 
heated mercury was sprayed from the top 
of the column and drained continuously 
from the bottom. In a single run 500 lb. 
of mercury could be passed through the 
column. 

The columns used in this study, which 
are similar in design to the column used 
by Blanding and Elgin (2), are detailed in 
Figure 2. Six different columns were used, 
but the same steel end assemblies were 
used with each. The columns were fabricated 
from 1- and 2-in. J.D. Pyrex pipe. The 
enlarged ends of the columns were 6 in. 
I.D. to accommodate the end assemblies. 
The chief dimensions of the various columns 
are listed in Table 1. 

Mercury, flowing at constant head from 
a pressurized. header, entered the columns 
through a spray nozzle. The designs of the 
twelve fluorothene face plates which were 
used on this nozzle are listed in Table 2. 
The entire nozzle assembly was enclosed 
in a 4-in. cylinder which thermally isolated 
the nozzle from the water. The volume 
between the conical section and the cylinder 
was filled with asbestos insulation. 

Mercury was collected at the bottom of 
the column in a conical pot, near the top 
of which the mercury-water interface was 
maintained. The pot and the fittings below 
it were also insulated. 

Water entered the bottom calming 
section of the column through two vertical 
14-in. pipes on opposite sides of the column. 
The water level in this section was main- 
tained at the ends of these pipes. Water 
from the calming section flowed under a 
weir and then upward through the column, 
around the mercury nozzle, and out through 
two 14-in. pipes located on opposite sides 
of the annulus. In a few runs a cylinder 
made of 100-mesh stainless steel screening 
was placed at the top of the column as 
shown by the dotted lines in Figure 2. 


MEASUREMENTS 


Temperatures 


Temperatures were measured with 30- 
gauge copper-constantan thermocouples. 
The probes for these thermocouples were 
pieces of %-in. O.D. stainless steel tubing, 
sealed at their inner ends. The thermocouple 
junctions, which extended about % in. 
beyond the insulation, were mounted in 
the tips of the probes with about \% in. of 
soft solder. 

The thermocouples were checked against 
a standard thermometer before being 
placed in the equipment; however several 
were also calibrated in place, since they 
were in electrical contact with the equip- 
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ment. All thermocouples were connected 
to a 16-point Brown Electronik Recorder 
with a range of 60° to 220°F. 

Figure 2 shows the locations of the 
thermocouples in the column. Mercury 
thermocouples were located inside the 
nozzle and below the collecting pot. Inlet 
water temperatures were measured in both 
inlet pipes, the thermocouple that measured 
the temperature of the water at the bottom 
of the column being located 14 in. above 
the mercury interface and midway between 
the center line and the wall of the column. 
The water temperature at the top of the 
column was measured with a thermocouple 
located outside the stream of mercury 
drops and 1 in. below the mercury nozzle, 
with another thermocouple approximately 
2 in. above the face of the mercury nozzle. 
Water temperatures were also measured in 


(a) 


the middle of the center sections, when they 
were used. The three thermocouples which 
entered the column through the glass walls 
extended through rubber stoppers; the 
others entered the column through packing 
glands or drilled pipe plugs. 

A differential-thermocouple pair was used 
to measure the difference in temperature 
between the mercury and water at the 
bottom of the column. A Rubicon high- 
precision potentiometer was used with this 
pair. When the flow of mercury was suddenly 
stopped, the differential couples indicated 
that the temperature difference could be 
determined from the Brown recorder 
readings with an uncertainty of only 0.1°F, 
However under normal operating conditions 
the water-temperature variations were such 
that satisfactory readings could not be 
obtained with the differential thermo- 


(d) 


Fig. 3. Photographs of center section of column showing relative drop sizes for different 

nozzle designs: (a) average drop size 0.042 in., column 1 in. in diameter by 19.4 in. long, 

nozzle 21 holes by 0.031 in. in diameter; (b) average drop size 0.115 in., column 1 in. in 

diameter by 19.4 in. long, nozzle 5 holes by 0.089 in. in diameter; (c) average drop size 

0.027 in., column 2 in. in diameter by 19.4 in. long, nozzle 29 holes by 0.032 in. in diameter; 

(d) average drop size 0.10 in., column 2 in. in diameter by 19.4 in. long, nozzle 9 holes by 
0.070 in. in diameter. 
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Fig. 4. Photographs of center section of 
column showing streaks due to velocity 
effect: (a) average drop size 0.042 in., 
column 1 in. in diameter by 19.4 in. long 
nozzle 21 holes by 0.031 in. in diameter; 
(b) average drop size 0.027 in., column 
2 in. in diameter by 19.4 in. long, nozzle 
29 holes by 0.032 in. in diameter. 


couples and the manually operated poten- 
tiometer. Since the 16-point recorder could 
also be used to indicate continuously, but 
not record, any one of the points, the water 
temperature was often determined from 
periodic observations of the indicated 
temperature. Each day before the equip- 
ment was operated, the readings of the two 
thermocouples at the bottom of the column 
were checked to see that they were the same. 


Water Flow Rate 


The water flow rate was measured with a 
Fischer and Porter Flowrator, having a 
range of 0.06 to 0.6 gal./min. The Flowrator 
calibration was checked periodically and 
found to be accurate to within 1%. The 
water flow rate did not fluctuate more than 
0.01 gal./min. at a flow rate of 0.6 gal./min. 
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Mercury Flow Rate 


Mercury flow rates were indicated by an 
orifice flowmeter which was used to set 
and maintain a steady flow; however the 
time-volume relationship for the mercury 
collected in the receiver was used to deter- 
mine the actual flow rate. Over the range 
used, the volume of the receiver was known 
to within 1%. Because of movement of 
mercury in the tank, temperature variations 
in the mercury, and uncertainties in reading 
the level indicator, the flow rates were 
estimated to be uncertain by approximately 
207 


Drop Sizes 


Figures 3a through 3d are prints of a few of 
the photographs which were used to deter- 
mine drop size. Mercury drops were photo- 
graphed at a minimum of four mercury rates 
in each column and with each nozzle. These 
pictures were not taken during actual heat 
transfer runs but were made under similar 
temperature conditions. 

Owing to distortion by the curved walls 
of the columns only vertical dimensions of 
the drop images were measured. The 
measurements were made on images which 
had been projected to about thirty times 
actual size. Between thirty and _ ninety 
measurements were made from each picture, 
depending on the total number of drops and 
the variation in their sizes. Under some 
conditions a number of very small drops 
were observed in the columns. These drops, 
which usually represented less than 1% of 
the mercury in the column and which 
appeared to remain fluidized, were not 
measured. 

The maximum variation of apparent drop 
size with distance from the camera was 
5% with the 2-in. columns and 3% with the 
1-in. columns. This effect tends to be self- 
compensating when average dimensions are 
determined. Drop-size measurements were 
limited by the sharpness of the images. This 
caused an uncertainty of about 10% for the 
smallest drops and about 5% for the larger 
ones. The drop sizes produced by the five- 
and the one-hole nozzles are uncertain 
beeause of the irregular shapes of the larger 
drops 


Drop Velocities 


Drop velocities also were obtained from 
photographs. The pictures were taken at 
an exposure time of 0.0033 + 0.0001 sec. 
The drop images were elongated as a result 
of their motion. A small light reflection or 
high light was produced on one side of each 
drop, and the vertical length of these high 
lights was measured to determine drop 
velocities. Sample pictures are shown in 
Figure 4. 

The velocity pictures were taken during 
special runs which duplicated the tempera- 
ture conditions encountered during the heat 
transfer runs. These pictures were taken in 
the 19 3<-in. columns only, but the results 
are assumed to apply equally well to the 
shorter columns. A minimum of four 
mercury rates were photographed with each 
nozzle. Between 100 and 250 measurements 
were made from each picture depending on 
the number of drops in the column. These 
measurements were taken from images 
projected to about thirty times actual size. 
The shutter speed was checked after every 
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TaBLeE 1. Spray-CoLUuMN DIMENSIONS 


Length Height of 
of center top calming 


Diameter, Length, section, section, 
in. in. in. in. 
1 13144 omitted 334 
1(Special) 1314 omitted 334 
(with 1 in. 
diam. 100 
mesh screen 
cylinder) 
1 193¢ 6 334 
2 1314 omitted 234 
2 193¢ 6 234 
2 (Special) 193<¢ omitted 6 


TaBLeE 2. Deratts 
(FLUOROTHENE Puates, 4 1n. Tuck 


AND 4 IN. DIAM.) 


Layout of 
holes, in. 


Diameter of 
holes, in. 


Number 
of holes 


With 1-in.-diameter columns 


0.0225 3/32 sq. pitch 

21 0.031 3/16 sq. pitch 

21 0.042 3/16 sq. pitch 
16 0.046 3/16 sq. pitch 
12 0.055 14 sq. pitch 
9 0.063 sq. pitch 
5 0.089 5/16 sq. pitch 
1 0.189 centered 


With 2-in.-diameter columns 


113 0.016 5/32 sq. pitch 
29 0.032 sq. pitch 
64 0.046 3/16 sq. pitch 

9 0.070 lg sq. pitch 


series with the aid of a photoelectric cell 
and a cathode-ray oscilloscope. 

The lengths of the high lights could not 
be measured more accurately than by about 
+7%, because the edges of the images were 
not sharp. Variations in the distance between 
the camera and the drops made the magnifi- 
cation factors uncertain by as much as 5% 
for isolated drops, but this effect could be 
considered to cancel itself when average 
velocities were determined. 


Water-Phase Movement 


To study movements of the water phase 
during the operation of the columns, the 
authors injected dye in the water at one of 
four different locations: in the inlet water 
ahead of the column, in the outlet water at 
the position normally occupied by the outlet 
water thermocouple, in the top calming 
section, and in the middle of the column. 
A Fastex motion picture camera was used 
to record some of the observations. Most 
of the motion pictures were taken at a film 
speed of 1,500 frames/sec. 


EXPERIMENTAL RESULTS 
Heat Transfer Data 
Typical temperature data are shown 
on Figure 5, the complete experimental 
data being presented in reference 6. 
Temperatures were recorded after 
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} 
(d) 


steady state conditions had been attained. 
The temperature profiles indicated on 
Figure 5 are qualitative, because the 
mercury temperature was determined 
only at inlet and outlet conditions and 
the water temperature only at the column 
ends except in the longer columns. The 
marked discontinuity in the temperature 
of the water entering the column was 
noted in all the runs. 


Heat Transfer Calculations 


Logarithmic-mean volumetric heat 
transfer coefficients were calculated by 


que 


Ua = Far. 


(1) 


where 


AT im 


nr 
q = (4) 
H ; H 
6 (d’) 


Heat transfer coefficients on an area 
basis were determined by the division of 
the volumetric coefficients by the factor a. 


DISCUSSION OF RESULTS 


Heat Transfer 


Three quantities, g, V, and AZ, were 
used in the calculation of the volumetric 


= (THe) ry POP (Tue) our + (Tu.0) zor 


In (Lie) 1w (Tu,0) rop 
(Tu.)our 807 


Drop-velocity and drop-size data were 
used to determine mercury holdup, 
H, and area factors, a. The volumetric 
holdup is defined by 


(2) 


The following expression was used simul- 
taneousl, with Equation (2) to determine 
Oy and H: 


Equation (8) says that the relative ve- 
locity of the mercury droplets through- 
out the column is independent of the 
water flow rate. This is not necessarily 
true, but since the water-velocity term 
in Equation (3) was usually less than 
one tenth as large as d, the effect on iy, 
should be small. 

Area factors were determined from 
mercury holdup by Equation (5) 


210 


MERCURY 


TEMPERATURE (°F) 


90} 4 
Tn 
TOP END BOTTOM 
CALMING 


SECTION 
COLUMN LENGTH 


Fig. 5. Apparent temperature profiles in 
column. 
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heat transfer coefficients. The heat rate 
was calculated from the mercury data. 
This value could not be checked with 
the water data because of heat losses from 
the system. The water energy gain 
averaged about 7% lower than the 
energy loss for the mercury, but at the 
highest water temperatures the water 
heat values ran between 15 and 20% 
low. The greatest possibility of error in 
the values of qx, is that the mercury 
passing through the outside holes in the 
nozzles might have been cooler than the 
mercury at the center where the tem- 
perature was measured. Since the nozzle 
assembly was insulated and heat transfer 
data were taken at steady state, the 
errors in the heat term are probably 
small. 


WILLIAMS® 


NUSSELT NUMBER, 


a COL COLUMN 4 
DIA, LENGTH, 
IN. INCHES 
Oo} 13-1/4 
ai 19-3/8 
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2 13-1/4 
O2 19-3/8 
O 2 19-3/8- (WITH 
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The temperature potential AT,y, is 
the most uncertain quantity. The tem- 
perature difference at the bottom of the 
column AT;97 was difficult to measure 
because fluctuations in (7'y,0)z07 Were 
large compared with AT'gor. The mean 
deviation in ATgz07 for most runs was 
about 50%. Under some conditions the 
mean deviation was greater than 100%, 
but generally no coefficients were deter- 
mined from these runs. 

The use of logarithmic mean tempera- 
ture difference in the heat transfer 
calculations is valid only when the inte- 
gral (dqg/AT) is equal to g/AT,m. This 
quality exists when AT is a linear function 
of g. In these experiments the mercury 
temperature is linear with the heat 
transferred. Since water temperatures 
are affected by recirculation and heat 
losses, their relationship to q is not 
necessarily linear, but they appear to be 
approximately linear with the heat trans- 
ferred. If both the mercury and water 
temperatures are linear with g, the tem- 
perature difference is also linear with q. 

The accuracy of the area heat transfer 
coefficients is also dependent upon the 
drop velocity and drop size as well as 
the heat transfer data. Examination of 
the photographs indicated that drop sizes 
and velocities for the same operating 
condition agreed to within 10%. Since 
the area factors are inversely proportional 
to velocity and drop diameter [Equa- 
tions (2) and (5)], a given percentage error 
in either vy or d would result in the same 
percentage error in the heat transfer 
coefficient. 

If the resistance to heat transfer is 
assumed to be principally in the water 
phase, the variables affecting the heat 
transfer coefficient can be treated by 
dimensional analysis. Equation (6) re- 
lates the variables which are assumed to 
affect the heat transfer coefficients 
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TaBLe 3. SampLe Resutts 


H a, 
Py Re 


Column: 1 in. diam. X 13-14 in. long 
Nozzle: 21 holes X 0.031 in. diam. 


2,000 54.8 0.045 1.65 4.4 830 43.1 2.51 38.5 
3,500 36.6 0.043 1.6 3.¢ 950 49.5 4.43 71.8 
3,500 54.8 0.043 1.6 3.9 900 44.6 4.54 73.7 
3,500 73.2 0.043 1.6 4.0 880 42.4 4.67 75.7 
3,500 91.4 0.043 1.6 4.3 810 36.7 4.80 77.8 
3,500 109.8 0.043 1.6 4.7 750 32.4 4.93 80.0 
5,000 54.8 0.040 1.55 3.8 770 35.8 7.08 121.4 
(Special runs using 100 mesh screen cylinder in column) 
2,000 54.8 0.045 1.65 5.2 730 33.2 2.51 38.5 
3,500 54.8 0.043 1.55 4.8 750 31.3 4.54 73.7 
5,000 54.8 0.040 1.55 4.4 680 27 .6 7.08 121.4 
Column: 1 in. diam. X 13-14 in. long 
Nozzle: 9 holes X 0.063 in. diam. 
3,500 36.6 0.094 2.1 ae 2230 507 3.43 25.8 
3,500 54.8 0.094 2.1 3.9 2110 455 3.50 26.3 
3,500 73.2 0.094 2.1 3.9 2110 455 3.57 26.8 
3,500 91.4 0.094 2.1 3.8 2170 480 3.65 27 .4 
3,500 109.8 0.094 2.1 4.0 2060 433 3.73 28.0 
5,500 54.8 0.094 2.1 3.6 2330 550 5.50 41.3 
(Special runs using mesh screen cylinder in column) 
3,500 54.8 0.094 2.1 4.7 1800 3.50 26.3 
4,500 54.8 0.094 2.1 4.3 1930 486 4.50 33.8 
Columns: 1 in. diam. X 19-3 in. long 
Nozzle: 21 holes X 0.031 in. diam. 
2,000 54.8 0.045 1.65 4.7 780 37.9 2.51 38.5 
3,500 54.8 0.043 1.6 4.4 810 36.5 4.54 73.0 
5,000 54.8 0.040 1.55 4.1 740 32.4 7.09 121.4 
Column: 2 in. diam. X 13-14 in. long 
Nozzle: 29 holes X 0.032 in. diam. 
900 18.4 0.048 2.6 4.4 1420 49.2 0.73 10.7 
1,400 18.4 0.04 26 3.9 1600 62.4 1.14 16.7 
Column: 2 in. diam. X 19-3 in. long 
Nozzle: 29 holes X 0.032 in. diam. 
900 18.4 0.048 2.6 4.4 1440 51.2 0.73 10.7 
1,400 18.4 0.048 2.6 4.0 1560 58.7 1.14 16.7 
Column: 2 in. diam. X 19-34 in. long (with special top head) 
Nozzle: 29 holes X 0.032 in. diam. 
900 18.4 0.048 2.6 4.8 1310 42.0 0.73 10.7 
1,400 18.4 0.048 2.6 4.4 1440 50.0 1.14 10.7 


Some values of the dimensionless groups 
in Equation (6) are listed in Table 3. 
The physical properties of water at a 
temperature midway between T'7op and 
Tor Were used to evaluate these groups. 
The mean slip velocity could not be 
measured but was assumed to be equal 
to the average drop velocity at zero 
water rate. The nature of the relationship 
between the dimensionless groups of 
Equation (6) could not be determined, 
however, because the drop diameter, 
which appears in nearly all the groups, 
was the only variable which could be 
independently controlled. 

Reynolds and Nusselt numbers from 
all the columns and nozzles are plotted 
in Figure 6 along with the correlations of 
Kramers (4), Ranz (6), and Williams (8) 
for heat transfer from single stationary 
spheres. The Prandtl number for the 
three correlation lines in the figure was 
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4.3, while that for the data points varied 
from about 3.7 to 5.0. The data on this 
plot indicate that the heat transfer coefhi- 
cients for the 19-in. columns are about 
20% lower than those in the 13-in. 
columns. The effects of column diameter, 
height of top calming section, and mixing 
in the top section on these coefficients 
appear slight. 

Heat transfer results at varying water 
rates (Table 3) indicate that both volu- 
metric and area heat transfer coefficients 
increase only slightly with increased 
water rates. 

Water-Phase Dynamics 

For nearly every heat transfer run the 
temperature difference [(Tu,0) 
(Tu,0)r1v] was much greater than the 


temperature difference 
(Tu,0)z07r], Which indicates that the 
heat transfer coefficients were a relatively 
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U 
Ua X 10-3, (= hz,o), 
B.t.u. B.t.u. 


xX 10-* vol. % sq. ft./cu. ft. (hr.)(cu. ft.)(°F.) (hr.)(sq. ft.)(°F.) Nu 


19.3 502 5.2 
31.5 439 4.3 
33.8 459 4.5 
35.6 470 4.6 
35.6 458 4.5 
40.3 504 6.9 
48.3 399 3.6 
16.0 416 4.3 
29.8 405 4.2 
46.7 386 3.9 
30.1 1170 24.8 
30.0 1140 24.2 
31.2 1160 24.6 
31.4 1150 24.4 
32.1 1150 24.4 
47.2 1110 23.8 
28 .2 1070 22.8 
39.0 1160 24.7 
13.5 347 3.6 
23.3 316 3.1 
33.4 275 2.5 

8.13 762 8.3 
12.65 760 8.3 

5.9 553 6.0 

9.8 587 6.4 

5.6 523 5.7 

8.7 521 5.7 


minor factor influencing the total heat 
transferred to the incoming water. 

The unexpectedly high values of 
(Ty,0)z07r Were not due to the fact that 


4. Maximum Water VELOcITY 
IN THE CENTER SECTION OF THE 1-IN- 
IAMETER 93¢-in.-LoNG Spray COLUMN 

D X 193% Lone Spray CoLtuMN 


Net Water Flow Rate: 
0.12 cu. ft./(sq. ft.)(sec.) 

54.8 gal. /(min.)(sq. ft.) 
Velocity, 
ft. /sec. 


Up Down 


Drop size, Mercury rate, 
in. |b. /(sq. ft.)(min.) 


0.042 2,600 1.6 0.2 
0.042 4,600 2.5 0.3 
0.042 5,700 2.0 1.6 
0.092 2,600 1. 0.4 
0.092 4,600 2.0 0.6 
0.092 5,700 2.0 2.0 
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the thermocouple measuring the tem- 
perature of the water at the bottom of 
the column was overheated by contact 
with the falling mercury. This was demon- 
strated by the variation of the location of 
the thermocouple. 

The effects of column diameter and 
variation in height of top calming section 
on the heat transfer coefficients were 
negligible. The data taken in the 1-in. 
column with the 100-mesh screen cylinder 
below the mercury nozzle showed larger 
temperature discontinuities than data 
taken without the screen. Probably the 
increase in the temperature 7,97 Was 
an indirect result of an increase in the 
water temperature under the mercury 
nozzle caused by the reduced circulation 
in this region. Since the thermocouple 
which measured Trop was located just 
outside the screen, the true top water 
temperature was probably slightly higher 
than that measured. The location of 
this thermocouple, outside the mercury 
stream, was shown to be satisfactory 
when the screen was not present but was 
not verified for the runs with the screen. 

The sharp rise in water temperature at 
the water inlet was caused by the mixing 
produced by turbulence in and internal 
recirculation of the water phase. This 
was evident in both the motion pictures 
and in the drop velocity pictures. The 
principal upward flow of water bypassed 
the falling mercury drops. This rising 
stream of water continually shifted 
around the column but generally passed 
along one side opposite the flowing mer- 
eury. Thus two countercurrent streams 
of water flowed in the columns. Table 4 
lists maximum upward and downward 
water velocities determined from six of 
the motion pictures. All the water in the 
columns was observed to undergo con- 
siderable recireulation during the flow of 
mercury. Even water near the inlet and 
outlet water pipes recirculated to and 
from the vicinity of the drops. The pic- 
tures of dye movements showed relatively 
little mixing between the rising and 
falling streams of water. Since horizontal 
mixing appears slight, an appreciable 
resistance to heat transfer might exist 
between water flowing concurrently with 
the mercury drops and that bypassing 
them. Three heat transfer observations 
indicated that this resistance might be 
important in the mercury-water columns: 


1. Over-all heat transfer coefficients 
decreased with increased column length. 
This would result if the heat transfer 
resistance between the countercurrent 
water streams was relatively large, so 
that a large portion of the total heat 


transfer occurred at the ends of the 
columns were the contact was more 
complete. 


2. Variation ‘in volumetric heat trans- 
fer coefficients with drop size is less than 
would be expected as a result of the 
increased mercury surface area. 
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3. Temperature discontinuities which 

were observed in the 13- and 19-in. 
columns were almost identical. 
If heat transfer to the bypassing water 
were an important mechanism in these 
experiments, the mercury temperature 
profile presented on Figure 5 would not 
be correct, because the mercury temper- 
ature would drop more rapidly. The 
average water-temperature profile would 
be the same, because it was average 
water temperatures that were measured. 
Figure 7 may more nearly represent the 
true temperature profiles, which were ob- 
tained by assuming the double water 
profiles shown and estimating the mer- 
eury profile from the heat transfer data 
for fixed spheres. 


CONCLUSIONS 


Extremely rapid heat transfer was 
experienced between the dispersed phases 
in the mercury-water columns. The major 
transfer resistance was within the bulk 
of the water phase. Heat transfer results 
did not vary appreciably with minor 
changes in column design nor between 
l-and 2-in—diam. columns, but the 
column efficiencies decreased markedly 
with increased column length. 

This study has illustrated that flow 
patterns can greatly limit the efficiency 
of liquid-liquid spray columns. The 
columns were found to operate with a 
stream of water flowing with the falling 
mercury drops and with the principal 
upward flow of water bypassing the 
drops. This flow pattern produced a 
discontinuous rise in the temperature of 
the water entering the columns. The 
sharp change in water temperature pre- 
vented the outlet mercury temperatures 
from approaching the inlet water tem- 
peratures as a limit. Similar phenomena 
have been observed recently in organic- 
water, mass transfer systems (4). but the 
effect has been overlooked in most spray 
column studies. 
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NOTATION 


a = surface area of drops per unit 
column volume, sq. ft./cu. ft. 


c = specific heat, B.t.u./(lb.) (°F.) 

D = diameter of column, ft. 

d = diameter of drop or particle, ft. 

f = operator signifying function of, 
dimensionless 

g = acceleration due to force of 
gravity, ft./sec.? 

H = volumetric fraction holdup of 
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discontinuous phase, cu. ft./cu. 
ft. 


h = heat transfer coefficient, B.t.u./ 
(hr.)(sq. ft./°F.) 

k = thermal conductivity, B.t.u./hr. 
sq. ft. (°F./ft.) 

L = column length, ft. 

N= number of drops entering column 
per unit time, sec.~! 

Ny, = Nusselt number, h,.d/k,, dimen- 
sionless 

n = number of particular drop in 
column or number of drops in 
the column, dimensionless 

Np, = Prandtl number, (cu/k),, di- 
mensionless 

q = rate of heat transfer, B.t.u./hr. 

R  =mass rate of flow mercury per 
unit area, lb./(sq. ft.) (sec.) 

Ne. = Reynolds number, dv,p,/u,, di- 
mensionless 

S = inside sectional area of empty 
column, sq. ft. 

T = Temperature, °F. 

U-— = overall heat transfer coefficient, 


B.t.u./(hr.) (sq. ft./°F.) 
V effective column volume, cu. ft. 


v = velocity, ft./sec. 

W = volume rate of flow of water per 
unit area, cu. ft./(sq. ft.) (sec.) 

m = coefficient of viscosity, lb./(ft.) 
(sec.) 

p = density, lb./cu. ft. 

= digp,(p1 — p-)/u,2, dimensionless 


Bar over a symbol = arithmetic average 
value 


Subscripts 

BOT = bottom of column 

c = continuous phase 

d = dispersed phase 

H = holdup 

LM = logarithmic mean value 
n = particular drop 

0 = zero water flow rate 

8 = slip or contact velocity 
T = total 
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Flow Characteristics in Horizontal 


Fluidized Solids ‘Transport 


CHIN-YUNG WEN and H. P. SIMONS 


West Virginia University, Morgantown, West Virginia 


The flow characteristics of dense solid-gas mixtures transported through horizontal 
pipes were studied with glass beads and coal powders of various sizes (0.0028 to 0.0297 
in.) in 1/2-, 3/4- and 1-in. glass pipes and a 1/4-in. steel pipe. Fluidized-bed feeders were 
utilized, thus permitting solid-gas ratios considerably higher (range 80 to 750) than those 
possible with conventional pneumatic transport. When such high solid-gas ratios are 
used, the flow of mixtures in transport lines is characterized by a large amount of slippage 
between gas and solids. The flow pattern is discussed on the basis of visual observation 


through glass pipes. 


A simple and interesting velocity relationship was noted, namely that the average gas 
velocity is about twice as large as the average solid-particle velocity. The solid-particle 
velocities and solid loadings in the pipe line were found to be primary factors affecting 
pressure drops, and the particle sizes and shapes, on the other hand, exerted a very slight 
effect on the pressure drops. This is apparently due to the fact that the solids move pre- 
dominantly in the bottom of the pipes as agglomerated masses rather than as individually 
suspended particles. A pressure-drop correlation for the dense solid-gas mixtures is 
proposed, and applications and limitations of the correlation are shown. 


Although pneumatic conveying of 
granular solids has been practiced for 
many years, the use of fluidized-bed 
feeders is a relatively recent development. 
Characterized by high solid-gas ratio 
mixtures at comparatively high pipe-line 
capacities (1, 2, 11), this use permits an 
operation at much lower cost than con- 
ventional pneumatic conveying (//). 
The technique has found many interesting 
applications, and like many other chem- 
ical engineering developments it is in 
extensive use even though its exact 
nature—in this case the nature of the 
flow—is not completely understood. Re- 
cent studies have recognized the impor- 
tance of particle velocity, density, and 
rheological behavior of solid-gas systems; 
however the difficulty of accurately 
measuring these quantities has precluded 
the establishment of a clear picture of 
the mutual relations in solid-gas flow 
phenomena. It is the purpose of the pre- 
sent investigation to study the flow 
patterns of dense solid-gas systems, 
particularly the interrelationship of solid 
and gas velocities, solid-gas ratio, and 
pressure drop in horizontal transport lines. 


In earlier works the study of solid-gas 
flow was limited to the pneumatic conveying 
of a few specific materials of relatively large 
particle size. Giasterstadt (7) found that 
the specific pressure drop was related to 
the solid-gas ratio, and Cramp and Priestley 
(6) developed an empirical relationship 
for determining the pressure drop for 
pneumatic conveying in the vertical duct. 
Wood and Bailey (16) reported that at high 
solid-gas ratios the system became non- 
homogeneous, with greatly differing flow 
characteristics from the lean solid-gas 
flow. The pressure-drop data for both 
horizontal and vertical pneumatic trans- 
port lines were correlated by Vogt and 
White (75) by dimensionless groups. Belden 
and Kassel (3) expressed total pressure 
drop as the sum of the static and friction 
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terms which had previously been combined 
into one term by Vogt and White. Their 
findings indicate that the pressure drop is 
nearly independent of tube-diameter—par- 
ticle-diameter ratio. Hariu and Molstad (8) 
were able to report average particle velocity, 
slip velocity, and solids static pressure by 
means of a dispersed-solids-density calcula- 
tion. Particle velocities have been studied in 
lean phase flow by Khudyakov and Chuk- 
hanov (10), Uspenskii (14), Clark, et al. 
(5), Mehta (12), and Hinkle (9). However 
most of these studies are not directly 
applicable to dense-phase transport. Since 
the particles in dense solid-gas systems tend 
to precipitate and move along the bottom 
of the pipes, it is apparent that the flow 
pattern must be greatly different from 
pneumatic transport, in which most of the 
particles are carried in suspension. Using 
fluidized-bed feeders, Albright, eé al. (1, 2), 
measured pressure drops for powdered-coal 
systems at comparatively high solid load- 
ings. Koble, et al. (11), and Carney (4) 
reported pressure-drop data for dense- 
phase solids transport as well. Their corre- 
lations were however tentative, and no 
generalization for prediction of the pressure- 
drop or solid-delivery rate resulted. 


EXPERIMENTAL 


Figure 1 is a diagram of the experimental 
unit. Solids charged to the hopper could be 
added continuously to the fluidizer by 
means of valve 3. When a suitable quantity 
of solids had been charged into the column 
(until a bed height of approximately 2.5 ft. 
was attained), air was introduced through 
the conical adaptor to the bottom of the 
fluidizer column, and the solid particles 
were fluidized. The plug valves (4) were 
opened, and the solid particles allowed to 
flow through the pipe. With steady state 
conditions attained, the solids were collected 
in the receiver (2) and the time was noted 
for collection. The carrier air, separated 
from the solids at the receiver (2), was 
measured by a dry test meter. The pressure 
drop for transport across the pipe section 


A.1.Ch.E. Journal 


was recorded by the Foxboro type of 
differential pressure recorder. At the end 
of the run the two plug valves (4); one at 
the entrance and the other at the exit end 
of the pipe, were closed simultaneously, 
the solids holdup in the pipe being dis- 
charged by the blowing of air through the 
test section, and the collected solids were 
weighed. The fluidized-solids level in the 
fluidizer was maintained as constant as 
possible during the operation by the con- 
tinuous addition of solids from the hopper. 
Preliminary tests indicated that the solids 
flow rate remained constant within the 
limits of experimental error throughout the 
entire period of the run. The solids flow rate 
as well as solid-gas ratio were varied by 
changing the pressure in the fluidizer and 
the fluidizing air rate. Since the pressure 
drops in such dense solids-gas flow fluc- 
tuated, in some cases considerably, the 
integrated average pressure drops were 
evaluated by a planimeter and the charts 
from the differential-pressure recorder for 
the entire period of the run. Flow data* 
were collected for a total of approximately 
200 runs with glass beads of 0.011-, 0.0058- 
and 0.0028-in. diameter and coal powder 
of 0.0297-, 0.0197-, and 0.0044-in. diameter, 
flowing through 0.5-, 0.75-, and 1.0-in. 
I.D. glass pipes and 0.364-in. I.D. steel 
pipe. The glass beads were essentially 
spherical. The average diameter of the coal 
particles was determined by screen analysis; 
the solid particles were periodically in- 
spected under the microscope, and no 
appreciable attrition was observed. The 
densities of the glass beads and coal powders 
were 156 and 81 lb./cu. ft. respectively. 


MODE OF FLOW 


Visual observation of the behavior of 
solids motion in a glass pipe indicated 
that there may be four modes of flow by 
which the solid particles travel. Since the 
solid particles are quite uniformly dis- 
persed throughout the fluidized bed 
before they are introduced into the pipe, 
the particles in the early section of the 
transport line, immediately adjacent to 
the fluidizer, appear to be evenly distri- 
buted (Figure 2a). The particles are 
accelerated to their terminal velocities in 
this section and thereafter will tend to 
settle in the bottom portion of the pipe, 
forming dunes as shown in Figure 2b. 
Because of particle settling, solids holdup 
in this section of the pipe will be larger 

*Tabular material has been deposited as document 
5913 with the American Documentation Institute, 
Photoduplication Service, Library of Congress, 


Washington 25, D. C., and may be obtained for 
$2.50 for photoprints or $1.75 for 35-mm. microfilm. 
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Fig. 1. Schematic diagram of equipment. 


than in the early section, and conse- 
quently the average particle velocity in 
such moving dunes is less than when the 
particles are in true suspension. Solids 
flow takes place by way of moving from 
one dune to the next, undergoing decelera- 
tion and acceleration alternatively. The 
distance between the dunes, which de- 
pends on the solids flow rate as well as 
gas flow rate, varies from several inches 
to several feet. In high velocity flow the 
dunes either do not form or appear only 
at the exit end of the pipe. For most runs 
made in I-in. glass pipe, the length of 
the pipe through which no precipitation 
of the particles occurred was approxi- 
mately 3 ft. In low-velocity flow the 
dunes are formed more readily, and length 
and height of the dunes are correspond- 
ingly larger. As the solid loadings increase, 
the dunes grow, sometimes almost to the 
same height of the pipe diameter, and 
small ripples will appear traveling along 
the top of the thick solid layer, the 
greater portion of which is practically 
stationary. This is shown in Figure 2d. 
Further increase of solid loadings will 
eventually result in complete blockage of 
the transport line. 

Sometimes, depending on the nature of 
solids and solid-gas ratio, intermittent 
flow of gas and solids in alternate slugs 
will occur, rather than dune formation 
(Figure 2c). The pressure drops over the 
transport line are then unstable, a 
condition which is reflected in consider- 
able fluctuation on the manometer. 


AVERAGE SOLID AND GAS VELOCITY 


Under such irregularities in flow, 
particle velocities must be expected to 
vary considerably across the pipe cross 
section. Moreover the velocities also 
change from one point to the next along 
the pipe, even after the particles have left 
the supposed acceleration region. Con- 
sequently it is only logical to express the 
particle velocity as the average velocity 
of all the particles for the entire length 
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Fig. 2a. High velocity flow or near inlet 
section. 


Fig. 2b. Segration of particles and dunes 
formation. 


Pace: 


Fig. 2c. Intermittent flow of gas and solids 
in alternate slugs. 


— 


Fig. 2d. Low velocity flow; solid ripples 
travel along the top of stationary solid layer. 
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Fig. 3. Dispersed solid density and apparent 
over-all solid-gas mixture density. 
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of transport line under consideration. 
From the equation of continuity 


a, = Pas U, (1) 


where the dispersed solid density may be 
calculated from the experimental meas- 
urement of the solid holdup in the trans- 
port lines. If W, is the weight of solids 
retained in the pipe line of length L, 
then py, = W,/(rD,2/4)L. If the solid 
mass velocity, is known, the average 
particle velocity can be evaluated from 
Equation (1). 

The relationships between the dispersed 
solid density and the apparent over-all 
solid-gas mixture density for coal particles 
and glass beads are shown in Figures 3 
and 4, The apparent over-all solid-gas- 
mixture density was obtained by dividing 
the weight of solid collected by the total 
volume of solid-gas flow. Figures 3 and 4 
indicate considerable slippage between 
gas and solid in the dense solid-gas flow. 
Had there been very little or no slippage 
between the gas and the solids, py, would 
be nearly equal to W,/V. For coal 
particles as well as glass beads 


pas = K(W./V) (2) 


where k, varies between two and three, 
corresponding to particle diameters of 
0.0044 to 0.0297 in. an indication that 
pas depends only slightly on particle 
diameter. The effect of solids mass 
velocity on particle velocity is shown in 
Figures 5 and 6. By means of a cross plot 
at a constant particle velocity the solids 
mass velocity can be shown to vary with 
the minus 0.7 power of the pipe diameter. 
Based on this relation, an empirical corre- 
lation between particle velocity and solid 
particle densities is presented in Figure 7. 
While it has been demonstrated that the 
particle velocity depends on solid mass 
velocity, pipe diameter of transport line, 
and the solid particle density, no con- 
sistent effect of solid-gas ratio has been 
found. Since the correlation is not 
dimensionless, it must be borne in mind 
that not all the effects of either solid or 
fluid upon particle velocity have been 
considered; however the correlation pre- 
sented in Figure 7 serves to predict the 
approximate particle velocity of which 
direct measurement is not practicable. 
The average linear gas velocity in 
transport line can be found similarly 
from the continuity equation for the gas, 


G, = Pda U, ( 3 


The dispersed gas density p,, is obtained 
from = W,/(4D,2/4)L = (1 — pas/Ps) 
p,. Previous workers evaluated the gas 
velocity based on the empty pipe, but 
this is an approximation which holds 
only where the volume occupied by the 
solid in the lines is negligible. In the 
dense solid-gas flow system the solids 
occupy a large portion of the total flow 
space; the linear gas velocity therefore is 
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Fig. 4. Dispersed solid density and apparent 
over-all solid-gas mixture density. 


much greater than the superficial gas 
velocity. 

The extent of slippage between gas and 
solid is shown in Figure 8, in which the 
solid velocity is plotted against the gas 
velocity. An arithmetic average of en- 
trance and exit gas velocity was used in 
the plot, owing to the expansion of the 
gas in the transport line. Figure 8 indi- 
cates the gas velocity to be approximately 
twice as large as the solid velocity 
independent of particle sizes. Thus 


(4) 


The data of Hariu and Molstad (8) in 
vertical transport, which resemble the 
dense solid-gas flow, are also included for 
comparison. It is interesting to note that 
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C,A,p, AU’ 

AP, = — 8 
D2/4) 
Using the modification of the Fanning 
friction factor, one can express AP; by 


AP, = packs (9) 


Since no significant difference in pressure 
drop was observed between the first and 
second 10-ft. test sections of the pipe, 
the solid particles were considered to 
have left the initial acceleration region. 
The values of AP; and AP; are calculated. 
The results indicate that for a 10-ft. 
section AP, is in no case larger than 
1.0% of the total pressure drop. If the 
transport line is long, therefore, the total 
pressure drop in dense solid-gas mixture 
can be estimated as equal to AP,, the 
friction of solid particles against particles 
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Fig. 7. Solids mass velocity and particle velocity. 


such a simple relationship exists between 
velocity of gas and solid in seemingly a 
very complex system. Since it is difficult 
to obtain accurate velocity data, the 
trend indicated appears to be significant. 


PRESSURE DROP 


For horizontal transport the total 
pressure drop may be expressed as 


AP, = AP... + 
+ AP, + AP; 


When the solid particles reach the 
terminal velocity 


(5) 


AP, = AP, + AP; (6) 
AP, may be evaluated by the equation 
AP, = G, AU/g (7) 


and is related to drag coefficient according 
to 
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The pressure drop is correlated empiric- 
ally by two dimensionless groups to the 
particle velocity (Figure 9). The trend 
can be represented by 


1/4 
ds Pp 


The effect of particle diameter or shape 
on the pressure drop is again proved to 
be very small in comparison with the 
solid dispersed density or solid loadings 
as well as particle velocity in the trans- 
port line. As previously pointed out, this 
is due to the fact that the solid particles 
travel predominantly in the bottom ot 
the pipes as agglomerated masses, and 
thus the effect of diameter and shape 
practically vanishes. The effect of pipe 
diameter is not apparent from the equa- 
tion, since p,, is also the function of pipe 
diameter. Mitlin (13) also reported that 
the pressure drop is practically inde- 
pendent of particle size and is governed 
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chiefly by weight of material in the line. 

Since air was the only fluid employed, 
the correlation is not dimensionless, and 
it should be noted that not all the effects 
on the pressure drop are taken into con- 
sideration in Equation (10). With Equa- 
tion (4) used, the solid-gas-ratio data 
reported by Koble (11) and Carney (4) 
for the ratios above 80 were recalculated 
and are shown on the same plot (Figure 
9) for comparison. Both investigators 
employed a }4-in. pipe. Their results seem 
to agree within experimental error with 
the proposed correlation. 

The deviation between the values 
reported by previous investigators is due 
probably to the method of pressure-drop 
measurement in the transport line. 
While some measured the static pressure 
difference between the fluidizer and the 
receiver, others determined the pressure 
drops through taps directly attached to 
the line. In addition to the inaccuracies 
caused by the entrance and exit losses in 
the former method of pressure-drop 
measurement, both methods may possibly 
be inflicted with inconsistencies due to 
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Fig. 8. Solid particle velocity vs. gas linear 
velocity. 


ported that pressure drop due to particle 
acceleration was a significant. fraction 
of the total pressure drop in the pneumatic 
conveying system. However in dense 
solid-gas flow of the type considered, the 
length of pipe necessary to reach terminal 
particle velocity, owing to the consider- 
ably large frictions exerted between the 
particles as well as with pipe walls, is 
probably much less than that expected in 
Jean solid-gas flow, such as in pneumatic 
conveying. In fact, owing to the segrega- 
tion of the solid particles in the bottom of 
the pipe at the downstream end of the 
transport line, the particles are subjected 
to repeated positive and negative acceler- 
ation, and therefore it is very difficult to 
determine over what length of pipe the 
particles are being accelerated or de- 
celerated. Another source of error is the 
considerable static electricity generated 
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while the solid particles are passed 
through pipes. The dryness of the carrier 
gas seems to affect this considerably, and 
proper grounding is necessary to minimize 
static effects, especially when a very dry 
gas and solid particles having poor 
electrical conductivity are used. 


APPLICATION 


The following illustrates the application 
of the developed correlation. 


Problem 


Coal powder (D, = 0.005 in. and p, = 
81 lb. cu. ft.) is to be transported from a 
fluidized bed to a gasification reactor 
through a horizontal pipe of 1-in. I.D. and 
10-ft. length for manufacturing synthesis 
gas. For a solid flow rate of 785 lb. /hr., 
estimate the amount of air required to 
transport the solid, the line pressure drop, 


The solid-gas ratio is 
R = G,/G, = 40/0.206 = 194. lb. solid/ 


lb. air 


The pressure drop is evaluated from Equa- 
tion (10): 
AP, = 2.5 X (1.85) &X 10 X 21.6 x 
(0.005): 
= 189 lb./sq. ft./10 ft. 


CONCLUSION 


The flow characteristics of dense 
solid-gas mixtures, introduced from a 
fluidized bed feeder into horizontal 
transfer lines, differ considerably from 
flow of lean solid-gas suspensions. It was 
observed that the solid particles tend to 
segregate in the bottom sector of the 
conveying pipe and travel as agglome- 
rated masses. Particle size and shape 
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the average solid particle velocity, and the 
average slip velocity. 
Solution 

The average solid-particle velocity can be 
obtained from Figure 7. 


Since G, = 785 X 144 X 4/(3600 X 
3.14) = 40 lb./sq. ft.-see. 


G,D,°:7 = 40 X 0.176 = 7.04 
p,U, = 150 it. 

U, = 150/81 -=" 1.85 
U, = 2 X 1:85 = 3:70 ft./sec. 


The average slip velocity is therefore 


AU = U, — U, = 1.85 ft./sec. 
pas = G,/U, = 40/1.85 = 21.6 lb. /cu. ft. 


Pia = (1 — pic/Ps)pa = (1 — 21.6/81) 
0.076 = 0.0557 lb./cu. ft. 
The gas mass velocity is 
G, = pa, = 0.0557 X 3.70 = 0.206 


lb./sq. ft.-see. or 4.04 lb./hr. 
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seem to have only a very slight effect on 
flow characteristics. Large slippages be- 
tween gas and solid particles in transport 
line were observed, and a simple relation- 
ship that the average gas velocity is 
about twice as large as the average solid- 
particle velocity was noted. Empirical 
correlations for predicting the solid- 
particle velocity and pressure drop in 
horizontal line are proposed. The length 
of pipe required for the solid particles to 
attain the terminal velocity is difficult 
to evaluate correctly, since the solids are 
subjected to repeated positive and 
negative acceleration. 

Although several points have been 
clarified by the results of the present 
investigation, the understanding of the 
problem of dense solid-gas transport is 
far from complete because of the com- 
plexity of the solids flow pattern, Hence 


June, 1959 


| 
Le 


-Ib. solid/ 


om Equa- 


21.6 


of dense 

from a 
10rizontal 
bly from 
is. It was 
s tend to 
yr of the 
agglome- 
nd shape 


zi 


Eq. (10) +1 


, effect on 
pages be- 
transport 
> relation- 
elocity is 
age solid- 
Empirical 
he solid- 
drop in 
he length 
urticles to 
s difficult 
solids are 
tive and 


ave been 
e present 
ng of the 
insport is 
the com- 
rm, Hence 


ne, 1959 


much. additional work is required before 
a conclusive generalization is in sight. 


NOTATION 


cross-sectional area of agglome- 
rated mass of flow in pipe (L?) 


C, = drag coefficient (no dimension) 

D, = average particle diameter (Z) 

D, = pipe diameter (L) 

f = friction factor (no dimension) 

q = gravitational acceleration (L6-?) 

G, = gas mass velocity in pipes 
(ML-6-) 

G, = solid mass velocity in pipes 
(ML-20-) 

k = constant for a given particle size 

L = length of the transport line (L) 

R= solids to gas ratio (no dimension) 

U, = average linear velocity of gas 
(LO) 

U, = average linear velocity of solid 
particles (L@-) 

V = total volume of solid and gas 
collected in the receiver (L’) 

W, = weight of gas (JJ) 

W. = weight of solid (11) 


Greek Letters 


AP.,, = pressure drop due to acceleration 
of gas 

AP,, = pressure drop due to acceleration 
of solid particles (F L-*) 

AP, = pressure drop due to body drag 
(FL-) 

AP, = pressure drop due to friction 

AP, = total pressure drop (/L-?} 

Al’ = slip velocity between gas and 


solid particles (L@~) 
o, = density of gas (WL-*) 


Oz. = dispersed gas density (1/L-*) 
Pz = dispersed solid density 
o, = solid particle density 
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Effective Diffusivity of Packed Bed 
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From time to time, A.I.Ch.E. Journal presents translations of certain technical articles 
written by our Japanese colleagues in their own language. These translations are made by 
Kenzi Etani, who received his B.S. in chemical engineering in 1953 at the Tokyo Institute 
of Technology and his M.S. in 1955 at M.I.T. He is associated with Stone & Webster and 
is an associate member of American Institute of Chemical Engineers. He is also a member 
of the Society of Chemical Engineers, Japan, and the Japan Oil Chemists’ Society. His 
offer to help break down the language barrier is acknowledged. 

Abstracts, notation, literature cited, tables, and figure captions not published here 
appear in English in the original paper. No figures will be reproduced in these translations. 

The following article was published in Chemical Engineering (Japan), 21, pages 17-25 


(1957). 


The purpose of this experiment was 
to obtain the relation between effective 
diffusivity and fractional voids under 
nonflowing conditions. The results were 
compared with electric conductivity. 


APPARATUS AND EXPERIMENT 


The apparatus used in this experiment is 
shown in Figure 1. The diameters of the 
tubes were 3.50 and 3.05 cm. The height 
of the packed bed was changed from 5 to 
15 cm. All apparatus was kept at the 
constant temperature of 40 + 0.2°C. in a 
constant-temperature bath. Air having the 
same temperature was introduced at the 
top of the packed bed at the constant 
velocity of 55 ec./sec. Packing materials 
used were lead shot, ordinary sand, and 
crushed calcite. Diffusing materials used 
were benzene and water. ‘ 
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After the equipment had been immersed 
for 30 to 60 min. in the constant-tempera- 
ture bath, air was introduced. Prior to the 
introduction of air, water or benzene 
diffuses upward and reaches the saturated 
state. This diffusion is expressed by the 
following basic equation: 


Op De (1) 
ON 
p=D, c=0 6=8 
c= ) = 
Op/ 0 X (2) 
r=X @=0 
p=0 x=X 
If one assumes that packing material is 


located above the liquid, the relationship 
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between the concentration radient at the 
liquid surface and time would be 


E | 
Ox r=0 


2 —9( 4/2)? (3) 
+ e 25(4/2)27 ] 


where 
t = Ded/eX’ 


Figure 2 illustrates the calculated results 
when D, = 0.03 sq. em./sec., ¥ = 8, 12, 
and 16 em., and e = 0.5. It is shown also 
that 5, 11.5, and 20 min. are required to 
reach a saturated state at a liquid surface 
for three different bed depths. 

The time necessary for reaching the satu- 
rated state after the introduction of air 
would be solved under the following 
conditions: 


p=p, x=090 (4) 
p=p, t=X 
p=0 0<0| 
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This solution was obtained by Lee and 
others (8) and is given as follows: 


Lox © 


EJ 
Ox 


—Or*r 
+ 2e — 2e 


The conclusions are shown in Figure 3. 
When air is introduced, the saturated state 
should be reached in a shorter time. To 
eliminate errors in vaporization of diffusing 
material during weighing and during 
saturation in the apparatus before the 
experiment is started, the following proce- 
dure was used. 

Benzene or water was weighed after air 
had been introduced for 30 to 40 min. and 
again after 5 or 6 hr. The rate of diffusion 
was determined from the weight at the 
shorter period minus the weight at the 
longer period. 


EXPERIMENTAL RESULTS 


Diffusion takes place through the air, 
screen, packed bed, and turbulent air 
layer (Figure 4). If one calls the effective 
diffusivities of these layers D;, D,, D., 
and D,, and the partial pressure of the air 
above the liquid in the container and at 
the top of the packed bed P.o and Pu, 
the following equation is derived: 


Bar [| AXa 
N= RT In ea /| D, 

AX, AX, aX. 
D, D, 


With the total length AX,, and apparent 
diffusivity D,, based on partial pressures 
and considered, 


(6) 


Pat 


From Equation (6) and (7) 
AX = AX./D, + AX./D, 
© 
= [AX./D; + AX./D, 
+ AX,/D, — (AX, + AX, (9) 
+ AX.)/D.]1/AX., + 1/D. 


D,» was obtained experimentally. Since 
the depth of bed was changed and other 
conditions were kept constant, 1/D, was 
obtained at AX,, equals 0 in the plot of 
1/Day and 1/AXap. 

Liquid-level change during experimen- 
tation was so small that the effect was 
neglected. The same fractional void was 
maintained throughout the experiments. 

No effect due to the shape of packing 
materials was found. Crushed calcite 
and sand were previously screened into 
three groups: 6 to 8, 8 to 10, and 10 to 
14 mesh. 

Figures 5, 6, and 7 give the results. 


EXPERIMENTS ON ELECTRIC CONDUCTIVITY 


In the study of thermal diffusion the 
temperature gradient can be estimated 
from the electric-voltage gradient. It was 
assumed that diffusion through packing 
materials was similar to the case of 
electric conduction. Thus effective dif- 
fusivity obtained in this experiment was 
compared with electric conductivity, a 
bridge being employed to determine 
electric resistance. Electric conductivity 
of the solution in the packing material 
voids was determined. When shot lead 
was used as a packing material, electric 
resistance was so small that it could not 
be measured. No effect due to height was 
found. (See Figure 8.) The concentration 
of this solution was so high that surface 
electric conductivity on ¢ potential was 
neglected. 


Physical Interpretation of the Relaxation 
Method in Heat Conduction 


The use of. the relaxation method for 
numerical solutions of engineering prob- 
lems was pioneered by Southwell (1). 
It was introduced to the field of steady 
state heat conduction by Emmons (2) 


Page 268 


JOHN S. THOMSEN 


The Johns Hopkins University, Baltimore, Maryland 


and further developed by Dusinberre (8). 
(See also references 4 to 7.) The essential 
requirement that the relaxation proce- 
dure must converge to give an exact 
solution of the difference equations was 


A.1.Ch.E. Journal 


EXPERIMENTAL RESULTS 


Wylhe studied the relationship between 
voids and electric conductivity in the 
packing bed, for example glass beads, 
sand (16) and ion exchange resin (11). 

Electricity was conducted three ways: 
from packing material to solution, 
through packing material, and through 
solution. In the case of a nonconductor, 
the fractional area of fluid c equals the 
ratio of specific electric conductivity of 
the packed bed to that of the fluid itself; 
that is, k./k,. The relationship between 
k./k, and fractional void € is shown is 
shown in Figure 10. Wyllie (16) men- 
tioned that the following equations can 
be used: Archie’s equation (1) 


F (10) 
Slawinski's equation (13) 
F = (1.3219 — 0.32196)* (11) 


where F equals 1/c. When the fractional 
void is small, Equation (10) can be 
applied, and when it is large, Equation 
(11) can be used. From Equations (10) 
and (11) 


(12) 


= ¢/(1.3219 — 0.3219)? (13 


Equations (12) and (13) are shown in 
Figure 10. 

In the case of diffusion c is considered 
to equal the ratio of effective diffusivity 
D, to diffusivity D,; without packing. 
The ratio D./D; vs. fractional void ¢ is 
shown in Figure 11, in which data ob- 
tained by Piret and others (9) are also 
plotted. These experimental results show 
that the relationship between effective 
diffusivity and the fractional void in the 
packed bed will coincide with that of 
electric conductivity and fractional voids. 


demonstrated by Southwell (1) and more 
rigorously by Temple (10), both using 
the terminology of elastic-stress problems. 

When the convergence proof is stated 
in thermal terms, it becomes apparent 
that this method is related to Prigogine’s 
theorem on the minimum produ¢tion of 
entropy (8). The one-dimensional prob- 
lem of a slab with constant surface tem- 
peratures, which is divided into N layers 
for computational purposes, will be 
considered. For this system the theorem 
reduces to the assertation that for fixed 
values of temperatures ¢) and ty all other 
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i; assume such values as to minimize the 
production of entropy in the system. 

The rate of entropy production per 
unit volume is —(q”’/T?) grad T (8), 
where q” is the heat flux and 7 the 
absolute temperature. Hence one may 
approximate ¢, the entropy production 
per unit area, by 


where & is the thermal conductivity, 
Az the thickness of each layer, and ¢ the 
temperature in degrees centigrade or 
Fahrenheit. Assuming that |ty — << To, 
one may write 


Am\ N 
i=1 


® 


Il 


The problem now reduces to minimizing 

If one differentiates with respect to t; 
and chooses a new value ¢;* to minimize 
® with respect to this variable, one finds 


thn 
2 


(3) 
Corresponding to t;* is a new ®* such 
that [with the help of Equation (3)| 
@ — $* = (t;,, — t,)’ 
+ — — (ta 


Heat Transfer 


Il 


—2(t; t;*) 
(—2t; + t;-1) 


2 i 


(4) 


ll 


where 
t — 26, (5) 


To minimize ® one may now choose the 
point with the greatest 7; (or one of 
such points if the 7,’s are equal for several 
j) and apply Equation (8); new 7;’s may 
then be computed and the process re- 
peated. One now notes that the 7;’s are 
identical with the residuals in the relaxa- 
tion method and that this procedure is 
identical with the basic one-dimensional 
relaxation procedure. 

To show that this process converges to 
the desired solution one first notes that 
®, as defined by Equation (2), is positive 
definite and hence has a lower bound of 
zero. Furthermore Equation (4) shows 
that must decrease in each step of the 
process. It follows that must approach 
a unique limit ®,,,,. Hence for any pre- 
scribed «2/2, € > 0 there must be a stage 
in the relaxation process after which 
— < &/2. It follows from Equation 
(4) that |r;| < ¢, which completes the 
convergence proof. The analysis is 


LEONARD WENDER and G. T. COOPER 


The comments of Leva and Wen* con- 
cerning the exclusion of the data of 
Van Heerden, et al., in working up the 
external surface correlation are appre- 
ciated. However, we wish to make the 
following comments. 

While these data were not treated 
because of a lack of bed density (or 


*A.I.Ch.E. Journal, 5, No. 1, 7M (1959). 
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fraction solids) values, we were of course 
aware that methods were available for 
estimating these quantities and that these 
methods need to be used for applying 
the correlation. However it was not felt 
that the large amount of time required 
for estimating bed voidages for the many 
Van Heerden runs could be justified, at 
the expense of working on the other data 
used, because of the limited usefulness of 
the Van Heerden data. While it is true 
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readily extended to two or three dimen- 
sions. 

When the temperature difference is 
not small compared with the absolute 
temperature, the interpretation is some- 
what more complicated, although the 
steady state solution is still a state of 
minimum entropy production. In any 
ease the relaxation procedure may also 
be considered as a minimization of 
the thermal dissipation function defined 
by Biot (9). 
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that they represent a careful study of 
many variables and cover a wide range, 
all the work was done at a single and 
very low value (1.18) of Ly/Dr. Since 
the later studies of Van Heerden (cited 
in our paper) appear to show a strong 
and complex Ly, effect in the region of 
low Ly/Dr, it was felt that conclusions 
resulting from the use of these data would 
be less profitable than those resulting 
from the study of data at higher Ly/Dr 
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values and data at low and varying 
Ly/Dz (Dow and Jakob). Furthermore 
the Van Heerden study was the only one 
in the external surface study that had 
only part of the bed in contact with the 
heat transfer surface, and there was thus 
an apparatus geometry difference between 
that study and all the others used. 

The Van Heerden data should be 
studied however, and we have been 
gradually working them up since the 
publication of our paper. Our calculations 
confirm the deviations cited by Leva and 
Wen and point up the complexity of the 


low Ly,/D> region in the case of external 
surface. Our paper points out that the 
external surface correlation is uncertain 
in the low Ly/D,p region, and it is 
hoped that further studies will enable 
us to improve it in this region. 

As to the differences in slope between 
curves of Van Heerden data and the 
external surface correlation curve, men- 
tioned by Leva and Wen, we believe 
these to be caused not by an improper 
incorporation of the functional relation- 
ship between fluid mass velocity and 
bed expansion but by the uncertainty of 


Diffusion in a Pore of Irregular Cross Section—a 


In a recent issue of this journal 
Petersen* developed an expression for 


the convergence factor for diffusion 
through a pore whose cross section 


varied periodically along its length in a 
hyperbolic fashion, from which he demon- 
strated how the effective diffusivity in 
such a pore varied with the ratio of 
maximum to minimum cross-sectional 
area. This writer has had occasion to 
grapple with this same problem; by 
means of a very elementary analysis of 
the diffusion process and with the aid 
of some simplifving assumptions, he has 
developed a relation between the effec- 
tive diffusivity and pore geometry that 
is in remarkably close agreement with 
Petersen’s far more elegant analysis. 

Consider two cylindrical capillaries, 
one of radius r; and length i; and the 
other of radius 72 and length l, which 
are connected in series. An irregular pore 
may be considered as composed of any 
number of these characteristic units in 
series. Since the diffusional resistance 
offered by any one of these units is the 
same as any other, it is possible by char- 
acterizing the unit to characterize thereby 
the entire pore. 

A component is assumed to be dif- 
fusing through this unit at steady state. 
If entrance and exit effects at the juncture 
of the two capillaries are neglected, the 
flux N through the two capillaries can 
be represented by 


l, 


= 


*Petersen, E. E., A.J.Ch.E. Journal, 4, 343 (1958). 
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the slope of the correlation curve in the 
low Reynolds number region resulting 
from the very small number of points in 
that region. 

The differences in form between our 
external and internal surface correla- 
tions are indeed substantial but were 
. found necessary in our empirical study. 
However it may still be hoped that more 
work in this field by others will vet 
produce a definitive correlation, theoret- 
ically based and covering in a single 
expression both external and internal 
surface operation. 


Simplified Treatment 
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If one defines two dimensionless ratios 
L = 1/l, and R = 11/r2, Equation (1) 
can be solved for c’ and the flux expressed 
in terms of the inlet and outlet concen- 
tration: 


An equivalent uniform cylindrical pore 
can be defined as one with an average 
volume per unit length that is the same 
as that of the irregular pore*; that is, 

2 1 2 272 
amr, (l, + 2) = aryl, + are (3) 

The flux through the irregular pore 
can be equated to that through the 
equivalent pore, if an effective diffusivity 
is substituted for the diffusion coefficient. 


N = Dar?) (4) 


Substituting Equation (3) into (4) and 
equating the resulting relation to Equa- 
tion (2). one finds that 


D/D, 
tote (FS) (5) 
(L + 1)° R 


Equation (5) permits calculation of the 
convergence factor D./D as a function of 


_ *Alternatively an equivalent cylindrical pore can 
be defined as one with a surface area per unit-volume 
equal to that of the real pore; in this case the volume 
of the equivalent pore per unit length will be less 
than that of the real pore, and a number of equivalent 
pores in parallel must be selected such that the total 
pore volume per unit Jength is the same as that of the 
real pore. Since the diffusional flux through a uniform 
evlindrical pore is directly proportional to its cross- 
sectional area, these two definitions of the equivalent 
pore yield the same algebraic solution. 
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Rand L. The parameter R alone (or more 
correctly, R?) appears in Petersen’s 
derivation, since his assumed hyperbolic 
variation of pore cross section with length 
makes (L) and (R) interdependent. 

In Figure 1 (D,./D) is plotted as a 
function of R for various values of L. 
The dotted line on the graph represents 
Petersen’s correlation. It will be noted 
that the two correlations are in rather 
close agreement for values of R up to 
about five, irrespective of the value of 
L. At higher values of R however they 
diverge appreciably. In view of the fact 
that with Petersen’s hyperbolic construc- 
tion of the pore the fraction of the pore 
length containing the bulges increases 
with the ratio of maximum to minimum 
pore diameter (that is, L increases with 
R), the observed divergence of the two 
correlations at high values of R is to 
be expected 

In the absence of specific microscopic 
information about pore geometry, it is 
convenient to assume some arbitrary 
relation between L and RF in order to 
express the convergence factor in terms 
of a single geometric parameter. One 
not unreasonable assumption is that the 
length of a bulge or constriction is pro- 
portional to its diameter, that is, that 
L= R. In this case Equation (5) becomes 


(R 


D,/D 


(6) 


Equation (6) yields values of the con- 
vergence factor which are about 30% 
lower (at higher values of AR) than 
Petersen’s. In view of the simplifying 
assumptions employed in the present 
development this agreement is surprising. 
If Equation (5) is solved for the case 
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where L = 2R, the values are virtually 
identical with Petersen’s. 

/quation (5) has certain unusual prop- 
erties which merit comment. The 
function L/(L + 1)? is relatively insen- 
sitive to the value of ZL, varying only 
about threefold as L increases from 1 to 
10; this means that the convergence 
factor is much more sensitive to the 
degree of change of pore cross section 
(or R) than it is to the relative lengths of 
the bulges or constrictions. Also 
L/(1 + L)? isa maximum at L = 1 and 
has the same value for 1/L as it does for 
L; that is to say, the convergence factor 
will be the same whether the pore con- 


strictions occupy a given fraction of the 
pore length of the pore bulges occupy 
that fraction, and it will be smallest 
when the bulges and constrictions occupy 
equal fractions of the pore length. 
Failure to consider entrance and exit 
eflects in the preceding derivation 
amounts to assuming that all flux lines 
are parallel to the pore walls at all points. 
Clearly however there will be parts of the 
pore where this is not the case, and thus 
a certain fraction of the pore volume will 
not contribute to the flux. Consequently 
the convergence factor calculated from 
Equation (5) will be greater than the 
true convergence factor for the corres- 
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In setting up their differential equa- 
tions Rogers and Thiele (1) overlooked 
the directional property of the differential 
slot height and did not put in a necessary 
minus sign. Later they reversed the 
integration limits without changing the 
sign. The final equation for rectangular 
slots happens to be correct, because the 
slot width does not vary with the slot 
height, and two negatives make a posi- 
tive. However their equations for trape- 
zoidal and triangular slots are incorrect; 
the capacities of trapezoidal and _tri- 
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angular slots are underestimated by 14.3 
and 50%, respectively. 


DERIVATION OF EQUATION 


For the convenience of comparison the 
notation used here is the same as that 
used by Bolles (2), except that the slot- 
height variable and the slot opening 
start from the top of a slot, as illustrated 
in Figure 1. 


Trapezoidal slots 
Application of the orifice equation to a 
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ponding irregular pore, or, conversely, 
pore dimensional ratios calculated from 
a measured convergence factor via Equa- 
tion (5) will always be larger than the 
actual vaiues. It should however be 
pointed out that the actual diffusional 
flow process through a porous solid is an 
impressively complex matter involving 
convergence effects, flow splitting, and 
multidirectional flow paths, of which the 
individual contributions to the flow 
resistance are unknown. One may lump 
all these effects into either a tortuosity 
factor or a convergence factor; both are 
calculational conveniences, but in the 
absence of a detailed knowledge of the 
geometry of a porous solid, neither 
throws any direct light on the flow 
mechanism. In view, therefore, of the 
limitations attendant upon employing 
any parallel capillaric model to describe 
a random porous medium, further refine- 
ment of the irregular pore model hardly 
seems profitable. 


NOTATION 

c; = constant upstream concentration 

Co = constant downstream concentra- 
tion 


D = diffusion coefficient 
D, = effective diffusivity 


L = ratio of length of pore bulges to 
pore constrictions 
R = ratio of maximum to minimum 


pore diameter 


differential element of slot area gives the 
vapor velocity through the differential 
area 


— py\ | 
u=K, (1) 


The vapor flow rate through the differ- 
ential area is given by 


dV,=udA 
py i2 14 
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SLOTS SLOTS 


Fig. 1. Slot-opening formula-derivation 


diagram. 


The width of the differential area may 
be obtained as 


w= Wee + (Win — Wet) (3) 


Combining, rearranging, and integrat- 
ing Equations (2) and (3) one obtains 


(ex 
\ 12 Pv 
hs 
1/2 
E [ h’* dh (4) 


he 
4 = Wer ap 
Jo 


Introducing K, = 0.51 and applying 
to the whole tray one gets 


Pv 


w, (5) 


5 Wen Wat 5/2 
+3( H, | 


The total slot area per tray may be 
expressed as 


A, = N.N.H 
+ w,.)/(2 X 144) 

Combining 
R= 


with Equations (5) and (6) one gets 


(6) 


Ws1/Wsp 


= 2362 — pv 


H,N Pv 


[2 


45 (: - 
VEL, 
Maximum slot capacity is obtained 


by the substitution of H, for h,, which 
results in 


Rectangular slots 


This is an extreme case of trapezoidal 
slots of which R, = 1. From Equations 
(7) and (8) 


— 


V = 0.787 


H. ——h, (9) 


Pv 


and 


V, = 0.7874, (2 er) (10) 


V 


Triangular slots 


This is another extreme case of trape- 
zoidal slots of which R, = 0. From Equa- 
tions (7) and (8) 


— 


J 0.944 H.\ h, (11) 

and 

Vin = 0.9444, (12) 
Py 


COMPARISON OF TOTAL VAPOR LOAD 
Rectangular slots (R, = 1) 

In this case Rogers-Thiele equations 
are correct and agree with the author’s 
Equations (7) and (8). 

Trapezoidal slots (for the case R, = 0.5) 


The Rogers-Thiele equation is 


Vir = 0.7344, 
Pv 


The author’s equation is 


Pv 


Var/Vnr = 0.839/0.734 = 1.143 


The correct vapor capacity calculated 
from the author’s equation is 14.3% 
higher than that calculated from the 
Rogers-Thiele equation. 

Triangular slots (R; = 0) 

Similarly 


V.7/ Var = 0.944/0.630 = 1.500 


The corrected vapor capacity caleu- , 


lated from the author’s equation is 50.0% 
higher than that calculated from the 
Rogers-Thiele equation. 


SELECTION OF SLOT DESIGN 


To provide a basis for the selection of 
slot shapes the performance of bubble 
caps with different slot shapes is com- 
pared. This comparison is based on 4-in. 
caps, used by Bolles in his comparison, 
with a slot height of 1.25 in. The mean 
slot width is held constant at 0.25 ir. 
to maintain equal area per slot. The slot 
designs of the three different 4-in. caps 
are as follows: 


Number area 
Slot R, of slots per cap 

per cap sq. in. 
Rectangular 1 25 7.82 
Trapezoidal 0.5 26 8.12 
Triangular 0 19 5.94 


The author, as Bolles did, chose the 
distillation of benzene at atmospheric 
pressure to compare the slot performance 
of these bubble caps. In this system the 
temperature is 176°F., and liquid density 
equals 50.5 lb./cu. ft. 

The calculation of the slot performance 
was based on the correct equations given 
in this paper. The calculated slot open- 
ings for various vapor loads are presented 
in Figure 2. This chart shows that the 
cap with trapezoidal slots provides the 
greatest capacity at maximum slot open- 


1.25 FULLY OPEN SLOT | 
| 
1.00 | | | 1-OBSERVED BY HUITT AND HUNTINGTON 
Pe 2-CALCULATED BY HUITT AND HUNTINGTON 
3-CALCULATED BY ROGERS AND THiELE 
= 9 I. 3 
—— ASSUMED MIN. STABLE SLOT OPENING — © 6 
> | = 15 
= GAS: AIR 
° | LIQUID: WATER 
° La SEAL :1.0" 
3 5 6 7 9 1.0 fo) 2 SLOT :1.0"x 0.25" 
3 
OR LOAD PER CAP, CU.FT/ SEC 77) & 
Fig. Ze Performance comparison for common slot shapes with VAPOR LOAD, CFS 
4-in. bubble caps with 1.25-in. slot height used; system is benzene 
at atmospheric pressure. Fig. 3. Calculated and observed slot opening. 
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ing of the three types. This bears out the 
popular preference of trapezoidal slots. 
In either capacity or flexibility trape- 
zoidal slots are better than rectangular 
slots. This is in disagreement with Bolles’ 
study based upon Rogers-Thiele equa- 
tions which indicated that the cap with 


rectangular slots would provide the 
greatest capacity at maximum slot 
opening. 


It is to be noted that triangular slots 
are not as undesirable as the Rogers- 
Thiele equations would show. The maxi- 
mum capacity of the cap with triangular 
slots is actually not much lower than that 
of rectangular or even trapezoidal slots. 
On the other hand if a column is to be 
designed to meet the widest range of 
operation in throughput, caps with tri- 
angular slots actually are the best choice 
and the most stable of the three types 
(when one assumes a minimum stable slot 
opening of 0.5 in.). Caps with triangular 
slots probably can be operated at a 
throughput of 9.8% of maximum c¢a- 
pacity, while caps with rectangular slots 
probably cannot be operated satisfac- 
torily under 25% of maximum capacity. 
Since the maximum slot capacity of cap 
with triangular slots is actually as high 
as 85 and 93% of the maximum capacity 
of caps with trapezoidal and rectangular 
slots respectively, it properly deserves 
more attention in future applications. 


Slot of 4-in. cap 


Maximum capacity /cap 


can be used in general for all types of 
slots. 


CONCLUSION 


Slot capacities of trapezoidal and tri- 
angular slots in a bubble cap column 
calculated by Rogers-Thiele equations 
are underestimated by 14.3 and 50.0%, 
respectively. 

The correct equations given in this 
paper show that: 


1. Caps with trapezoidal slots are better 
than caps with rectangular slots in either 
capacity or flexibility. 

2. Caps with trapezoidal slots are the 
best for distillation columns of high 
vapor/liquid ratios, and caps with tri- 
angular slots the best for columns of low 
vapor/liquid ratios. 

3. Triangular slots provide the highest 
flexibility. Although the maximum ¢a- 
pacity of caps with triangular slots is 
somewhat lower than that of caps with 
the other two types of slots, it is much 
higher than indicated by Rogers-Thiele 
equation; therefore it deserves more 
attention in the future, especially for 
distillation and absorption columns with 
high liquid loadings or widely variable 
vapor loadings. These occur for instance 
in batch columns in which fine chemicals 


Minimum capacity/cap 


cfs % trapezoidal cfs % maximum 
Triangular .765 84.5 .075 9.80 
Trapezoidal (R, = 0.5) 905 100 176 19.46 
Rectangular .825 91.2 .208 25.2 


DISCUSSION 


Huitt and Huntington (3) compared 
their observed slot openings of a rec- 
tangular slot with their equation and also 
with Rogers-Thiele equation. Figure 3 
shows that both equations agree with 
their data fairly well. However vapor 
loads predicted by the Huitt-Huntington 
equation are about 20% higher than their 
observed values, except when the slot is 
fully open. Rogers-Thiele equation is 
on the conservative side when the slot 
is more than 60% open. Therefore the 
latter equation is preferable in design 
calculations to the first. In this compari- 
son a slot orifice coefficient of 0.51 was 
used. This confirms that 0.51 is a proper 
and conservative coefficient for rec- 
tangular slots. 

Simkin et al. (4) used the Rogers-Thiele 
equation with the coefficient modified 
to fit the experimental data of Griswold 
(5) for trapezoidal slots. They proposed 
to use 0.70 in Rogers-Thiele equation 
instead of 0.51 for trapezoidal slots. 
This bears out the finding of this paper 
that Rogers-Thiele equation for trape- 
zoidal slots is about 14% too low. There- 
fore if equations in this paper are used 
in design, the same coefficient of 0.51 
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in small quantities are produced and in 
which products are often switched from 
one to another. 


NOTATION 
A = slot area, sq. ft. 
A, = total slot area per tray, sq. ft. 


g = acceleration of gravity, 32.2 
ft./sec./sec. 

h = slot opening variable, in. 

h, = slot opening, in. 

H, = slot height, in. 

K, = slot orifice coefficient 

N, = number of caps per tray 

N, = number of slots per cap 

R, = trapezoidal slot shape factor, 
Wet /Wep 

u = vapor velocity through an ele- 
ment of slot area, ft./sec. 

V = total vapor load per tray. cu. 
ft./sec. 

Vi» = maximum vapor load per tray, 
cu. ft./sec. 

Vnr = Maximum vapor load per tray 


calculated from Rogers and 
Thiele’s equation, cu. ft./sec. 
Vnr = Maximum vapor load per tray, 
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calculated from the author’s 


equation, cu. ft./sec. 


V, = vapor load per slot, cu. ft./see. 
w = slot width, in. 

w., = slot width at bottom, in. 

w.. = slot width at top, in. 

pr = liquid density, lb./cu. ft. 

Py = vapor density, lb./cu. ft. 
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9 gi s, Roger C. Heimer- 
McGraw-Hill Book Company, Inc., New York 
(1958). 453 pages. $6.75, 


The purpose of this textbook is to ac- 
quaint ‘the young engineer with the busi- 
ness firm’s decision-making process.” It is 
written with the premise that the reader 
has little knowledge of the workings of a 
business firm. 

For the novice in the business world 
Chapter 2, ‘The Legal Forms of Business 
Organization,’ and Chapter 3, which ana- 
lyzes the finances of a mythical business 
firm, should be particularly helpful. The 
major portion of the book is concerned with 
daily operational problems: profit, cost, 
interest, depreciation, insurance, and in- 
ventory. 

A basic understanding of organizational 
structure and operation will be gleaned 
from the last four chapters, which deal with 
over-all managerial problems, and really 
differentiate this book from the usual 
economics textbook. The young engineer 
should find these chapters most helpful in 
understanding managerial decisions. 

The best use of this book would be as a 
supplement to the usual undergraduate 
economics course. 


J. M. Ruper 


Engineering Materials Handbook. Charles L. 
Mantell, Editor. McGraw-Hill Book Company, 
Inc., New York (1957). 1936 pages. $21.50. 


The field of engineering materials is a 
broad one, and it seems almost impossible 
that any one book could cover the whole 
subject completely. The ‘Engineering Ma- 
terials Handbook’”’ does, however, cover 
the field with a remarkable degree of 
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completeness, especially in the field of 
metallic materials. 

In forty-three well-organized sections, 
metals, organic and inorganic materials, 
and the cause and prevention of failures in 
materials are treated. To make specific 
data readily available, technical tables, 
design information, structural character- 
istics, and tabular data have been carefully 
prepared, and the references at the end of 
each section enable the reader to find any 
information not embraced in the handbook. 
The reliability of the information presented 
is achieved by coordinating the work of 
more than 150 specialists under the direction 
of Professor Mantell who is chairman of the 
Department of Chemical Engineering at the 
Newark College of Engineering. 

To make the book of practical value to 
an engineer concerned with materials, 
emphasis is placed on the fabricated forms 
of materials, their physical and mechanical 


| properties, their advantages, limitations, 


| competition with one another, protection 


against deterioration, and their ability to 
withstand use and abuse. 

Approximately half of the book concerns 
metals, and the reviewer feels that the 
properties of the individual metals are 
thoroughly covered. The section on steel 
and its heat treatment is especially well 
done. However, it is the reviewer’s opinion 
that too little space is given to the diffi- 
culties that arise in the fabrication of 
materials into commercial shapes. 

It is in the second half of the book that 
the reviewer has the idea that the editor 
has spread himself too thin in a desire to 
take in the whole field of materials. In 
devoting reasonably complete attention to 
such materials as brick, clay, textiles, 
stone, and concrete, the editor has not 
allowed enough space for complete coverage 
to such newer subjects as materials for 
nuclear reactors, rockets, and guided 
missiles. While textiles, stone, etc., are of 
interest to some engineers, it is the re- 
viewer’s opinion that chemical and metal- 
lurgical engineers would have profited more 
had the treatment of the newer materials, 
such as high temperature ceramics, been 
more inclusive. 

Nevertheless, the reviewer feels that the 
handbook is a good one and would be of 
practical value to any engineer faced with a 
problem of the choice of materials, par- 
ticularly if the choice is to be made in the 
metallic field. 

A. TETELMAN 
Yale University 


Modern Mathematics for the Engineer, E. F. 
Beckenbach, et al, University of California En- 
gineering Extension Series, McGraw-Hill Book 
Company, Inc., New York (1958), 514 pages, 
$7.50. 


This book is described as a broad survey 


| of the applications of advanced mathe- 


matics to the expanding modern technology. 
The basic idea behind the volume is quite 
sound; indeed, an intimate association with 
a large number of the theories of advanced 
mathematics has become a practical neces- 
sity for those attempting to keep abreast 
of the literature in practically any scientific 


| field. 


Modern Mathematics for the Engineer is 
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divided into three major sections: Mathe- 
matical Models, Probabilistic Problems, and 
Computational Considerations. These sec- 
tions are further divided into individual 
chapters dealing with the more specific 
problems which might be expected to be 
encountered, such as linear and nonlinear 
oscillations, the calculus of variations, 
hyperbolic  partial-differential equations, 
and boundary-value problems in elliptic 
partial-differential equations in the first 
section; the theory of prediction, the theory 
of games, dynamic programing, and Monte 
Carlo methods in the section on Probabilis- 
tic Problems; and matrices and engineering, 
functional transformations, nonlinear meth- 
ods, relaxation methods, and high-speed 
computing devices in the last section. 

From an inspection of this partial list of 
contents, it can be seen that the authors 
have not lacked for broadness in their 
approach to the applications of modern 
mathematical techniques for the engineer. 
Many volumes have been written on indi- 
vidual chapters in this book, and in many 
cases it has been necessary for the authors 
to assume a fairly complete knowledge of 
the contents of these volumes in presenting 
the material. Such is to be expected in any 
advanced textbook or reference work, al- 
though to the engineer whose education and 
experience has not left him well acquainted 
with the workings of advanced mathe- 
matical methods, the quantity of knowledge 
necessary for the rewarding pursuit of this 
book may seem overwhelming. Owing to 
the nature of the lectures from which the 
material included in the book is taken, one 
cannot consider it a textbook in the normal 
sense of the word. 

From the point of view of the practicing 
engineer, the last section, on Computational 
Considerations, is probably the most inter- 
esting and useful, particularly the chapters 
dealing with the uses of matrices, relaxation 
methods, high-speed computers, and meth- 
ods of steep descent. Unfortunately, the 
entire subject of functional transformations 
and associated methods is discussed in some 
fourteen pages, which is entirely inadequate 
for methods of such importance. Although 
many excellent discussions of the subject 
appear elsewhere, it would seem that the 
book under consideration here would bene- 
fit from the additional scope and balance 
between the various topics provided by 
further treatment of this subject. 

The discussions of the various proba- 
bilistic problems and methods are quite 
interesting and bear close inspection be- 
cause of the increasing importance of these 
methods in the solution of a multitude of 
problems. 

In general, it can be said that a book 
representing such a wide diversification of 
topics and a variety of authors as this one 
is quite likely to suffer from sheer magni- 
tude of effort. Modern Mathematics for the 
Engineer represents a successful attempt to 
minimize these difficulties, however; even 
the casual reader will be able to gain some 
understanding of the variety of problems 
which can be solved with these techniques 
and, consequently, to develop the interest 
necessary for the learning of the material. 
For those more fully acquainted with the 
various topics encountered in consideration 
of advanced mathematics, the book would 
best be described as a valuable reference 
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work for the most important of the appli- 
cations of mathematics for the contempo- 
rary engineer. 

Joun B. Butt 


Elements of Gasdynamics, H. W. Liepmann and 
A. Roshko, John Wiley & Sons, 439 pages. $11.00. 


Elements of Gasdynamics, by Liepmann 
and Roshko, is an excellent book. The 
material covered may be ascertained from 
the chapter headings which read: (1) Con- 
cepts from Thermodynamics; (2) One 
Dimensional Gasdynamies; (3) One Dimen- 
sional Wave Motion; (4) Waves in Super- 
sonic Flow; (5) Flow in Ducts and Wind 
Tunnels; (6) Methods of Measurement; 
(7) The Equations of Frictionless Flow; 
(8) Small-Perturbation Theory; (9) Bodies 
of Revolution. Slender Body Theory; 
(10) The Similarity Rules of High Speed 
Flow; (11) Transonic Flow; (12) The 
Method of Characteristics; (13) Effects of 
Viscosity and Conductivity; (14) Concepts 
from Gas Kinetics. 

There are very few criticisms which need 
to be made. It is unfortunate that the 
authors chose to use the symbols F and G 
for the Helmholtz and Gibbs free energy 
rather than A and G. The use of F for the 
Helmholtz free energy will cause much 
confusion, since most Americans use F for 
the Giffs free energy and the majority of 
the tables of thermodynamic data adhere 
to this convention. This reviewer would 
have liked to have seen a somewhat more 
extended discussion of the second law of 
thermodynamics and of the _ principles 


of irreversible thermodynamics, especially 
since the latter is used in one form or another 
extensively throughout the text. The treat- 
ment of the Clausius-Clapeyron equation 
is very poor and unconvincing. The usual 
thermodynamic derivations are superior to 
the quasi-molecular one given by the 
authors. Also the treatment of imperfect 
gases is superficial, and the relationship 
between thermodynamic properties and gas 
imperfection is very incomplete. These 
criticisms are not meant to imply that the 
thermodynamics chapter is poor but rather 
to indicate some places where improvement 
is possible. The remainder of the book, 
especially the sections dealing with the 
hydrodynamics of compressible fluid flow, 
is admirably clear. 

The final chapter on the kinetic theory 
of gases is short but complements well the 
rest of the text. This reviewer was very 
pleased to see a brief discussion of the 
properties of Couette flow in the Knudsen 
region. The development of missiles which 
fly in regions of the upper atmosphere 
where the mean free path is of the order of 
the dimensions of the flying object makes 
this pressure range of great importance. 

Elements of Gasdynamics is to be recom- 
mended to all students interested in gas- 
dynamics and its applications. The book 
will also be of interest to physical chemists 
who will find a wide realm of irreversible 
phenomena which await exploration. 


Stuart A. Rick 
Junior Fellow 
Society of Fellows 
Harvard University 
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